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Abstract

We study weakly clean WUU rings and prove a few affirmations about them.

The basic theorem states that weakly clean WUU rings are themselves clean, thus

strengthening some results on clean WUU rings established by us in Tsukuba J.

Math. (2016).
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1. Introduction and Definitions

Everywhere in the text of this paper, all rings are assumed to be associative,
containing the identity element 1 which element is different to the zero element
0. Our terminology and notations not explicitly defined herein are in agreement
with the classical ones. For instance, U(R) is the multiplicative group of units
in R, J(R) is the Jacobson radical of a ring R, Nil(R) is the nilpotent set in
R, and Q is the field of all rationales, respectively.

The following concept, originated in [11], plays a key role in ring theory.

Definition 1.1. A ring R is said to be clean if, for every r ∈ R, there are a
unit u and an idempotent e with r = u + e.

The next concept was introduced in [2] and [1], respectively in a commutative
and general aspect.

Definition 1.2. A ring R is said to be weakly clean if, for every r ∈ R, there
are a unit u and an idempotent e such that r = u + e or r = u− e.
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It is apparent that clean rings are always weakly clean; however the converse
is false even in the commutative case as the example shows: R = Z(3) ∩Z(5) is
a weakly clean non-clean ring in which 2 inverts, where for any prime p we set
Z(p) = { r

s
∈ Q : p - s}.

Nevertheless, it was shown in [4] (cf. [5], [7] and [8] too) that if 2 is a
nilpotent in R, then these two notions do coincide.

Definition 1.3. ([3]) A ring is called UU if each unit is unipotent, i.e., the
sum of a nilpotent and 1.

It was proved in [9] that in UU rings the element 2 is always a nilpotent, so
that by what we have commented above weakly clean UU rings are necessarily
clean UU and thus they are completely characterized again in [9] as those
rings R for which its Jacobson radical J(R) is nil and the quotient R/J(R) is
a Boolean ring.

Definition 1.4. ([6]) A ring is called WUU if each unit is a weak unipotent,
i.e., the sum or the difference of a nilpotent and 1.

Apparently, UU rings are WUU, while the converse fails – for example, the
ring of all integers Z is WUU but not UU. However, if 2 is a nilpotent, these
two notions are tantamount. Nevertheless, there are enough WUU rings which
are not UU (see, for instance, [6]).

Clean UU rings were the object of an investigation in [9], whereas clean
WUU rings were the objective of an exploration in [6].

2. Main Results

The following two observations are helpful.

Lemma 2.1. In a weakly clean WUU ring R the following two relations are
true 6 ∈ J(R) or 10 ∈ J(R).

Proof. Write 3 = u+ e or 3 = u− e, where u is a unit and e is an idempotent.
The first case was handled in [6] to get that 6 is a nilpotent, whence 6 ∈ J(R).
To treat the second one, we have that 3 = 1 + q − e or 3 = −1 + q − e,
where q is a nilpotent. Thus e = q − 2 or e = q − 4 which ensures that
(q − 2)2 = q − 2 or (q − 4)2 = q − 4. This leads to q2 − 4q + 4 = q − 2 or to
q2 − 8q + 16 = q − 4. Therefore, 6 = −q2 + 5q is a nilpotent or 20 = −q2 + 9q
is a nilpotent. The first situation is already done, while in the second one we
deduce that 102 = 100 = 5.20 is nilpotent, that is, 10 is nilpotent and hence
10 ∈ J(R), as claimed. �

Lemma 2.2. A direct factor of a WUU ring is also a WUU ring.

Proof. Letting R = P×L be a direct decomposition of a WUU ring R for some
rings P and L, it is then well-known and readily checked that U(R) = U(P )×
U(L). Given w ∈ U(P ) it must be that (w, 1L) ∈ U(R) and hence (w, 1L) ∈
±1R + Nil(R), i.e., (w, 1L) = ±(1P , 1L) + (c, d) = (±1P ,±1L) + (c, d), where
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c ∈ P and d ∈ L with (c, d) ∈ Nil(R) lead to c ∈ Nil(P ) and d ∈ Nil(L). That
is why, (w, 1L) = (±1P +c,±1L +d) means that w = ±1P +c ∈ ±1P +Nil(P ),
as expected. This immediately forces the assertion that P is a WUU ring.
Similarly for L, as stated. �

