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1 Introduction

Cluster algebras were introduced by S. Fomin and A. Zelevinsky in [5, 6, 1].
The original motivation was to find an algebraic combinatorial framework to
study canonical basis and total positivity. Each cluster algebra A is uniquely
determined by a class of combinatorial data called seeds. A seed in a field of
rational functions F is a pair of an algebraically independent set of rational



356 Yousuf A. Alkhezi and Ibrahim Saleh

functions that generates F along with a valued quiver. Any two elements in
the class of seeds of A can be obtained from each other by applying a sequence
of combinatorial operations called mutations.

Recently, many new results have been established relating mutations of
quivers (directed graphs) with a huge class of subjects where cluster algebras
have subsequently turned out to be relevant, see for example [4, 8, 10].

The relation between mutations and valued quivers morphisms has not
been given enough attention. The main goal of this paper is providing a
combinatorial detailed proof for the pentagon relations, [3, Section 2], in the
case of valued quivers. Which we use to provide an answer for the following
question

Question 1.1 ([11, Question 3.2]) For which valued quiver Γ and a valued
quiver automorphism φ are there a particular sequence of mutations µ such
that φ(Γ) = µ(Γ)?

The paper consists of two sections. The introduction section which also
contains some basic concepts and notations of valued quivers and cluster al-
gebras. The second section is devoted for the main result of the article which
is Lemma 2.2 where we have the proof of the pentagon relations for valued
quivers. We conclude the paper by Theorem 2.6 which provides a way to asso-
ciate a particular sequence of mutations with every quiver automorphism for
simply-laced quivers.

Throughout the paper, K is a field with zero characteristic and F =
K(t1, t2 . . . tn) is the field of rational functions in n independent (commuta-
tive) variables over K. Let AutK(F) denote the automorphism group of F
over K and Let Sn be the symmetric group on n letters. We always denote
(bij) for the square matrix B and [1, n] = {1, 2, . . . , n}.

1.1 Basic definitions and notations

For more details about the material of this section refer to [2, 9, 5, 6, 1, 11].

Definition 1.2 (Valued quivers) • A valued quiver of rank n is a
quadruple Γ = (Q0, Q1, V, d), where

– Q0 is a set of n vertices labeled by numbers from the set [1, n];

– Q1 is called the set of arrows of Γ and consists of ordered pairs of
vertices, that is Q1 ⊂ Q0 ×Q0;

– V = {(vij, vji) ∈ N× N|(i, j) ∈ Q1}, V is called the valuation of Γ;

– d = (d1, · · · , dn), where di is a positive integer for each i, such that
divij = vjidj, for every i, j ∈ [1, n]. In the following we will omit d
as it does not play an essential role in the content of this paper.
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In the case of (i, j) ∈ Q1, then there is an arrow oriented from i to j

and in notation we shall use the symbol ·i
(vij ,vji)// ·j . In such case the two

vertices i and j are said to be adjacent. If vij = vji = 1 we simply write
·i // ·j ;

• If vij = vji for every (vij, vji) ∈ V then Γ is called equally valued quiver ;

• An equally valued quiver Γ with vij = vji = 1 for every (vij, vji) ∈ V is
called a simply-laced quiver.
In this paper, we moreover assume that (i, i) /∈ Q1 for every i ∈ Q0, and if
(i, j) ∈ Q1 then (j, i) /∈ Q1. Also, we shall assume that Γ = (Q0, Q1, V, d)
is connected, in the sense that, for every v, v′ ∈ Γ, there is a sequence
v = v1, · · · , vl = v′ of vertices such that bvtvt+1 6= 0, i.e., vt and vt+1 are
adjacent vertices for i = 1, · · · , l − 1.

Remarks 1.3 1. Every quiver Q without loops nor 2-cycles corresponds
to an equally valued quiver which has an arrow (i, j) if there is at least one
arrow directed from i to j in Q and with the valuation (vij, vji) = (t, t),
where t is the number of arrows from i to j.

2. Every valued quiver of rank n corresponds to a skew symmetrizable in-
teger matrix B(Γ) = (bij)i,j∈[1,n] given by

bij =


vij, if(i, j) ∈ Q1,

0, if neither (i, j) nor (j, i) is in Q1,

−vij, if(j, i) ∈ Q1.

(1)

Conversely, given a skew symmetrizable n×n matrix B, a valued quiver
QB can be easily defined such that B(QB) = B. This gives rise to
a bijection between the skew-symmetrizabke n × n integral matrices B
and the valued quivers with set of vertices [1, n], up to isomorphism fixing
the vertices.

