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Abstract

Let R be a semiprime ring. An additive mapping d : R→ R is called a semideriva-

tion if there exists a function g : R → R such that (i) d(xy) = d(x)g(y) + xd(y) =

d(x)y + g(x)d(y) and (ii) d(g(x)) = g(d(x)) hold for all x, y ∈ R. The aim of this

paper is to explore the commutativity of semiprime rings admitting multiplicative

semiderivations.
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1. Introduction

The theory of derivations plays an important role in mathematics. The study
of bounded derivations on operator algebras started in 1950’s. Several authors
have found important applications in algebra. The concept of derivations in
rings introduced by Posner in [8]. An additive mapping d : R → R is called
a derivation if d(xy) = d(x)y + xd(y) holds for all x, y ∈ R. The notion
of derivation has also been generalized in various directions, such as Jordan
derivation, generalized derivation, (α, β)−derivation, ... etc. There has been
considerable interest in investigating commutativity of rings, more often that
of prime and semiprime rings admitting those mappings.

1This work is supported by the Scientific Research Project Fund of Cumhuriyet University
under the project number F-565.
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The one generalization of derivation is semiderivation. The notion of semideriva-
tions first time introduced by in Bergen in [2]. An additive mapping d : R→ R
is called a semiderivation if there exists a function g : R → R such that (i)
d(xy) = d(x)g(y) + xd(y) = d(x)y + g(x)d(y) and (ii) d(g(x)) = g(d(x)) hold
for all x, y ∈ R. In case g is an identity map of R, then all semiderivations
associated with g are merely derivations. On the other hand, if g other main
motivating examples are of the form d = g − 1 where g is any ring endomor-
phism of R such that g 6= 1. Then d is a semiderivation with associated map
g which is not a derivation. In case R is prime and d 6= 0, it has been shown
by Chang [3] that g must necessarily be a ring endomorphism. In the litera-
ture, a number of authors have discussed the commutativity of prime rings and
semiprime rings with semiderivation satisfiying certain algebraic identities.

Let us swing to the foundation examination of multiplicative derivations
of rings. Inspried by the work of Martindale III [7], Daif [4] introduced the
concept of multiplicative derivations. Further, Goldman and Semrl gave the
complete description of these maps in [6]. Accordingly, a map d : R → R
is called multiplicative derivation of R if d(xy) = d(x)y + xd(y) holds for all
x, y ∈ R. Of course, these maps are not necessarily additive. Recently, some
well-known results concerning prime and semiprime rings have been proved for
multiplicative derivations. Motivated by these works, Gölbaşı et. al, gave the
definition of multiplicative semiderivation in [1]. The notion of multiplicative
semiderivation such as: A mapping d : R → R is called a multiplicative
semiderivation if there exists a function g : R → R such that (i) d(xy) =
d(x)g(y) + xd(y) = d(x)y + g(x)d(y) and (ii) d(g(x)) = g(d(x)) hold for all
x, y ∈ R.

As multiplicative semiderivation is an extended notion of semiderivation
and derivation, so it is noteworthy to demonstrate the consequences of deriva-
tions for multiplicative semiderivations. In [5], Daif and Bell proved that R
is semiprime ring, U is a nonzero ideal of R and d is a derivation of R such
that d([x, y]) = ±[x, y], for all x, y ∈ U, then R contains a nonzero central
ideal. The main objective of this paper is to take care of this work and investi-
gate the some certain identities on semiprime ring R admitting multiplicative
semiderivation.

2. Results

Throughout the paper, R will be semiprime ring and d a multiplicative
semiderivation of R with associated a nonzero epimorphism g of R. For any
x, y ∈ R, as usual [x, y] = xy − yx and xoy = xy + yx will denote the well-
known Lie and Jordan product, respectively and make extensive use of basic
commutator identities:

[x, yz] = y[x, z] + [x, y]z
[xy, z] = [x, z]y + x[y, z]

xo(yz) = (xoy)z − y[x, z] = y(xoz) + [x, y]z
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(xy)oz = x(yoz)− [x, z]y = (xoz)y + x[y, z].

Theorem 1. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d([x, y]) = ±[x, y], for
all x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we have

d([x, y]) = ±[x, y], for all x, y ∈ R. (2.1)

Replacing y by yx in (2.1) and using this equation, we arrive that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.2)

Since g is an epimorphism of R, we can write this equation such as

[g(x), z]d(x) = 0, for all x, z ∈ R. (2.3)

Writting zr, r ∈ R for z in (2.3) and using this, we obtain that

[g(x), z]rd(x) = 0, for all x, z, r ∈ R (2.4)

and so

[g(x), z]rd(x)g(x) = 0, for all x, z, r ∈ R. (2.5)

Taking rg(x) instead of r in (2.4), we get

[g(x), z]rg(x)d(x) = 0, for all x, z, r ∈ R. (2.6)

Subtracting (2.5) and (2.6), we arrive at

[g(x), z]r[g(x), d(x)] = 0, for all x, z, r ∈ R

and so

[g(x), d(x)]R[g(x), d(x)] = 0, for all x ∈ R.
By the semiprimeness of R, we have

[g(x), d(x)] = 0, for all x ∈ R. (2.7)

On the other hand, we get

d(x2) = d(x)g(x) + xd(x) = d(x)x+ g(x)d(x)

for all x ∈ R. Using (2.7) in this equaion, we find that

[d(x), x] = 0, for all x ∈ R.

