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Abstract

This paper links up the papers [4] and [5]. More exactly, based
on works by Ghazavi, anvariyeh and mirvakili in [5] and also Davvaz
and Heidari in [4], it is shown that quasi ordering property is hold in
EL2−hyperstructures whenever it is hold in the base hyperstructure.
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1 Introduction

The study of EL-hyperstructures falls within the investigation of hyperstruc-
tures determined by binary relations. The relation of ordered sets and al-
gebraic hyperstructures first was studied by Vougiouklis in 1987. Then the
connection between hyperstructures and ordered sets has been analyzed by
many researchers, such as Vougiouklis [17], Chvalina [1], Corsini [3], Hoskova,
Heidari and Davvaz [4] and Novak [9]. One special aspect of this issue, known
as EL-hyperstructures, was touched upon by Chvalina [2]. He investigated
quasi ordered sets and hypergroups. Also, Rosenberg in [16], Hoskova in [8],
Rackova in [15] and Novak in [10, 11, 12, 13, 14] extended some results on the
ordered semigroups and ordered groups connected with EL-hyperstructures.
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This class of hyperstructures have been studied and extended in some com-
peletly different ways. At first, Ghazavi et al. introduced a new class of
EL-hyperstructures called EL2−hyperstructres in [5]. EL2−hyperstructres
are hyperstructures based on (partially) quasi ordered (semi)hypergroup in-
stead of a (partially) quasi ordered (semi)group. Then, Ghazavi et al. gener-
alised EL-hyperstuctures to ELn-hyperstructures and EL-Γ-hyperstructures
in [6] and [7] respectivly. EL-Γ-semihypergroups or Ends lemma-based Γ-
semihypergroups are Γ-semihypergroup constructed from a partially ordered
Γ-semigroup using Ends lemma while in definition of ELn-hyperstructures an
attempt has been made to use n-ary relations (as a generalization of binary
relations) and extended the concept of Ends lemma from binary relations (two-
relations) to n-ary relations (n-relations) in order to define a new class of hy-
perstructures as a generalization of EL-hyperstructures. This paper deals with
EL2-hyperstructres. In fact, in [5] some basic properties of EL2-hyperstructres
have been shown and now I try to show that quasi orderig property holds in
EL2-hyperstructres provided that it is hold in the based ordered hyperstruc-
ture. Also, using a specific binary relation (defined by Davvaz and Heidari in
[4]), it is proved that one can instruct a sequence of EL2-hyperstructres.

2 Preliminary Notes / Materials and Methods

In this part, some basic definitions and properties are recalled to be considered
later.
A hypergroupoid or a multigroupoid is a pair (H, ◦) where H is a nonempty
set and ◦ : H ×H −→ ℘∗(H) is a binary hyperoperation called also a multi-
operation. (℘∗(H) is the system of all nonempty subsets of H). A semihyper-
group is an associative hypergrupoid, i.e. hypergrupoid satisfying the equality
a◦(b◦c) = (a◦b)◦c for every triad a, b, c ∈ H. If moreover the semihypergroup
H satisfies a ◦ H = H = H ◦ a, for all a ∈ H, it is called a hypergroup. This
condition is known as reproduction axiom.

In the above definition, if A an B are two non-empty subsets of H and
x ∈ H, then x ◦ A = {x} ◦ A, A ◦ x = A ◦ {x} and A ◦B =

⋃
a∈A,b∈B a ◦ b.

Since the theory of ordered structures is dealt with ordered relations, we
need to recall some definitions in this respect. Binary relation ≤ is called quasi
order if it is reflexive and transitive. Also, if the binary relation ≤ is reflexive,
transitive and anti symmetric, then it is known as a partially order relation.
An algebraic hyperstructure (H, ◦,≤) is called a (partially) quasi ordered hy-
pergroupoid if (H, ◦) is a hypergroupoid and ” ≤ ” is a (partially) quasi order
relation on H such that for all a, b, c ∈ H with the property a ≤ b there holds
a ◦ c ≤ b ◦ c and c ◦ a ≤ c ◦ b (monotone condition), where if A and B are
non-empty subsets of H, then we say A ≤ B whenever for all a ∈ A, there
exists b ∈ B and for all b ∈ B there exists a ∈ A such that a ≤ b. More-
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over, the notation [x)≤ used below stands for the set {s ∈ S;x ≤ s} and also

[A)≤ =
⋃
x∈A

[x)≤. Similary, (x]≤ = {s ∈ S; s ≤ x} and (A]≤ =
⋃
x∈A

(x]≤.

