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Abstract 

 

   In this paper, we generalize the notions of small submodules, semisimple rings 

and projective modules. Hence, we introduce and study the notions of d-small 

submodules, d-rings and d-small projective modules. 
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1 Introduction 
 

Throughout this paper, all rings are associative and all modules -if not specified 

otherwise- are right and unitary. A submodule N of a module M is called small in 

M, Written N ≪ M, if for every submodule L of M, the equality N+L=M  Implies  

L = M. Then the Jacobson radical of M, written Rad(M) is the sum of all small 

submodules of M. A module P is called projective module if for any epimorphism 

ϕ: M → N and for any homomorphism ψ: P → N there is a homomorphism h : P 

→ M suchthat ψ = ϕh. A projective cover of a module M is a projective module P 

together with an epimorphism f: P→M such that Ker(f) is small in P. A ring R is 

said to be a right perfect ring, if every R-module has a projective cover. A ring R 

is right V-ring if and only if Rad(M)=(0) for each right R-module. For the 

previous terminologies see [1]. A ring R is a right semiartinian V-ring if and only 

if every non-zero right R-module contains a non-zero injective submodule, a right 

semiartinian V-ring need not be semisinple ring [2]. A module N is called M-

principally injective if for any endomorphism Ψ of M, and every homomorphi -sm  
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from Ψ(M) in to N, can be extended to a homomorphism from M to N. A 

submodule N of M is called M-cyclic submodule if it is the image of an element 

of End(M) [3].  

 

2 d-small Submodules 
 

   In this section, we introduce the concepts of d-small submodules and d-ring and 

we investigate their basic properties. 

 

Definition 2.1 Let N be a submodule of a module M.  N is said to be direct 

summand small submodule of M (for short d-small) if N+L=M, where L is a 

direct summand submodule of M, then L=M. 

    

   We use N ≪d M to indicate that N is a d-small submodule of M. Every small 

submodule is d-small submodule, but the converse is not true in general. 

 

Example 2.2 In the Z-module Z, 2Z is d-small submodule which is not small 

submodule in Z. 

    

Remark 2.3 

1. Every submodule of an indecomposable module is d-small submodule. 

2. (0) is the only d-small submodule in a semisimple module. 

3. The sum of two d-small submodules need not be d-small submodule, since 2Z 

and 3Z are d-small submodules in Z, but 2Z+3Z is not d-small. 

4. The image of d-small submodule need not be d-small submodule, since if Π:Z

→Z6 be the natural epimorphism, 3Z is d-small in Z, but it is image is not d-

small in Z6. 

 

Proposition 2.4 Let L, N be submodules of a module M with L ≤ N, if N ≪d M 

then L ≪d M. 

 

Proof. Let L ≤ N ≤ M, N ≪d M and L+K=M, where K is a nonzero direct 

summand of M, then N+K=M, but N ≪d M then K=M, so L ≪d M. 

 

Definition 2.5 If M be a module, define Radd(M)=∑{ L ≤ M | L ≪d M} 

Clearly Rad(M) ≤ Radd(M). 

 

Proposition 2.6 Let M be a module, if a∈I, then aR is d-small submodule in M, 

where I=∩{N ≤ M | N is maximal which contains a nonzero direct summand 

submodule of M}. 

 

Proof.   Let a∈I and aR+K=M, where K is a direct summand submodule of M. 

We claim that K=M. If not, i.e. K≠M, so a∉K.                                                                                                  
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Put φ={L ≤ M | K ≤ L≠M and a∉L}, it is clear that φ is nonempty set.                                                                           

By Zon's Lemma φ has a maximal element C. To show that C is maximal 

submodule in M assume that C ≤ N < M. Clearly a∉N, so N∈φ, but C is maximal 

in φ, thus C=N. Hence C is maximal contains direct summand submodule of M 

with a∉C. A contradiction, therefore K=M.  

 

Corollary 2.7 Let M be a module, then I ≤ Radd(M). 

 

Lemma 2.8 If R is a right semiartinian V-ring, then Radd(M)=(0) for each          

R-module M. 

 

Proof. Let M be R-module, R is a right semiartinian V-ring and N ≪d M                        

we claim that N=0. If not, there exists a nonzero injective submodule of N, say L. 

By (2.4) L ≪d M, but L is injective, hence L⨁K=M where K ≤ M, so K=M which 

implies that L=(0), A contradiction. Hence N=(0). Therefore Radd(M)=(0). 

 

Definition 2.9 A ring R is called right d-ring if  Radd(M)=(0) for each R-module 

M. 

 

Remark 2.10  

1. Every right semiartinian V-ring is right d-ring and every right d-ring is 

right V-ring. But we don't know whether the convers true or not. 

2. Every semisimple ring is d-ring, but the convers may not be true.   

 

Proposition 2.11 If R is a right d-ring and M be a non-simple R-module, then M 

is decomposable module. 

 

Proof. Let R be a right d-ring and M is a non-simple R-module, we claim that M 

is decomposable module. If not, since M is a non-simple R-module, then there 

exists a submodule N of M with N≠0, and N≠M, by (2.3)(1), N ≪d M, but R is 

right d-ring, then N=0, a contradiction. 

 

Corollary 2.12 If R is a right d-ring, then every right module over R is either 

simple or decomposable. 

 

3 d-small Projective Modules 
 

Definition 3.1 An epimorphism f: M → N is called d-small epimorphism if 

Ker(f) ≪d M. 

