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Abstract
We give a necessary and sufficient condition for irreducibility of a

polynomial over a finite field in terms of the determinant of a certain
matrix derived from the coefficients.
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1 Introduction

It is difficult in general to determine whether a given polynomial is irreducible.
However, for polynomials over a finite field, various irreducibility criteria were
proposed (details of which can be found in [3]). The aim of this note is to give
a new necessary and sufficient condition for polynomials over a finite field to
be irreducible.

Let Fq be a finite field with q elements and (xq − x) be an ideal of Fq[x].
For f ∈ Fq[x], we denote by f the right-hand side of the congruence

f ≡
q−1∑
k=0

akx
k mod (xq − x).

Then we define Tq(f) = (Tq(f)ij) as the q × q matrix whose (i, j) entry is

Tq(f)ij =
∑

k∈{1,...,q} s.t.
xi−1xk−1≡xj−1 mod (xq−x)

ak−1.
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Regarding f as the polynomial over an extension field Fqn , we can define Tqn(f)
as well.

We shall show that there is a close relationship between this matrix and
the irreducibility of a polynomial.

2 Preliminaries

The matrix Tq(f) has the following properties.

Lemma 2.1. For f, g ∈ Fq[x], it holds that Tq(fg) = Tq(f)Tq(g).

Proof. Let f =
∑q−1

i=0 aix
i and g =

∑q−1
i=0 bix

i. Since

fg =

q∑
k=1

 ∑
v,w∈{1,...,q} s.t.

xv−1xw−1≡xk−1 mod (xq−x)

av−1bw−1x
k−1

 ,

we have
T (fg)ij =

∑
v,w∈{1,...,q} s.t.

xi−1xv−1xw−1≡xj−1 mod (xq−x)

av−1bw−1.

Hence

(T (f)T (g))ij =

q∑
k=1

T (f)ikT (g)kj

=

q∑
k=1

 ∑
v∈{1,...,q} s.t.

xi−1xv−1≡xk−1 mod (xq−x)

av−1



×

 ∑
w∈{1,...,q} s.t.

xk−1xw−1≡xj−1 mod (xq−x)

bw−1



=

q∑
k=1


∑

v,w∈{1,...,q} s.t.
xi−1xv−1≡xk−1 mod (xq−x)
xk−1xw−1≡xj−1 mod (xq−x)

av−1bw−1


=

∑
v,w∈{1,...,q} s.t.

xi−1xv−1xw−1≡xj−1 mod (xq−x)

av−1bw−1 = T (fg)ij.
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Lemma 2.2. f ∈ Fq[x] has a root in Fq if and only if detTq(f) = 0.

Proof. It is obvious by Theorem 4 in [2].

Furthermore we cite the following well known theorem.

Theorem 2.3 (see, e.g., [1, Theorem 2.14]). If f is an irreducible polynomial
in Fq[x] of degree n, then f has a root in Fqn.

3 Main Result

Our irreducibility criterion is the following.

Theorem 3.1. Let f be a polynomial in Fq[x] of degree n ≥ 2. Then f is
irreducible over Fq if and only if detTq[(n+1)/2](f) 6= 0, where [(n+ 1)/2] is the
greatest integer ≤ (n+ 1)/2.

Proof. Suppose that f can be factored as the product of g and h ∈ Fq[x],
where deg g ≥ deg h > 0. By Theorem 2.3, h must have a root in Fq[(n+1)/2] .
Hence, by Lemmas 2.1 and 2.2, we have

detTq[(n+1)/2](f) = detTq[(n+1)/2](g) detTq[(n+1)/2](h) = 0.

Conversely, suppose that detTq[(n+1)/2](f) = 0. By Lemma 2.2, f has a root
γ ∈ Fq[(n+1)/2] . Hence f is divisible by the minimal polynomial of γ over Fq.
Thus the theorem follows.
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