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Abstract

The algebras Ma,b(E) appeared in the list of verbally prime algebras.
In this paper we study conditions for that the power polynomial of
degree n let an polynomial identity for the algebra Ma,b(E

′). Also, we
study power of standard polynomial that are identity for Ma,b(E) .
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1 Introduction

In characteristic zero the algebra Ma,b(E) appear in the list of non-trivial
verbally-prime algebras. Verbally prime algebras play a prominent role in the
PI theory. Recall that an algebra A is verbally prime if its T -ideal is prime
in the class of all T -ideals in the free associative algebra. Most of the known
results about verbally prime algebras concern the case when these are over a
field of characteristic 0. The structure theory of T -ideals developed by Kemer
classified the verbally prime algebras over such fields.
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Two algebras A and B are PI equivalent, A ∼ B, if they satisfy the same
polynomial identities. Kemer proved that the tensor product of two verbally
prime algebras is PI equivalent to another such algebra. This description holds
in characteristic 0 and is known as the:

Tensor Product Theorem (Kemer): Ma,b(E)⊗E ∼Ma+b(E), Ma,b(E)⊗
Mc,d(E) ∼Mac+bd,ad+bc(E), and M1,1(E) ∼ E ⊗ E.

In our previous research, (see [1]; [4]; [5]), we proved that Tensor Product
Theorem of Kemer is no longer valid over a field of characteristic positive fea-
ture two.

Let X = {x1, x2, . . .} be a countable infinite set of symbols (variables) no
commuting, and let K〈X〉 be the algebra free associative algebra with 1, over
k. We denote by

(1) sn(x1, . . . , xn) =
∑
σ∈Sn

(−1)σxσ(1) . . . xσ(n), Sn is the symmetric group of
order n;

(2) Pn(x) = xn.

In the sequel, we shall refer to (1) and (2) as the standard and power poly-
nomial of degree n, respectively.

In 2006 (see [6]), Alves and Koshlukov proved that:

(Lemma 24): If a ≥ b then Ma,b(E) satisfies the identity sk2a for some k > 1
but satisfies neither s2a nor identities of the form skm for any k, when m < 2a.

As a consequence they obtained that the algebras Ma,b(E)⊗E and Ma+b(E)
are not pi-equivalents. It is worth mentioning that the authors did not exhib-
ited the value of the power k, they only ensured its existence. In this paper
we answer the following question:

When charK = p > 2 and a ≥ b as worth k so that sk2a is an identity to
Ma,b(E)?

We hope this work contribute to a better understanding about the verbally
prime algebras in positive characteristic.
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2 Preliminary Notes

We recall some of the main definitions and notations that wil be used in what
follows. Unless stated otherwise, we consider associative unitary algebras, K
is a fixed infinite field with charK = p 6= 2. The algebras, vector spaces
and tensor products will be considered over K. We denote by K〈X〉 the
free associative algebra of infinite rank freely generated over K by the set
X = {x1, x2, . . .}. We denote by A ∼ B the PI-equivalence of the algebras A
and B. We refer to the books of Drensky [10] for background information on
PI-algebras.

Let V be an vector space over K of countable infinite dimension with basis
e1, e2, . . . , and denote by Vk the subspace spanned by e1, e2, . . . , ek. The Grass-
mann algebra E(K) of V is the associative algebra with K-basis consisting of
1 and all products of the form

{ei1ei2 . . . eim | i1 < i2 < . . . < im ; m = 1, 2, . . .}

and with multiplication induced by e2
i = 0 and eiej = −ejei. Analogously,

one defines the non-unitary Grassmann algebra E ′(K) as the subalgebra of
E(K) generated by ei1ei2 . . . eim , i1 < i2 < . . . < im, m ≥ 1. Denote by
E0 the subspace of E(K) spanned by 1 and all basic elements of the form
ei1ei2 . . . ei2m , m ≥ 1, and let E1 be the subspace spanned by all elements of
the form ei1ei2 . . . ei2m+1 , m ≥ 0. Then E0 is the center of E(K), and ab = −ba
for every a, b ∈ E1.

When charK = p = 2, then obviously E(K) and E ′(K) are commutative
and hence they are not very ”interesting” from the PI point of view. Therefore,
we restrict our attention of the case p > 2.

Let Mn(E) the n×n matrix algebras over E. Let ∆0 be the set of all (i, j)
such that either 1 ≤ i, j ≤ a or a + 1 ≤ i, j ≤ a + b = n, and let ∆1 be the set
of (i, j) with either 1 ≤ i ≤ a, a+1 ≤ j ≤ a+b, or 1 ≤ j ≤ a, a+1 ≤ i ≤ a+b.
Then Ma,b(E) consists of the matrices in Mn(E) such that the (i, j)-th entry
belongs to Eβ when (i, j) ∈ ∆β.

(Teorema de Amitsur-Levitzki, [10]) The matrix algebra Mn(K) sat-
isfies the standard identity of degree 2n

s2n(x1, . . . , x2n) =
∑
σ∈S2n

(−1)σxσ(1) . . . xσ(2n).

The following theorem was proved in [8, pag. 343].

Theorem 1 Every associative PI algebra over field of characteristic p > 2
satisfies the symmetric polynomial, for some n.
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The following lemma was proved in [9, Lemma 1.2].

Lemma 2.1 Let charK = p. Then Pp(x) ∈ T (E ′) and Pp(x) 6∈ T (E).

