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Abstract 

 

 We consider when does a soluble group of finite rank have an orbitally 

sound subgroup of finite index. The brief answer is yes if the group is minimax 

but no in general. However even under a weak form of finite rank (namely finite 

Hirsch number) it does always satisfy the weaker orbital property where locally 

finite replaces finite in the conclusion. We also consider the orbital property 

where we replace finite by all Sylow subgroups being finite. 
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1. Introduction 
 

 If H is a subgroup of a group G set HG = <Hg : g G> and HG = gG Hg. 

Following Roseblade [5] say that G is orbitally sound if for every subgroup H of 

G the group HG/HG is finite if, and trivially only if, the index (G : NG(H)) is finite. 

Superficially this looks different from Roseblade’s definition, but it is equivalent, 

see 2.1 below. An important step in Roseblade’s analysis of prime ideals in the 

group rings of polycyclic groups is his Theorem C2, that every polycyclic group 

has an orbitally sound, normal subgroup of finite index. He also has that every 

finitely generated nilpotent group is orbitally sound. In fact both of these results 

follow from the fact that every soluble connected subgroup of GL(n, Z) is 

orbitally sound, see [10] 8.6. (Here n is any positive integer and Z denotes the 

integers.) 

 In this paper we consider to what extent soluble groups under some sort of 

rank restriction are orbitally sound. A group G has finite Hirsch number if it has a  
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series of finite length each factor of which is either infinite cyclic or locally finite; 

its Hirsch number h(G), an invariant of G note, is the number of infinite cycles in 

such a series. This is the weakest notion of ‘finite rank’ we consider here. The 

group G satisfies min-p for the prime p if its set of p-subgroups satisfies the 

minimal condition under inclusion. Any soluble-by-finite group of finite (Prüfer) 

rank has finite Hirsch number and satisfies min-p for every prime p, as does any 

finite extension of a soluble FAR group (see [3] for definitions). The converses of 

these are false note. Roseblade’s Theorem C2 does not extend to soluble groups 

of finite rank. 

 

 Examples 1.1a) There exists a metabelian group G of finite rank 3 with h(G) = 1 

and satisfying min-p for every prime p that has no orbitally sound subgroup of 

finite index. 

  1.1b) There exists a locally nilpotent metabelian group G with 

h(G) = 0 (so G is locally finite) and satisfying min-p for every prime p that has no 

orbitally sound subgroup of finite index. 

 

 However something positive can be said, even with the weakest notion of 

‘finite rank’ considered here. 

 

Theorem 1.2. Let G be a group with finite Hirsch number. Then G has a fully 

invariant subgroup C of finite index such that whenever H is a subgroup of C with 

(C : NC(H)) finite, then HC/HC is locally finite. If H is also finitely generated, then 

HC/HC is finite. 

 

 The class of minimax groups lies between the class of polycyclic-by-finite 

groups and the class of soluble-by-finite groups of finite rank. We say a group is 

minimax if it has a series of finite length each factor of which is infinite cyclic or 

Prüfer or finite, where Prüfer means a Prüfer p∞-group for some prime p. The 

(finite) set of primes p for which a Prüfer p-group arises in a given such series is 

an invariant of G, which we denote by (G). 

 

Theorem 1.3. Let G be a minimax group. Then G has a fully invariant, orbitally 

sound subgroup of finite index. 

 

 For any group G we denote its maximal normal locally finite subgroup by 

(G). Annoyingly I have been unable to decide whether Theorem 1.3 extends to 

the class of finite extensions of soluble FATR groups (again see [3] for defintions, 

but it is equal to the class of groups G with h(G) finite and (G) a Chernikov 

group). This is a class of groups of finite rank wider than the class of minimax 

groups. However at least a finitely generated group that is a finite extension of a 

soluble FATR group (more generally of a soluble FAR group) is always minimax, 

see [3] 10.5.3, and hence by Theorem 1.3 has a fully invariant, orbitally sound 

subgroup of finite index. Briefly we discus finitely generated groups further in the 

Remark at the end of Section 3. Also we can prove the following. 
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Theorem 1.4. Let G be a group with finite Hirsch number and with (G) a 

Chernikov group. Suppose G is periodic-by-abelian-by-polycyclic-by-finite (see 

below). Then G has a fully invariant subgroup C of finite index such that 

whenever H is a subgroup of C with (C : NC(H)) finite, then HC/HC is locally 

finite with all its p-subgroups finite for every prime p. 