EL2−hyperstructres are hyperstructures based on (partially) quasi ordered
(semi)hypergroup instead of a (partially) quasi ordered (semi)group. This
new class of hyperstructres first introduced by Ghazavi et al. [5] in 2014. In
particular, they showed that:

Theorem 2.1 ([5],Theorem 3.6 and Corollary 3.7) Suppose (H, ◦,≤)
is a (partially) quasi ordered semihypergroup. Then the binary hyperoperation
∗ : H ×H −→ ℘∗(H) defined by :

a ∗ b = [a ◦ b)≤ =
⋃

m∈a◦b

[m)≤.

is associative.

The resulted hyperstucture (H, ∗) is named EL2−hyperstructres derived from
(partially) quasi ordered hyperstructure (H, ◦,≤)

3 Results and Discussion

Definition 3.1 [1] A hypergroup (H, ◦) is said to be a quasi-ordering hy-
pergroup, if for every a, b ∈ H, we have a ∈ a2 = a3 and a ◦ b = a2 ∪ b2.
Moreover, if a2 = b2 implies a = b for every a, b ∈ H, then (H, ◦) is called an
ordering hypergroup.

Example 3.2 Let S = {a,b,c} be the hypergroup with the following multi-
plication table:

◦ a b c
a {a} {a,b} {a,c}
b {a,b} {b} {b,c}
c {a,c} {b,c} {c}

We define the binary quasi order relation ≤ as follows:

≤:= {(b, c), (a, c), (a, b), (a, a), (b, b), (c, c)}.

It is not difficult to prove that (H, ◦,≤) is a quasi ordering hypergroup.

Example 3.3 Let (X,≤) be a (partially) quasi ordered set. If for every
x, y ∈ X, set x ◦ y = {x, y}, then (X, ◦,≤) is a (partially) quasi ordered
hypergroup. As x ∈ x◦x = x◦x◦x = {x} and also x◦y = {x, y} = x2∪y2 for
any x, y ∈ X, it can be concluded that (X, ◦,≤) is a quasi ordering hypergroup.
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Theorem 3.4 Let (H, ◦,≤) be a quasi ordered hypergroup which is also
quasi ordering. Then its assciated EL2-hypergroup (H, ∗) is quasi ordering.

Proof 1 We have to show that :
I) a ∈ a ∗ a for all a ∈ H.
II) a ∗ a = a ∗ a ∗ a for all a ∈ H.
III) a ∗ b = a ∗ a ∪ b ∗ b for all a, b ∈ H.
I) By the hypothesis, we know that a ∈ a ◦ a. On the other hand, by [5]
[Proposition 3.3] there holds a ◦ a ⊆ a ∗ a for any a ∈ H. Therefore a ∈ a ∗ a.
II) Let a ∈ H. There holds

a ∗ a =
⋃

m∈a◦a

[m)≤ =
⋃

m∈a◦a◦a

[m)≤ =
⋃

b∈a◦a

(
⋃

m∈a◦b

[m)≤) =
⋃

b∈a◦a

(a ∗ b) ⊆⋃
b∈a∗a

(a ∗ b) = a ∗ a ∗ a

To prove the converse, let x ∈ a∗a∗a. There exists b1 ∈ a∗a =
⋃

m∈a◦a

[m)≤

such that x ∈ a ∗ b1 =
⋃

n∈a◦b1

[n)≤. So, there exist n1 ∈ a ◦ b1 and m1 ∈ aoa

such that n1 ≤ x and m1 ≤ b1. By monotone condition, we have aom1 ≤ aob1.
Now, for n1 ∈ a ◦ b1 there exists an element s1 ∈ a ◦ m1 such that s1 ≤ n1

and consequently s1 ≤ x by transitivity of the relation ≤. But s1 ∈ a ◦m1 ⊆
a ◦ a ◦ a = a ◦ a. This implies that x ∈ [s1)≤ =

⋃
s∈a◦a

[s)≤ = a ∗ a.

