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Abstract

In this paper we will show how to relate symmetric and standard
polynomials as polynomial identities in algebras A and A⊗ E. Here E
is Grassmann algebra.
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1 Introduction

Let V be an vector space over K of countable infinite dimension with basis
{e1, e2, ...}. The Grassmann algebra E of V is the associative algebra with K-
basis consisting of 1 and all products of the form ei1ei2 ...eim with i1 < i2... <
im, m ≥ 1 and with multiplication induced by e2i = 0 and eiej+ejei = 0. When
charK = p = 2, then obviously E is commutative and hence are not very
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”interesting” from the PI point of view. Therefore, we restrict our attention
the case p 6= 2.

We denote by Mn(E) the algebra of n × n matrices over E. The alge-
bra Ma,b(E) is the subalgebra of Ma+b(E) that consists of the block ma-

trices

(
A B
C D

)
, where A ∈ Ma(E0), B ∈ Ma×b(E1), C ∈ Mb×a(E1) and

D ∈Mb(E0).
If two algebras A and B satisfy the same polynomial identities we say that

A is PI-equivalent to B and we denote by A ∼ B. An important consequence
of the Kemer’s structure theory is the Tensor Product Theorem (TPT).

Theorem 1 (TPT). Let charK = 0. Then we have M1,1(E) ∼ E ⊗ E,
Ma,b(E)⊗ E ∼Ma+b(E) and Ma,b(E)⊗Mc,d(E) ∼Mac+bd,ad+bc(E).

In [4] it has been proved that Kemer’s tensor product theorem can not be
transposed to fields of positive characteristic. However we have the following
multilinear version. Let P (I) be the set of multilinear polynomials in the T
-ideal I:

Theorem 2 ([6], theorem 5) Let charK = p 6= 2. Then we have P (T (M1,1(E)))
= P (T (E ⊗ E)), P (T (Ma,b(E) ⊗ E)) = P (T (Ma+b(E))) and P (T (Ma,b(E) ⊗
Mc,d(E))) = P (T (Mac+bd,ad+bc(E))).

We denote by
wk(x1, ..., xk) =

∑
σ∈Sk

xσ(1)...xσ(k)

and
sk(x1, ..., xk) =

∑
σ∈Sk

ε(σ)xσ(1)...xσ(k)

such as polynomials symmetric and standard, respectively, of degree k where
ε(σ) is the sign of σ.

2 Relating wn and sn

Theorem 3 Let A be an algebra.

(a) If the polynomial wn is an identity for algebra A⊗E then sn is an identity
for algebra A;

(b) If the polynomial sn is an identity for algebra A⊗E then wn is an identity
for algebra A.

Proof. Let a1, a2, . . . , an ∈ A and e1, e2, . . . , en elements of the basis de E.
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(a) Suppose that sm is polynomial identity for A⊗ E. Then

0 = sm(a1 ⊗ e1, . . . , am ⊗ em) = wm(a1 . . . , am)⊗ e1 . . . em

as e1 . . . em 6= 0, we have to wm(a1 . . . , am) = 0 and therefore wm is a
identity polynomial for A.

(b) Suppose that wm is polynomial identity for A⊗ E. Analogously, we get
that

0 = wm(a1 ⊗ e1, . . . , am ⊗ em) = sm(a1, . . . , am)⊗ e1 . . . em

as e1 . . . em 6= 0, we have to sm(a1 . . . , am) = 0 and therefore sm is a
identity polynomial for A.

3 An application

How wp is an polynomial identity for algebra E, using [3] Theorem 3.1, we
obtain that wnp is a identity polynomial for Mn(E).

In [9] was proved that

Theorem 4 The polinomial sm is a identity for Mn,n(E) if and only if
n(2p− 1) ≤ m ≤ 2np.

Theorem 5 If the polynomial wm is a identity for A and m = np + r with
0 ≤ r ≤ p− 1 then wnp is a identity polynomial for A

Using the above results and the multilienar equivalence in between the al-
gebras Mn,n(E) and Mn(E)⊗E we will show the following result as application
of our theorem

Theorem 6 Let p be a prime number such that p > n − 1. Then wm ∈
T (M2nE) if and only is m ≥ 2np

Proof. If m ≥ 2np follows from [3] Theorem 3.1 that wm is a identity
polynomial from M2n(E).

Suppose that w2np−1 is a identity polynomial from M2n(E). Using the
Theorem 5 and the fact that 2np − 1 = (2n − 1)p + (p − 1) we obtain that
w(2n−1)p is a identity polynomial from M2n(E). Being M2n(E) and Mn,n(E)⊗E
multi-linearly equivalent, we obtain that, w(2n−1)p is a identity polynomial



14 Lorena O. de Suosa and Sérgio M. Alves

from Mn,n(E) ⊗ E. Using the Theorem 3 obtain that s(2n−1)p is a identity
polynomial from Mn,n(E) and how (2n− 1)p is odd we obtain that s(2n−1)p−1
is a identity polynomial from Mn,n(E) which contradicts Theorem 4 since
m = (2n− 1)p− 1 < 2np− n = [(2n− 1)p− 1] + [p− (n− 1)].

Therefore if wm is a identity polynomial from M2n(E) then m ≥ 2np.

Acknowledgements. Sérgio M. Alves is partially supported by PROPP/UESC.
Proj. 00220.1300.1732.

References

[1] A. Berele, Classification theorems for verbally semiprime algebras, Com-
mun. Algebra, 21 (1993), no. 5, 1505-1512.
https://doi.org/10.1080/00927879308824633

[2] A. Giambruno, P. Koshlolukov, On the identities of Grassmann algebras
in characteristic p > 0, Israel Journal of Mathematics, 81 (2001), 305-316.
https://doi.org/10.1007/bf02809905

[3] M. Domokos, Eulerian polynomial identities and algebras satisfyng a stan-
dard identity, J. Algebra, 169 (1994), 913-928.
https://doi.org/10.1006/jabr.1994.1317

[4] S.M. Alves, PI (non) equivalence and Gelfand-Kirillov dimension in pos-
itive characteristic, Rendiconti del Circolo Matematico di Palermo, 58
(2009), no. 1, 109-124. https://doi.org/10.1007/s12215-009-0011-5

[5] S.M. Alves, P. Koshlukov, Polynomial identities of algebras in positive
characteristic, J. Algebra, 305 (2006), no. 2, 1149-1165.
https://doi.org/10.1016/j.jalgebra.2006.04.009

[6] S. S. Azevedo, M. Fidelis, P. Koshlukov, Tensor product theorems in
positive characteristic, J. Algebra, 276 (2004), no. 2, 836-845.
https://doi.org/10.1016/j.jalgebra.2004.01.004

[7] U. Leron, A. Vanpe, Polynomial identities of rekated rings, Israel Journal
of Mathematics, 8 (1970), 127-137. https://doi.org/10.1007/bf02771307

[8] M. Domokos, On algebras satisfying symmetric identities, Arch. Math.,
63 (1994), 407-413. https://doi.org/10.1007/bf01196669

[9] A. J. Geraldo, To appear.

Received: November 8, 2017; Published: January 14, 2018