 

 Note that there is no ambiguity with the properties of G given in Theorem 

1.4, for if a group G has a series <1> ≤ T ≤ A ≤ P ≤ G with T periodic, A/T 

abelian, P/A polycyclic and G/P finite, then it has a normal such series. 

 For brevity, if G is a locally finite group with all its p-subgroups finite for 

every prime p, we will say that G is Sylow-finite. 

 For nilpotent groups the situation is more satisfactory. 

 

Theorem 1.5. Let G be a locally nilpotent group. If H is a subgroup of G with 

(G : NG(H)) finite, then HG/HG is locally finite. 

 

Theorem 1.6. Let G be a nilpotent group with finite Hirsch number satisfying 

min-p for every prime p. Then G is orbitally sound. 

 By 1.1b) we cannot weaken nilpotent to locally nilpotent (or even 

hypercentral) in Theorem 1.6. A simpler example is the wreath product G = 

<x>(HHx) of the Prüfer 2-group H by the cyclic group <x> of order 2. Then 

NG(H) = x has index 2 in G, HG = HHx, HG = <1> and HG/HG is infinite. Thus 

G is not orbitally sound. Clearly G is hypercentral with central height +1, has 

h(G) = 0 and satisfies min-p for every prime p. 

 

2. Weakenings of Normality 
 

 Let H be a subgroup of a group G. With HG and HG defined as above, 

consider the following four weakenings of the notion of H being normal in G. 

 A: The index (G : NG(H)) is finite. 

 B: (HG : H) is finite. 

 C: (H : HG) is finite. 

 D: (HG : HG) is finite. 

Some authors use the term ‘almost normal’ for A and the term ‘nearly normal’ for 

B. We have the following elementary relationships between there four conditions. 

 

Lemma 2.1. a) D is equivalent to B+C. 

 b) D implies A. 

 c) A+B implies D (and conversely). 

 d) A+C implies D (and conversely). 

 

Proof. a) is effectively definition and b) is immediate from the fact that HG ≤ Hg ≤ 

HG for all g  G. For c) note that there exists a finite subset X of G with G = 

NG(H)X. If x  X, then (HG : Hx) = (HG : H) is finite and HG = xX Hx. Therefore 

(HG : HG) is finite. 
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 Finally consider d). Here we have (G : NG(H)) and (H : HG) both finite. 

We may pass to G/HG and assume that HG = <1> and that H is finite. Then 

(NG(H) : CG(H)) is finite, so (G : CG(H)) is finite. Also G = NG(H)X for some 

finite subset X. Clearly (G : CG(Hx) is finite for each x in X. Set K = HG. Then K 

= <Hx : xX> and hence (G : CG(K)) is finite. But then K is centre-by-finite, so 

K´ is finite by Schur’s theorem (e.g. [10] 1.18). Also K is generated by the finite 

set xX Hx of elements of finite order. Consequently K/K´ is finite and therefore 

so too is K. 

 

Lemma 2.2. Let G be a group with finite Hirsch number satisfying min-p for 

every prime p. If H is a subgroup of G with (HG : H) finite, then HG/HG is also 

finite. 

 

Proof. Set (HG : H) = n. Then (HG : Hg) = n for each g in G. Consequently HG ≥ 

(HG)n!. But K/Kn! is finite for every subgroup K and every n in a group such as G. 

The lemma follows. 

 

Corollary 2.3. Let G be a group with finite Hirsch number satisfying min-p for 

every prime p. For any subgroup H of G the following three conditions are 

equivalent: (A+C), B and D. 

 

 This follows at once from Lemmas 2.1 and 2.2. Unlike B and D, A and C 

on their own do not imply any of the other three of A, B, C and D, even for 

polycyclic groups, as the following simple examples show. Firstly let G = <a, c> 

be the wreath product of the infinite cyclic group <a> by the cyclic group <c> of 

order 2 and set H = <a>. Then (G : NG(H)) = 2 and (HG : H), (H : HG) and 

(HG : HG) are all infinite. Thus A does not imply B, C or D. Now let G = <a, c> be 

an infinite dihedral group with c an involution and set H = <c>. Then (H : HG) = 2 

while (HG : H) and (G : NG(H)) are both infinite. Thus C does not imply A, B or D 

 Further B does not imply any of A, C or D in general in spite of Lemma 

2.2, even for groups with finite Hirsch number. For let G = <a, c> be the wreath 

product of the cyclic group <a> of order 2 by the infinite cyclic group <c> and set 

ai = c–iaci for each i  Z. Let H = <ai : i ≠ 1>. Then HG = <a>H = NG(H), HG = 

<1>, (HG : H) = 2 and (G : NG(H)) and (H : HG) are both infinite. Thus G and H 

satisfy B but not A, C or D. Clearly h(G) = 1. Also G does not satisfy min-2 but 

does satisfy min-p for all odd p. If J is the wreath product of an infinite cyclic 

group by an infinite cyclic group, then there is an obvious map of J onto the 

previous example. Thus J also has a subgroup H satisfying B but not A, C or D. 