Remark. To avoid the rather technical arguments in the last proof, in the
proof of ”Necessity” in [6, Proposition 2.26], the inclusions Ri ≤ R = R1 ×
. . . × Rn, where Ri are rings for any i ∈ [1, n], are formally written; actually
it should be U(Ri) ≤ U(R) = U(R1) × . . . × U(Rn) identifying U(Ri) with
{1R1}× . . .×U(Ri)× . . .×{1Rn} by the group isomorphism U(Ri) ∼= {1R1}×
. . . × U(Ri) × . . . × {1Rn}, and so observing that 1R ∈ U(R) and hence 1R ∈
U(Ri). Furthermore, the proof of [6, Proposition 2.25] successfully works thus:
For each ui ∈ U(Ri) we have ui ∈ U(R) and writing ui ∈ ±1R + Nil(R) it
follows that ui ∓ 1R ∈ Nil(R) ∩Ri = Nil(Ri), as desired.

The following three results were recently obtained:

Proposition 2.3. ([6]) Suppose that R is a WUU ring for which 6 ∈ J(R).
Then R can be decomposed as R ∼= R1×R2, where R1 is a UU ring and either
R2 = {0} or R2 is an indecomposable WUU ring with 3 ∈ J(R2).

Proposition 2.4. ([9]) A ring R is clean UU if, and only if, J(R) is nil and
R/J(R) ∼= B, where B is a boolean ring.

The preceding statement was substantially expanded thus:

Proposition 2.5. ([6]) A ring R is clean WUU if, and only if, J(R) is nil
and either R/J(R) ∼= B, or R/J(R) ∼= Z3, or R/J(R) ∼= B × Z3 for some
Boolean ring B.

It easily follows from this isomorphism description that in a clean WUU ring
R it holds that 6 ∈ J(R). Moreover, as a consequence of the above assertion,
R is clean WUU with invertible 2 exactly when J(R) is nil and R/J(R) ∼= Z3.
We shall now extend this to weakly clean rings like this:

Lemma 2.6. A ring R is weakly clean WUU in which 2 is a unit precisely
when J(R) is nil and R/J(R) ∼= Z3.

Proof. Since the sufficiency is already showed above in Proposition 2.5, we
concentrate on the necessity. To that goal, we foremost observe that J(R) is
nil. This follows immediately from [6, Proposition 2.6 (1)]. However, this can
be derived directly like this: Given z ∈ J(R), we have 1 + z ∈ 1 + J(R) is a
unit and so 1 + z = 1 + q or 1 + z = −1 + q for some nilpotent q. The first
implies z = q and the second implies z = −2 + q which is impossible being a
unit. This substantiates our claim.

Furthermore, one sees that R is indecomposable, i.e., the only idempotents
in R are {0, 1}. In fact, for any idempotent e the element 2e − 1 is a unit
(actually a torsion unit of order 2 = an involution) and hence 2e− 1 = 1 + q
or 2e− 1 = −1 + q, where q is a nilpotent. Thus 2e = 2 + q is a unit or 2e = q
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is nilpotent. These two conditions assure that e = 1 + q
2

or e = q
2

whence e
is either a unit or a nilpotent, i.e., either e = 1 or e = 0, as asserted. That
is why, there are six possibilities for all elements r of R presented as follows
(throughout q is a nilpotent):

• r = 1 + q + 1 = 2 + q is a unit.
• r = 1 + q − 1 = q is a nilpotent.
• r = 1 + q + 0 = 1 + q is a unit.
• r = −1 + q + 1 = q is a nilpotent.
• r = −1 + q − 1 = −2 + q is a unit.
• r = −1 + q + 0 = −1 + q is a unit.

Consequently, every element of R is either a unit or a nilpotent. Thus R
has to be a local ring, that is R/J(R) is a division ring. Indeed, if x ∈ R with
x 6∈ J(R), then there is y ∈ R such that 1 − xy is not a unit. So, 1 − xy is a
nilpotent and thus xy ∈ 1 + Nil(R) ⊆ U(R) is a unit. Similarly, hx is a unit
for some h ∈ R. We, therefore, conclude that x has to be a unit, as needed.

After that, we appeal to [6, Lemma 2.4] to infer that R/J(R) is a WUU ring.
Being simultaneously a division ring, it follows at once that R/J(R) ∼= Z3, as
required.