III)

a ∗ b =
⋃

m∈a◦b

[m)≤ =
⋃

m∈a◦a∪b◦b

[m)≤ = (
⋃

m∈a◦a

[m)≤)
⋃

(
⋃

m∈b◦b

[m)≤) = a ∗ a∪ b ∗ b.

Example 3.5 Suppose (H = N−{1}, ◦,≤), where x◦y = {x, y} and x ≤ y
iff y|x. It easy to check that (H, ◦, R) is a quasi ordered hypergroup which
has also the quasi ordering property. Also, [x)≤ = {t ∈ H, x ≤ t} = {t ∈
H, t|x} and x ∗ y =

⋃
m∈{x,y}

[m)≤ = [x)≤
⋃

[y)≤ = {t, t|x}
⋃
{t, t|y}. Now, it is

striathforward that (H, ∗) is a quasi ordering hypergroup.

Remark 1 Consider the quasi ordering hypergroup (H, ∗) and define a binary
relation ≤∗ on H as follows: x ≤∗ y ⇐⇒ x ∈ y∗y for all x, y ∈ H. Davvaz and
Heidari in [4] showed that this relation is reflexive and transitive (i.e. (H,≤∗)
is a quasi ordered set) and moreover(H, ∗,≤∗) is a quasi ordered hypergroup.
More exacctly, they showed that:

Theorem 3.6 ([4], Theorem 3.5) Let (H, ∗) be a quasi ordering hyper-
group. Then, (H, ∗,≤∗) is a quasi ordered hypergroup.
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Let start with the quasi ordered hypergroup (H, ◦,≤) which is also quasi or-
dering. Using EL2 construction we can get associated EL2-hypergroup (H, ∗1)
which is a quasi ordering hypergroup by the Theorem 3.4. In addition, defining
the the above binary relation, (H, ∗1,≤∗1) would be a quasi ordered hypergroup
by 3.6. Now, we can start with (H, ∗1,≤∗1) and use EL2 construction on it
and repeat the procedure. In this way, we can acheive a sequence of quasi
ordering hypergroups.

Example 3.7 Consider the quasi ordered hypergroup (H, ◦,≤) where

◦ 0 1 2
0 {0} 0,1} {0,2}
1 {0,1} {1} {1,2}
2 {0,2} {1,2} {2}

and

≤= {(0, 0), (1, 1), (2, 2), (0, 2), (0, 1), (1, 2)}.

It is clear that (H, ◦) has the quasi ordering property. Using EL2 construciton
on (H, ◦,≤), we can get the associated EL2-hypergroup (H, ∗1) as follows:

∗1 0 1 2
0 H H H
1 H {1,2} {1,2}
2 H {1,2} {2}

Also, the binary relation ≤∗1 would be calculated as:

≤∗1= {(1, 1, ), (2, 2), (0, 0), (1, 0), (2, 0), (2, 1)}.

Now, the triple (H, ∗1,≤∗1) is a quasi ordered hypergroup by 3.6. The EL2-
hypergroup associated to (H, ∗1,≤∗1) is

∗2 0 1 2
0 H H H
1 H H H
2 H H H

Example 3.8 Consider ((H = N − {1}, ∗) in Example 3.5. For all x, y ∈
H, there holds x ≤∗ y ⇔ x ∈ y ∗ y = {t, t|y}. So, x ≤∗ y ⇔ x|y. Also,

x ∗1 y =
⋃

m∈x∗y

[m)≤∗ = {tk, t|x} ∪ {tk, t|y}
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4 Conclusion

Variuos extension of EL-hyperstructures have been defined and established
by many authors. In this paper, I focus on EL2-hypergoups and prove one
more property of them which is not mentioned in [5]. Moreover, I construct
a sequence of EL2-hypergroups in a special way. There may be other ways to
construct this sequence. In future papers, I will work on this idea and also on
the concept of the length of this sequence.
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