Trivially J is torsion-free and hence satisfies min-p for every prime p. Also clearly 

it does not have finite Hirsch number. 

 If X is a class of groups, say a group G is orbitally-X if whenever H is a 

subgroup of G with (G : NG(H)) is finite, then HG/HG is an X-group. We are only 

interested here when X is the class of finite groups or the class of locally finite 

groups or the class of Sylow-finite groups, though the class of Chernikov groups  
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is another possibility that might also be useful. Obviously orbitally sound is the 

same as orbitally-finite. The following elementary result will be useful. 

 

Lemma 2.4. Let X be a subgroup and quotient group closed class of groups. If X 

is a subgroup of finite index in the orbitally-X group G, then X is also orbitally-X. 

 

Proof. Let H be a subgroup of X with (X : NX(H)) finite. Then (G : NG(H)) is also 

finite. By hypothesis HG/HG is an X-group. Clearly HG ≤ HX ≤ HX ≤ HG. 

Therefore HX/HX is an X-group and the lemma follows. 

 

3 Soluble Groups 
 

Lemma 3.1. Let H, N and T be subgroups of a group G with N normal and of 

finite index in G, with N ≤ NG(H) and with T periodic and normal in G. Suppose 

each element of HGT has some positive power lying in HT. Then HGT/HG is 

periodic. If G has finite Hirsch number, then HGT/HG is locally finite. 

 

Proof. Set K = HG, L = HG and consider k  KT. By hypothesis there exists r ≥ 1 

with kr   HT. Also (HT : H(TN)) is finite. Hence there exists s ≥ 1 with (kr)s  

H(TN). Thus krs  Hx for some x in TN. NowN normalizes H, so for each 

i ≥ 1 we have (krs)i  Hxi and also T is periodic. Consequently there exists t ≥ 1 

with krst  H. 

 Since k  KT and KT is normal in G, for each g in G there exists u = u(g) 

≥ 1 with ku  Hg. But H has only finitely many conjugates in G. Therefore some 

positive power of k lies in g H
g = L. Thus KT/L is periodic. Finally all periodic 

sections of a group with finite Hirsch number are locally finite. The proof is 

complete. 

 

Proof of Theorem 1.2 

 By Lemma 3.1 we may pass to G/(G); thus we may assume that G is poly 

(torsion-free abelian)-by-finite. Then we may also assume that G is a subgroup of 

GL(m, Q) for some m ≥ 1 and Q the rationals (e.g. [8] 1.2). Let C be the 

connected component Go of G (see [7] Page 75 for definitions). Then C is a 

normal subgroup of G of finite index (see [7] Page 75, especially 5.2). 

 Let H be a subgroup of C with (C : NC(H)) finite and set K = HC and L = 

HC. Denote the unipotent radical u(H) of H by U and let V denote the (Zariski) 

closure of U in C. Now C is triangularizable (over the complex numbers for 

example) by the Lie-Kolchin theorem ([7] 5.8; C is soluble by [7] 5.11i) and 5.3). 

Then by 8.6.3 of [10] the subgroup HV is normal in C. In particular K is a 

subgroup of HV. 

 Now V is unipotent and lies in GL(m, Q), so there exists x in GL(m, Q) 

with Vx ≤ Tr1(m, Q), see [7] 1.21. Then by [6] Page 167, Proposition 8 (or see [8] 

3.2) for each v  V there exists a positive integer s with (vx)s  Ux and hence with 

vs  U.  Further H normalizes U, C, V and hence NV(H) and (HV : HNV(H)) is finite. 
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Let k  HV. There exists r ≥ 1 with kr = hv for some h  H and v  NV(H). Also 

there exists s ≥ 1 with vs  U. Then krs  H. Now L is the intersection of finitely 

many conjugates of H in C and K is normal in C. Hence for each k  K ≤ HV, 

there exists t ≥ 1 with kt  L. That is, K/L is periodic. It is also soluble; 

consequently K/L is locally finite. Further if H is also finitely generated, then K is 

finitely generated and hence K/L is finite. 

 We have now shown that C is orbitally-(locally finite). Certainly C is 

normal in G. If it is not fully invariant in G, then G(G : C) is fully invariant of finite 

index in G and, by Lemma 2.4, is orbitally-(locally finite). The proof is complete. 