3 Main Result

In this section we study condition for that the polynomial Pn(x) let an poly-
nomial identity for the algebra Ma,b(E

′). Also, we study power standard poly-
nomial in related algebras.

Let A = (xij) ∈Ma,b(E
′), we have that

xij = yij ∈ E ′
0, if (i, j) ∈ ∆0

e

xij = zij ∈ E ′
1 = E1, if (i, j) ∈ ∆1.

Moreover, by Lemma (2.1) and of the definition of the E ′, we see that

ypij = 0 and z2
ij = 0. (1)

Theorem 2 Let n = (a2 + b2)(p− 1) + 2ab + 1. Then

(i) Pn(x) is polynomial identity for the algebra Ma,b(E
′);

(ii) Pn(x) is not polynomial identity for the algebra Ma,b(E).

Proof.
(i) Let A = (xij) ∈ Ma,b(E

′) be as above, the entries of An will be linear
combinations of monomials in yij and zij each of then of degree n. Now we
use the fact that yij are central in E ′ and zij anticommute, and write, up to a
sign, every such monomial in the form∏

(i,j)∈∆0

y
aij
ij .

∏
(i,j)∈∆1

z
bij
ij with

∑
(i,j)∈∆0

aij +
∑

(i,j)∈∆1

bij = n.

We observe that, if

aij ≤ p− 1 for all (i, j) ∈ ∆0 e bij ≤ 1 for all (i, j) ∈ ∆1

we obtain that

n =
∑

(i,j)∈∆0

aij +
∑

(i,j)∈∆1

bij ≤ |∆0|(p− 1) + |∆1| = (a2 + b2)(p− 1) + 2ab,

thus, we have that
n < (a2 + b2)(p− 1) + 2ab + 1,
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that is one contradiction with the choice of the n = (a2 + b2)(p− 1) + 2ab+ 1.
Now, at least one of the aij ≥ p or bij ≥ 2. By (1) we see that each

monomial is vanish. Therefore,

Pn(x) ∈ T (Ma,b(E
′)) when n = (a2 + b2)(p− 1) + 2ab + 1.

(ii) Since 1 ∈Ma,b(E); Pn(x) is not an identity of the algebra Ma,b(E). ♦

Corollary 3.1 The inclusion T (Ma,b(E)) ⊂ T (Ma,b(E
′)) is proper. In par-

ticular, the algebras Ma,b(E
′) and Ma,b(E) are not PI equivalent.

Proof. Since E ′ ⊆ E, we see that Ma,b(E
′) ⊆ Ma,b(E). Thus, we obtain that,

T (Ma,b(E)) ⊂ T (Ma,b(E
′)). By Theorem 2, the result follows. ♦

Recall that, according to [7, Corollary 11] we see that, the algebras E ⊗E
and K ⊕M1,1(E ′) are PI equivalent, this is, T (E ⊗ E) = T (K ⊕M1,1(E ′)).
Here K ⊕M1,1(E ′) be the algebra obtain of the M1,1(E ′) for adjunction of the
unit.

Lemma 3.2 Let s2 = s2(x1, x2) the standard polynomial of the degree two.
Then

(i) s2p+1
2 (x1, x2) is polynomial identity for the algebra E ⊗ E;

(ii) sp2(x1, x2) is polynomial identity for the algebra E;

(iii) s2p+1
2 (x1, x2) is polynomial identity for the algebra M1,1(E).

Proof.

(i) Since T (E ⊗ E) = T (K ⊕M1,1(E ′)) is sufficient to prove that

s2p+1
2 (x1, x2) ∈ T (K ⊕M1,1(E ′)).

If a, b ∈ K ⊕ M1,1(E ′), we obtain that, s2(a, b) ∈ M1,1(E ′). By the
Theorem 2, we see that

s2p+1
2 (x1, x2) ∈ T (K ⊕M1,1(E ′)) = T (E ⊗ E).

(ii) If a, b ∈ E, we obtain that, s2(a, b) ∈ E ′. By Lemma (2.1), we see that

sp2(x1, x2) ∈ E.

(iii) If a, b ∈M1,1(E), we obtain that, s2(a, b) ∈M1,1(E ′). By Theorem 2, we
see that

s2p+1
2 (x1, x2) ∈ T (M1,1(E)).
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♦
The next result is an generalization of the Lemma 3.2 (iii).

Corollary 3.3 Let n = (a2 + b2)(p− 1) + 2ab + 1 and a ≥ b. Then,

sn2a(x1, . . . , x2a) ∈ T (Ma,b(E)).

Proof. Let MaMb = {
(
A 0
0 B

)
| A ∈ Ma(K) and B ∈ Mb(K)} and

observe that

(1) Ma,b(E) = MaMb ⊕Ma,b(E
′);

(2) T (MaMb) = T (Ma(K)).

Using the Amitsur-Levitzik Theorem, we see that

s2a(x1, . . . , x2a) ∈ T (Ma(K)) = T (MaMb).

Let A1, . . . , A2a ∈ Ma,b(E), we write each Ai = Bi + Ci with Bi ∈ MaMb

and Ci ∈Ma,b(E
′). Now, we obtain that

s2a(A1, . . . , A2a) = D ∈Ma,b(E
′).

By Theorem 2, we have that

sn2a(x1, . . . , x2a) ∈ T (Ma,b(E)).

♦
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