Hence, we get the required result. �

Theorem 2. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d([x, y]) = ±(xoy), for
all x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.
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Proof. Let assume that

d([x, y]) = ±(xoy), for all x, y ∈ R. (2.8)

Replacing y by yx in (2.8) and using this equation, we arrive that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.9)

Using the same arguments after (2.2) in the proof of Theorem 1, we get the
required result. �

Theorem 3. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy) = ±(xoy), for
all x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. We assume that

d(xoy) = ±(xoy), for all x, y ∈ R. (2.10)

Writting yx, instead of y in (2.10) and again using this equation, we have

g(xoy)d(x) = 0, for all x, y ∈ R. (2.11)

Since g is an epimorphism of R, we can write this equation such as

(zog(y))d(x) = 0, for all x, y, z ∈ R. (2.12)

Taking rz, r ∈ R for z in (2.3) and using this, we obtain that

[r, g(y)]zd(x) = 0, for all x, y, z, r ∈ R (2.13)

and so

[r, g(x)]zd(x) = 0, for all x, y, z, r ∈ R.
This equation is same as (2.4) in the proof of Theorem 1. Appliying the same
arguments in the proof of Theorem 1, we get the required result. �

Theorem 4. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy) = ±[x, y], for all
x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we have

d(xoy) = ±[x, y], for all x, y ∈ R. (2.14)

Replacing y by yx in (2.14) and using this equation, we arrive that

g(xoy)d(x) = 0, for all x, y ∈ R. (2.15)

This equation is same as (2.11) in the proof of Theorem 3. The required result
is obtained using the same arguments in Theorem 3. �

Theorem 5. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d([x, y]) ± xy = 0, for
all x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.



Results on multiplicative semiderivations in semiprime rings 231

Proof. Assume that

d([x, y])± xy = 0, for all x, y ∈ R. (2.16)

Replacing y by yx in (2.16) and using this equation, we arrive that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.17)

This equation is same as (2.2) in the proof of Theorem 1. Arguing the same
arguments in the proof of Theorem 1, we get the required result. �

Theorem 6. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d([x, y]) ± yx = 0, for
all x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we have

d([x, y])± yx = 0, for all x, y ∈ R. (2.18)

Taking y by yx in (2.18) and using this equation, we arrive that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.19)

Appliying the same arguments after the equation (2.2) in the proof of Theorem
1, we get the required result. �

Theorem 7. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy)± xy = 0, for all
x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. Assume that

d(xoy)± xy = 0, for all x, y ∈ R. (2.20)

Writing y by yx in (2.20) and using (2.20), we get

g(xoy)d(x) = 0, for all x, y ∈ R. (2.21)

This equation is same as (2.11) in the proof of Theorem 3. The required result
is obtained using the same arguments in Theorem 3. �

Theorem 8. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy)± yx = 0, for all
x, y ∈ R, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we get

d(xoy)± yx = 0, for all x, y ∈ R. (2.22)

Replacing y by yx in (2.22) and using this equation, we arrive that

g(xoy)d(x) = 0, for all x, y ∈ R. (2.23)

This equation is same as (2.11) in the proof of Theorem 3. Using the same
arguments after the equation (2.11) in the proof of Theorem 3, we get the
required result. �
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Theorem 9. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d ([x, y]) = ±xm[x, y]xn

for all x, y ∈ R,m, n ∈ N, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we get

d ([x, y]) = ±xm[x, y]xn, for all x, y ∈ R. (2.24)

Taking y by yx in (2.24) and using this equation, we find that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.25)

Appliying the same arguments after the equation (2.2) in the proof of Theorem
1, we get the required result. �

Theorem 10. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d ([x, y]) = ±xm(xoy)xn

for all x, y ∈ R,m, n ∈ N, then [d(x), x] = 0, for all x ∈ R.

Proof. Let assume that

d ([x, y]) = ±xm(xoy)xn, for all x, y ∈ R. (2.26)

Writing y by yx in (2.26) and using this equation, we arrive that

g([x, y])d(x) = 0, for all x, y ∈ R. (2.27)

This equation is same as (2.2) in the proof of Theorem 1. Arguing the same
arguments after the equation (2.2) in the proof of Theorem 1, we get the
required result. �

Theorem 11. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy) = ±xm(xoy)xn

for all x, y ∈ R,m, n ∈ N, then [d(x), x] = 0, for all x ∈ R.

Proof. By our hypothesis, we get

d(xoy) = ±xm(xoy)xn, for all x, y ∈ R. (2.28)

Replacing y by yx in (2.28) and using (2.28), we have

(g(x)og(y))d(x) = 0, for all x, y ∈ R. (2.29)

Appliying the same arguments after the equation (2.11) in the proof of Theo-
rem 3, we get the required result. �

Theorem 12. Let R be a semiprime ring and d be a multiplicative semideriva-
tion associated with a nonzero epimorphism g of R. If d(xoy) = ±xm [x, y]xn

for all x, y ∈ R,m, n ∈ N, then [d(x), x] = 0, for all x ∈ R.

Proof. Let assume that

d(xoy) = ±xm [x, y])xxn, for all x, y ∈ R. (2.30)

Writing y by yx in (2.30) and using this equation, we arrive that

(g(x)og(y))d(x) = 0, for all x, y ∈ R. (2.31)



Results on multiplicative semiderivations in semiprime rings 233

This equation is same as (2.11) in the proof of Theorem 3. Using the same
arguments after the equation (2.11) in the proof of Theorem 3, we get the
required result. �
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