 

Lemma 3.2 a). Let n be a positive integer, p a prime and Qp the field of p-adic 

numbers. Then there exists an integer-valued function e(n, p) of n and p only such 

that if G is any subgroup of GL(n, Qp), then, relative to the Zariski topology, 

(G : Go) divides e(n, p). 

 3.2 b) Let n be a positive integer and R a Q-algebra of finite Q-dimension 

d. Then there exists an integer-valued function e(d, 0) of d only such that if G is 

any subgroup of the group of units of R, then, relative to the Zariski topology on 

R as a Q-space, (G : Go) divides e(d, 0). 

 

 This is effectively a special case of Proposition 2 of [9]; note that Qp is 

shallow by [7] 9.33iv) and hence Part a) follows. For Part b) embed R into the 

matrix ring Qdd. The claim then follows from [9] Proposition 2 and [7] 9.33iii). 

Actually we could choose e(d, 0) = e(d, 2) if we wish. 

 If  is any finite set of primes, let e(n, ) denote the product over the p   

of the e(n, p). 

 

Proof of Theorem 1.3 

 We assume the notation for G introduced in the Introduction and above; in 

particular we use the notations  = (G), e(n, p) and e(n, ). 

 By Theorem 1.2 there exists a normal subgroup C of G of finite index such 

that whenever H is a subgroup of C with (C : NC(H)) finite, then HC/HC is locally 

finite. Here such HC/HC must be a Chernikov group whose minimal subgroup B of 

finite index is a divisible abelian -group. For each p in let Bp be the maximal p-

subgroup of B, so B = pBp. Further H/HC will also be a Chernikov group and 

if A denotes its minimal subgroup of finite index, then A = p Ap, where Ap is a 

direct factor of Bp. 

 Set E = Ce(r, ) for r = rankG. Consider a subgroup H of E with (E : NE(H)) 

finite. Now C/E is finite, so (C : NC(H)) is also finite and consequently the 

previous paragraph applies to this H. The action of C on Bp for p   can be used 

to define a homomorphism  of C into GL(r, Zp), where Zp denotes the ring of p-

adic integers. Also Ap is a direct summand of Bp so we may arrange for NC(Ap) 

to be (Zariski) closed in C. Clearly NC(Ap) ≥ NC(H) and so has finite index in 

C. Hence NC(Ap) contains the connected component (C)o of C. Therefore 

(C : NC(Ap)C) divides e(r, p) by Lemma 3.2a). This is for all p in  and hence  
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E = Ce(r, ) ≤ NC(A).  But A ≤ H/HC, so A ≤ HE/HC. Also A has finite index in 

H/HC. Therefore (H : HE) is finite and consequently so is HE/HE by Lemma 2.1. 

We have now proved that E is orbitally sound. 

 Finally, in case E is not fully invariant in G, certainly F = G(G : E) is fully 

invariant in G. Also F has finite index in G and is orbitally sound by Lemma 2.4. 

The proof is complete. 

 

Remark. Let G be a finitely generated group with h(G) finite and (G) of finite 

rank. Then G is minimax and hence has a fully invariant, orbitally sound subgroup 

of finite index. Example 1.1a) shows that the finite generation cannot be removed 

here. 

 

Proof. Clearly (G) satisfies min-p for every prime p. By Belyaev’s Theorem 

(G) is a finite extension of a locally soluble group, see [1] 3.5.15. Thus G is 

(locally soluble)-by-soluble-by-finite. Also G has finite rank. Therefore G is 

minimax by a theorem of Robinson ([4] 10.38) and Theorem 1.3 applies. 

 

4 Sylow-Finite Sections 
 

Lemma 4.1. Let K be a periodic group generated by a finite number of its Sylow-

finite subgroups H1, H2, … Hn. Suppose T is a normal Chernikov subgroup of K 

with K/M locally nilpotent. Then K is Sylow-finite. 

 

Proof. Clearly K is locally finite. Suppose first that T = <1>. Then K is the direct 

product over all primes p of the Op(K) and Op(K) is generated by the Op(Hi) for 1 

≤ i ≤ n. But Hi is Sylow-finite, so each Op(Hi) is finite and hence each Op(K) is 

finite. This is for every prime p; consequently K is Sylow-finite. In general this 

shows that K/T is Sylow-finite. 

 Let  denote the set of primes p such that T contains an element of order p. 