 

Corollary 3.2 Every split d-small epimorphism is an isomorphism.  

 

Definition 3.3 A module M is called a d-small projective module if for each d-

small epimorphism g: A 
             
→    B where A, B are any modules and for each homo- 
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morphism f: M 
             
→    B, there exist a homomorphism h: M 

             
→    A such that g∘h 

=f .                                                          

                                                                

Corollary 3.4 The following statements are equivalent: 

1. R is a d-ring. 

2. Every R-module is d-small projective. 

 

   Clearly every projective modules is d-small projective. But the converse may 

not be true. 

 

Remark 3.5 Over a d-ring which is not semisimple there exists a d-small 

projective module which not projective. 

 

Proposition 3.6 The following are equivalent for a module M 

a. M is d-small projective module; 

b. For each d-small  epimorphism f: N 
             
→    K , the homomorphism                  

Hom(I, f) : Hom(M, N) 
             
→    Hom(M, K) is an epimorphism; 

c. For any d-small epimorphism g : B 
             
→    A,  g∘Hom(M, B) = Hom(M, A); 

 

Proof. a 
          
⇒  b) Let f : N 

             
→    K be a d-small epimorphism and ψ ∈ Hom(M, K). 

Since M is d-small projective module there exists a homomorphism h: M 
             
→    N, 

such that f∘h = ψ. Thus Hom(I, f)∘h = ψ, where h ∈ Hom (M, N). Therefore 

Hom(I, f) is an epimorphism.  

b
           
⇒  c) Let g : B 

             
→    A be a d-small epimorphism, by (b)                                    

Hom(I, g) : Hom(M, B) 
             
→    Hom(M, A) is an epimorphism.   

Let f ∈ Hom(M, A), so there exists f1 ∈ Hom(M,B)  such that Hom(I, g)∘f1=f . 

Thus f ∈ g∘Hom(M,B); so Hom(M, A) ≤ g∘Hom(M, B).                                          

Hence Hom(M, A) = g∘Hom(M, B). 

c 
           
⇒  a) Let g : A 

             
→    B be a d-small epimorphism where A, B are any modules 

and f : M 
             
→    B be a homomorphism. Since g∘Hom(M, A) = Hom(M, B) and     

f ∈ Hom(M, B).So there exists h ∈ Hom(M, A), such that g∘h = f. Thus, M is a   

d-small projective module. 

 

Proposition 3.7 ⨁
α∈Λ

Mα is a d-small projective module if and only if Mα is a d-

small projective module for each α ∈ Λ. 

 

Proof. The proof is standard and is omitted. 

 

Corollary 3.8 Let A be a d-small projective module and f: A
                             
→         B be a        

d-small epimorphism. Then f splits if and only if A⨁B is a d-small projective. 

 

Proposition 3.9 A d-small projective module which has a projective cover is 

projective. 
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Proof. By corollary (3.2). 

 

Corollary 3.10 Let R be a right perfect ring. Then an R-module is projective if 

and only if it is d-small projective. 

 

Proposition 3.11 Let M be a module and B is a direct summand of M, where 

A∩B≪dA, for each A ≤ M, if A+B is a d-small projective module, then A∩B=(0). 

 

Proof. Consider the following natural epimorphism:                                              

𝜋1: A 
                   
→      A /A∩B ;    𝜋2 :A+B 

                   
→     A+B/ B    by second isomorphism 

theorem A /A∩B ≃ A+B/ B. Since B is a direct summand of M so, M=B⨁K1, 

Where K1 ≤ M, by module law M∩(B+A)=(B⨁K1)∩(A+B)                                   

So, A+B =B⨁(K1∩(A+B)), so B is a direct summand of A+B.                                 

Thus (K1∩(A+B)) is a d-small projective module and hence A+B/B is a d-small 

projective module and so is A /A∩B. By (3.2) 𝜋1: A 

                   
→      A/A∩B is an 

isomorphism, therefore A∩B= (0). 

 

     The converse of (3.12) is no true in general as the following example. 

 

Example 3.12 Let M=Z2 as Z-module, clearly {0̅} is a direct summand of M and 

{0̅}∩M=(0)≪d M, but Z2 is not d-small projective as Z-module. 

 

Definition 3.13 A modul e M is called d-small factor of a module N, if there 

exists a d-small epimorphism from N to M. 

 

Proposition 3.14 Let M be a d-small projective module. If every M-cyclic 

submodule of M is a d-small projective then every d-small factor module of an M-

principally injective module is M-principally injective. 

 

Proof. Let g: A 
                   
→      B be a d-small epimorphism, where A is M-principally 

injective module. Consider the following diagram: 

 

                                           0 
                                 
→           Ψ(M) 

              t                
→           M 

         

                                                         h             f      h1           h2 

 

 

 

                                          A 
                 g                 
→              B 

                                   
→            0 

                                             

Where f: Ψ(M) 
                   
→     B is a homomorphism, Ψ∈End(M) and t: Ψ(M) 

                   
→      M 

is inclusion homomorphism. By(1), Ψ(M) is an d-small projective module so, 

there exists a hmomorphism h: Ψ(M) 
                   
→      A such that g∘h = f.                               
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Now, since A is M-principally injective, there exists a homomorphism                 

h1: M 
                   
→      A such that h1∘t=h. Define h2: M 

                   
→      B by h2=g∘h1.                

Now, h2∘t= g∘h1∘t = g∘h=f. 
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