�

Although we have seen above that there is a weakly clean ring in which 2 is
invertible that is not clean, the additional requirement of being WUU forces
that it must be clean as it was demonstrated in Lemma 2.6 listed above. This
fact can be substantially generalized to the following general one:

Theorem 2.7. Let R be a ring. Then the following three conditions are equiv-
alent:

(1) R is a weakly clean WUU ring;
(2) R is a clean WUU ring;
(3) R is with nil J(R) and either R/J(R) ∼= B, or R/J(R) ∼= Z3, or

R/J(R) ∼= B × Z3, where B is a Boolean ring.

Proof. In view of Proposition 2.5, it is enough to deal with point (1) only by
showing that it yields (2) or/and (3); the converses are self-evident. According
to Lemma 2.1 we have 6 ∈ J(R) or 10 ∈ J(R), so we will examine these two
cases separately.

Case 1: 6 ∈ J(R). According to Proposition 2.3, one can decompose R
as R ∼= R1 × R2, where R1 is a UU ring and either R2 = {0} or R2 is an
indecomposable WUU ring with 3 ∈ J(R2). Since homomorphic images of
weakly clean rings are obviously weakly clean, it follows at once that both R1

and R2 are weakly clean. By virtue of [4], it must be that R1 is clean because
2 ∈ R1 is a nilpotent. As for the second direct factor, the observation that
3 ∈ J(R2) insures 22 = 4 = 1 + 3 ∈ 1 + J(R2) is a unit, that is, 2 is a unit in
R2, and we need just apply Lemma 2.6 to get the wanted statement that R2,
and hence R, are both clean rings.
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Case 2: 10 ∈ J(R). Again by virtue of [6, Proposition 2.6 (1)], J(R) is nil.
Since thereby 10n = 0 for some n ∈ N and (2n, 5n) = 1, mimicking the proof
of [6, Theorem 2.11], one can decompose R = 2nR ⊕ 5nR ∼= R3 × R4, where
R3 = R/2nR ∼= 5nR and either R4 = {0} or R4 = R/5nR ∼= 2nR. Clearly,
2 ∈ J(R3) and, in the non-zero case, 5 ∈ J(R4), both being central nilpotents
there. Moreover, Lemma 2.2 gives that both R3 and R4 are WUU rings. So,
R3 must be a UU ring. About R4 we claim that it has to be the trivial ring.
Otherwise 6 = 1 + 5 ∈ 1 + J(R4) is a unit in R4, i.e., both 2 and 3 are units
there. However, this contradicts Proposition 2.6 (2) from [6]. This sustained
the claim, and in this case R ∼= R3 is a weakly clean UU ring, which once again
with the aid of [4] does imply that R is clean, as pursued.

�

3. Unanswered Problems

It was stated in [11] that a ring R is exchange if, for any a ∈ R, there is
an idempotent e ∈ aR (or e ∈ Ra, respectively) such that 1 − e ∈ (1 − a)R
(or 1− e ∈ R(1− a), respectively). Left-right symmetrization of this classical
definition was recently established in [10].

On the other side, in [13] was given the following definition: A ring R is
called weakly exchange if, for any a ∈ R, there exists an idempotent e such
that e ∈ RaR and 1− e ∈ R(1− a)R.

Clearly, exchange rings are always weakly exchange in this sense.
On the other hand, in [4] the term ”weakly exchange” has another treatment

as follows: A ring R is called weakly exchange if, for any a ∈ R, there exists
an idempotent e ∈ aR and (either) 1− e ∈ (1− a)R or 1− e ∈ (1 + a)R.

So, a question which immediately arises is what is the relationship between
these two concepts, namely to what extent they differ and/or they coincide.
In conjunction with our chief result listed above, one may state the following:

Problem. Describe weakly exchange WUU rings or, in particular, weakly
exchange UU rings in both meanings.

It is worthwhile noticing that in [6, Corollary 2.15] it was proved that ex-
change WUU rings are exactly the clean WUU rings and thereby they are
totally characterized by Proposition 2.5 quoted above.

We end the work with the following technical note: Since 2 6= 0 may hold,
on the first line of the proof of [12, Lemma 14] the expression ”a = 1+(1−a)”
should be written as ”a = 1+(a−1)” or ”a = 1−(1−a)”. However, arguments
remain true and thus the proof is at all essentially correct.
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