If p  , then K satisfies min-p and K is (locally soluble)-by-finite. Hence each 

(K : Op´p(K) is finite, e.g. by [2] 3.17, and hence (K : O´(K)) is finite (clearly  is 

finite). Also K/O´(K) is generated by a finite number of Sylow-finite subgroups 

(the images of the Hi), each of which is a finite extension of a -group. Thus each 

of these is finite and therefore K/O´(K) is finite. Clearly T  O´(K) = <1>, so T 

is finite. But K/T is Sylow-finite, see above. Consequently K is Sylow-finite. 

 

Lemma 4.2. Let T ≤ N ≤ K be normal subgroups of a group G with T Chernikov, 

N/T periodic and locally nilpotent and K/N finite. Suppose K = HG for some 

Sylow-finite subgroup H of K with (G : NG(H)) finite. Then K is Sylow-finite. 

 

Proof. We know by Lemma 4.1 that J = (HN)G is Sylow-finite. Also K/J is 

generated by the finitely many finite groups HgJ/J for g  G. But clearly K is 

locally finite. Therefore K/J is finite and K is Sylow-finite. 
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Lemma 4.3. Let T ≤ N be normal subgroups of a group G with T Chernikov and 

N/T periodic and locally nilpotent. Suppose H is a subgroup of G with 

(G : NG(H)) finite, with HGN/HGN finite and with (HN)/(HN)G Sylow-finite. 

Then HG/HG is also Sylow-finite. 

 

Proof. Set K = HG and L = HG, so KN/LN is finite. Now K/(KN)L  KN/LN. 

Thus K/(KN)L is finite. Similarly H/(HN)L  HN/LN is also finite. Further 

(HN)/()G is Sylow-finite. Consequently so is its image (HN)L/L. 

Therefore H/L is Sylow-finite. 

 Now apply Lemma 4.2 to the subgroups (KT)L/L ≤ (KN)L/L ≤ K/L ≤ 

G/L. Note that K/L = (H/L)G and (K/L)/((KN)L/L)  K/(KN)L. The latter is 

finite, see above. Therefore K/L is Sylow-finite. 

 

 For the remainder of this section G denotes a finite extension of some 

FATR-group. That is, G is a group with h(G) finite and (G) Chernikov. Then G 

has a characteristic series <1> ≤ D ≤ N ≤ G with D a direct sum of finitely many 

Prüfer groups (not necessarily for the same prime), N/D is a torsion-free nilpotent 

group of finite rank and G/N is finitely generated and abelian-by-finite. 

 

Lemma 4.4. If  is a finite set of primes there exists a fully invariant subgroup E 

of G of finite index such that if H is a subgroup of E with (E : NE(H)) finite, then 

HE/HE is locally finite with all its -subgroups finite. 

 

 Note that E here so far depends on the choice of . 

Proof. Let C be as in Theorem 1.2. Set K = HC and L = HC, so K/L is locally 

finite. Then K/L has a divisible abelian characteristic subgroup B such that K/L 

modulo B is Sylow-finite by [2] 3.18 and H/L has a similar such subgroup A. 

Then for each prime p, Op(A) and Op(B) are divisible abelian p-groups with the 

former a direct summand of the latter. Now K/L is periodic and G/N is polycyclic-

by-finite. Hence K/(KN)L is finite. Thus we can apply Lemma 4.2 to K/L 

modulo AC and consequently this factor is Sylow-finite. But AC ≤ B and B/AC is 

divisible. Therefore B = AC and hence Op(B) = Op(A)C. 

 If n = rankG, it follows from Lemma 3.1a), cf. the proof of Theorem 1.3, 

that Ce(n, p) normalizes Op(A), and this is for all primes p. Let e = e(n, ). Then E = 

Ce normalizes O(A). Thus O(A) ≤ HE/L. Suppose H ≤ E. We repeat the analysis 

above with E replacing C. If A1 ≤ B1 ≤ HE/HE are the analogues of A and B, then 

HE/HE modulo B1 is Sylow-finite, B1 = (A1)
E and O(B1) = O(A1)

E. But A1 is 

equal to A modulo HE (note that the corresponding claim for B1 need not follow), 

so O(A1) = <1>. Hence O(B) ≤ <1> and the -subgroups of HE/HE are all finite. 

The lemma follows.  

 

Lemma 4.5. Suppose D = <1> and M ≤ N is an abelian normal subgroup of G 

with G/M polycyclic-by-finite. Then there exists a fully invariant subgroup F of G  
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of finite index such that if H is a subgroup of M with (F : NF(H)) finite then HF/HF 

is (abelian and) Sylow-finite. 

 

Proof. Let C be as in Theorem 1.2 and set K = HC and L = HC. Then K/L is 

periodic abelian. Suppose first that B = K/L is a divisible abelian p-group for 

some prime p of finite rank s ≤ r = rankM and suppose that A = H/L is also 

divisible, so B = AA´ for some A´. We write M additively. 

 There exists an obvious map  of C into GL(s, Zp)  AutB with NC(A) 

(Zariski) closed in C. Hence by 3.2a) we have that Ce(r, p) normalizes A and 

therefore normalizes H. Set V = QM (Q the field of rational numbers). Again 

there is an obvious map  of C into GL(r, Q)  AutV such that M = <1>. Now 

G/M is finitely generated, so C ≤ GL(r, Z[f–1]) for some positive integer f (here 

Z[f–1] = {afb : a, b  Z}). 

 

 Suppose p and f are coprime. Set L[f–1] = Z[f–1]L ≤ V and similarly define  

K[f–1]. If k  KL[f–1] there exist positive integers a and b with kfa  L and kpb 

 L. Hence KL[f–1] = L. Also multiplication on B by f is invertible, so K[f–1] = 

K+L[f–1]. Set J = Z[f–1 , C] ≤ Z[f–1]rr. Now Z[f–1] is a principal ideal domain. 

Therefore as  

Z[f–1]-module, J is finitely generated (in fact free of finite rank at most r2). Also J 

acts on K[f–1] and hence  : C GL(s, Zp) determines a homomorphism, which 

we again denote by , of J into (Zp)ss that is the identity map of Z[f–1] ≤ J onto 

Z[f–1] ≤ Zp. (Notice that we are using again that p does not divide f.). Then J is 

generated over Z[f–1] by at most d = r2 elements and hence Q[J] ≤ (Qp)
ss is a Q-

algebra of dimension at most d. Consequently Lemma 3.2b) implies that Ce(d, 0) 

normalizes A. 

 Now we consider the general case. Here K/L is the direct product of its 

primary components (K/L)p and H/L is the direct product of its primary 

components (H/L)p. Let Ap and Bp denote the maximal divisible subgroups of 

respectively (H/L)p and (K/L)p. Since the normalizer of H has finite index in C, 

the same applies to the normalizer of Ap. It follows that Bp = (Ap)
C. (Recall K/L is 

abelian; alternatively use Lemma 4.2 as in the proof of Lemma 4.4.) As above we 

have a homomorphism  of C into GL(r, Z[f–1]) for some positive integer f (note 

that  depends only of C and not any choice of p).  Let  denote the finite set of 

prime divisors of f. By Lemma 4.4 there exists a fully invariant subgroup E of C 

of finite index such that the -subgroups of HE/HE are all finite for all such H ≤ E. 

By the above F = Ee(r, 0) normalises each Ap for all primes p not in . Then H/HF is 

Sylow-finite. But then HF/HF is abelian and is generated by finitely many Sylow-

finite groups and hence is itself Sylow-finite (alternatively use Lemma 4.1). 

 

Lemma 4.6. Let X be a group, Y an abelian normal subgroup of X of finite order 

m and H any subgroup of X. Set n = m.m!. Then ((HY)X)n ≤ HX. 
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Proof. Clearly Xm! ≤ CX(Y), so (HY)m! ≤ CHY(Y) = CH(Y)Y. Hence (HY)n ≤ 

CH(Y) ≤ H. Consequently 

((HY)X)n ≤ xX ((HY)n)x ≤ x H
x = HX. 

 

Lemma 4.7. If H is a subgroup of G with (HD)G/(HD)G Sylow-finite and 

(HGD)HG/HG finite, then HG/HG is also Sylow-finite. 

 

Proof. In Lemma 4.6 for X, Y and H take respectively G/HG, (HGD)HG/HG and 

H/HG. Hence there exists a positive integer n with ((H(HGD))G)n ≤ HG. 

Therefore (H(HGD))G/HG is finite. Now HG(HD) = H(HGD) so HG(HD)g = 

(H(HGD))g for any g in G. Hence HG(HD)G = (H(HGD))G. Clearly (HD)G = 

HGD. Therefore  

HG/(H(HGD))G = HG/(HG(HD)G)  HG(HD)G/(HD)G = HGD/(HD)G = 

(HD)G/(HD)G. 

By hypothesis the latter is Sylow-finite and we saw above that (H(HGD))G/HG is 

finite. Therefore HG/HG is Sylow-finite. 

 

Lemma 4.8. Suppose M is a normal subgroup of G with D ≤ M ≤ N, M/D abelian 

and N/M finitely generated. Then there exists a fully invariant subgroup F of G of 

finite index such that if H is a subgroup of F with (F : NF(H)) is finite, then HF/HF 

is Sylow-finite. 

 

 Notice that Theorem 1.4 follows from Lemma 4.8. 

Proof. Choose C as in Theorem 1.2 and let H ≤ C with (C : NC(H)) finite. Thus 

HC/HC is periodic. Replace M by MC; i.e. assume M ≤ C. Consider first the case 

where D = <1>. By Lemma 4.5 there is a fully invariant subgroup E of C of finite 

index such that if H ≤ E then (HM)E/(HM)E is Sylow-finite. We may assume 

that M ≤ E. Since HE/HE is periodic and G/M is polycyclic-by-finite, so 

HEM/HEM is finite. Consequently HE/HE is Sylow-finite by Lemma 4.3. 

 We now drop the assumption that D = <1>. Clearly D is fully invariant, so 

the above applied to G/D yields a fully invariant subgroup E ≥ D of G of finite 

index such that for all H ≤ E as above (HD)E/(HD)E is Sylow-finite. Set  = (D). 

Clearly  is finite. By Lemma 4.4 there is a fully invariant subgroup F of E of 

finite index such that whenever H is as above with H ≤ F, the -subgroups of 

HF/HF are all finite; in particular (HFD)HF/HF is finite. Clearly (HD)F/(HD)F is 

Sylow-finite. Therefore HF/HF is Sylow-finite by Lemma 4.7. This completes the 

proof of Lemma 4.8 (and also that of Theorem 1.4). 

 

 Suppose D ≠ N. Let D = Z0 < Z1 < … < Zc = N be the series of G such that 

the Zi+1/Zi are the upper central factors of N/D. Since N/D is torsion-free of finite 

rank, so are all the Zi+1/Zi (e.g. [3] 1.2.20). Let H be a subgroup of G with 

(G : NG(H)) finite. For each i, if Zi ≤ H ≤ Zi+1 we can apply Theorem 1.4 to the 

split extension of Zi+1/Zi by G/N. If Zc–1 ≤ H we can apply Theorem 1.4 directly to 

G/Zc–1. Suppose H ≤ Z1. We can apply the above to HD/D ≤ G/D. Thus we have a  
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suitable E with HED/(HD)E Sylow-finite. Then as in the proof of Lemma 4.8 we 

may use Lemmas 4.4 and 4.7 to produce a suitable F ≤ E with HF/HF Sylow-finite. 

Hence in summary we can proved the following. 

 

Corollary 4.9. With the Zi defined as above there exists a fully invariant subgroup 

E of G of finite index such that if H is a subgroup of E with (E : NE(H)) finite and 

such that H ≤ Z1 or Zi–1 ≤ H ≤ Zi for 1 ≤ i < c or –1 ≤ H, then HE/HE is 

Sylow-finite.  

 

5 Nilpotent Groups 
 

Proof of Theorem 1.5 

 Again by 3.1 we may assume that (G) = <1>. So G is now torsion-free. 

Set K = HG and L = HG. Consider a finitely generated subgroup X of G. Clearly 

(X : NX(HX)) is finite. Now X is orbitally sound (see [5] or the comments after 

8.6 in [10]). Therefore (HX)X/(X)X is finite. If g  K then there exists X as 

above with g  (HX)X and with NG(H)X = G. The latter implies that L = 

xX Hx and hence that (HX)X ≤ L. Now some positive power gt of g lies in 

(HX)X. Thus gt  L and so K/L is periodic. It is also locally nilpotent. Therefore 

K/L is locally finite. 

 

Proof of Theorem 1.6  

 Let H be a subgroup of G with (G : NG(H)) = n finite and set K = HG. We 

may pass to G/HG and assume that HG = <1>. By Theorem 1.5 and the min-p (and 

the Hirsch number) hypotheses K = p Kp, where Kp for each prime p is a 

Chernikov p-group. Also H = p Hp, where Hp = HKp and (Hp)
G = Kp. 

 Suppose first that K is a Chernikov p-group for some prime p. Let A and B 

denote the minimal subgroups of finite index in H and K respectively, so A and B 

are divisible abelian p-groups and B = AA´ for some A´. Now AutB is 

isomorphic to GL(r, Zp) for r = rankB and Zp the ring of p-adic integers. We 

obtain from this an obvious map  of G into GL(r, Zp) such that NG(A) = 

NG(A) is (Zariski) closed in G  (for example compute  via decompositions of 

A and A´ (and hence B) into direct sums of Prüfer p-groups). Since G is nilpotent, 

G is unipotent and (charZp = 0 note) connected. Clearly NG(A) ≥ NG(H). 

Consequently NG(A) = G, A = AG = AG ≤ HG = <1> and H is finite. But K is 

locally finite and generated by finitely many conjugates of the finite subgroup H. 

Therefore K is finite. (Alternatively K is finite by Lemma 2.1.). Since G is 

nilpotent, the split extension of K by G/CG(K) is also nilpotent and now finite. 

Thus it is a direct product of its Sylow subgroups and consequently G/CG(K) is a 

p-group. Suppose H ≠ K. Then CG(K) ≤ NG(H) < G and therefore p ≤ n. 

 In general we have K = p Kp. Apply the previous paragraph to each Kp. 

Then each Kp is finite and for all p > n ≥ (G : NG(Hp)) we have Hp = Kp. In 

particular Kp ≤ HG = <1> for all p > n and therefore K = HG/HG is finite. (It is also 

a -group for  = {primes p : p ≤ n}. 
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6 Examples 
 

Construction of Example 1.1a)  

 Choose primes pi and qi for all i ≥ 1 with pi dividing qi–1 and with  

p1< q1 < p2 < … < pi < qi < pi+1 < … . 

(Suppose pi and qi have been chosen for all i < j. Let pj be any prime with pj > qj–1. 

Now infinitely many primes lie in the set {1 + npj : n ≥ 1} (Dirichlet’s theorem) 

so we have a wide choice for a prime qj with pj dividing qj–1. Trivially pj is less 

than qj and induction completes the construction.) 

 Suppose p and q are primes with p dividing q–1. Let A and D be Prüfer q-

groups with  an isomorphism of A onto D and set B = AD. Now EndA is 

isomorphic, say by , to the ring Zq of q-adic integers and the latter contains a 

primitive p-th root  of unity. Let <x> be an infinite cyclic group acting on B by 

centralizing D and acting as  on A via . Now –1 is a non-zero endomorphism 

of A and hence A–1 ≤ A is isomorphic to A and therefore is A. Thus if G is the 

split extension of B by <x> and if H = {a.a : a A} is the diagonal Prüfer q-

subgroup of B, then NG(H) = B<xp> has finite index p in G and HG = B, so 

(HG : H) is infinite. 

 We now return to our primes pi and qi. Let Bi be the direct product of two 

Prüfer qi-groups and set B = i≥1 Bi, the direct product of the Bi. Apply the above 

to each Bi. Thus there is an automorphism x of B of infinite order normalizing and 

having order pi on each Bi and a Prüfer qi-subgroup Hi of Bi such that if G is the 

split extension of B by <x>, then for each i we have (Hi)
G = Bi, (G : NG(Hi)) = pi 

and ((Hi)
G : Hi) infinite. Clearly G is metabelian, has rank 3, Hirsch number 1 and 

satisfies min-p for every prime p. 

 Suppose G has an orbitally sound subgroup C of finite index. By 2.4 we 

may choose C normal in G. Set (G : C) = n. There exists i with n < pi < qi. Then Bi 

≤ C, xn  C and <xn> acts on Bi as <x>. But then (C : NC(Hi)) is finite while 

((Hi)
C : Hi) is infinite. This contradiction of the orbital soundness of C is shows 

that no such C exists. 

 If we let xi of order (pi)
2 act on Bi as x does above and if we set Gi = 

<xi>Bi and G = I Gi, then G is locally finite and satisfies all the properties 

required for Example 1.1a) except that h(G) = 0 not 1. However, although locally 

finite, it is never locally nilpotent and hence is not suitable for Example 1.1b). 

 

Construction of Example 1.1b) 

 Consider Gp = (A12Ap)<x>, the wreath product of the Prüfer p-

group A  Ai by the cyclic group <x> of order p (so (Ai)
x = Ai+1 mod p). If Hp = A1, 

then (Hp)
<x> = A1A2…Ap and ((Hp)

<x> : H) is infinite. Clearly the normalizer of Hp 

in Gp has index p in Gp . 

 Let G denote the direct product over the set of all primes p of the Gp. 

Clearly G is metabelian, locally finite, locally nilpotent and satisfies min-p for 

every prime p. If G has an orbitally sound subgroup of finite index, it has a 

normal such subgroup C by 2.4. If p > (G : C), then Gp ≤ C. Also ((Hp)
C : Hp) is  
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infinite and (C : NC(Hp) = p. Thus C is not orbitally sound, a contradiction that 

completes the construction. 
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