Definition 1.4 (Valued quiver mutations) Let Γ be a valued quiver.
The mutation µk(Γ) at a vertex k is defined through Fomin-Zelevinsky’s mu-
tation of the associated skew-symmetrizable matrix. The mutation of a skew
symmetrizable matrix B = (bij) on the direction k ∈ [1, n] is given by µk(B) =
(b′ij), where

b′ij =

{
−bij, if k ∈ {i, j},
bij + sign(bik) max(0, bikbkj), otherwise.

(2)
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The following remarks provide a set of rules that are adequate to be used
to calculate mutations of valued quivers without using their associated skew-
symmetrizable matrix.

Remarks 1.5 1. Let Γ = (Q0, Q1, V ) be a valued quiver. The mutation
µk(Γ) at the vertex k can be described using the mutation of B(Γ) as
follows: Let µk(Γ) = (Q0, Q

′
1, V

′) be the valued quiver obtained from Γ
by applying mutation at the vertex k. We obtain Q′1 and V ′, by altering
Q1 and V , based on the following rules

(a) replace the pairs (i, k) and (k, j) with (k, i) and (j, k) respectively
and switch the components of the ordered pairs of their valuations;

(b) if (i, k), (k, j) ∈ Q1, such that at least i or j is in Q0 but (j, i) /∈ Q1

and (i, j) /∈ Q1 (respectively (i, j) ∈ Q1) add the pair (i, j) to
Q′1, and give it the valuation (vikvkj, vkivjk) (respectively change its
valuation to (vij + vikvkj, vji + vkivjk));

(c) if (i, k), (k, j) and (j, i) in Q1, then we have three cases

i. if vikvkj < vij, then keep (j, i) and change its valuation to (vji−
vjkvki,−vij + vikvkj);

ii. if vikvkj > vij, then replace (j, i) with (i, j) and change its
valuation to (−vij + vikvkj, |vji − vjkvki|);

iii. if vikvkj = vij, then remove (j, i) and its valuation.

2. The mutation of valued quiver is again a valued quiver.

3. One can see that; µ2
k(Γ) = Γ and µk(B(Q)) = B(µk(Q)) at each vertex

k. The involution property of mutations is used to prove that mutations
define an equivalence relations on the set of valued quivers of a certain
rank. The equivalence class of a valued quiver Γ is called the mutation
class of Γ.

Unless it is otherwise said, in the rest of the paper, let Γ = (Q0, Q1, V, d) be a
valued quiver such that every arrow (i, j) ∈ Q1 has a valuation (bij, bji).

Example 1.6 Applying the mutations rules from Part (1) of Remark 1.5
on the following valued quiver at the vertex 2, we obtain

·3
(2,3) // ·2

(1,2)

��
·1

(6,2)

__
µ2
=⇒ ·3 ·2

(3,2)oo

·1

(2,1)

OO

Figure 1. Mutation of a valued quiver of rank 3.
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1.2 Cluster algebras

[6, Definition 2.3] A labeled seed of rank n in F is a pair (X,Γ) where X =
(x1, . . . , xn) is an n-tuple elements of F forming a free generating set and Γ is
a valued quiver of rank n. In this case, X is called a cluster and elements of
X are called cluster variables.
We will refer to labeled seeds simply as seeds, when there is no risk of confusion.
The definition of clusters above is a bit different from the definition of clusters
given in [1] and [5].

Definition 1.7 (Seed mutations) Let p = (X,Γ) be a seed in F , and
k ∈ [1, n]. A new seed µk(X,Γ) = (µk(X), µk(Γ)) is obtained from (X,Γ) by
setting µk(X) = (x1, . . . , x

′
k, . . . , xn) such that x′k is defined by the so-called

exchange relation:

xkx
′
k =

∏
i,(i,k)∈Q1

xviki +
∏

i,(k,i)∈Q1

xvkii , (3)

where Q1 is the set of arrows of Γ. And µk(Γ) is the mutation of Γ at the
vertex k.

1.3 Valued quivers automorphisms

Definition 1.8 A valued quiver morphism φ from Γ = (Q0, Q1, V ) to Γ′ =
(Q′0, Q

′
1, V

′) is a pair of maps (σφ, σ1) where σφ : Q0 → Q′0 and σ1 : Q1 → Q′1
such that σ1(i, j) = (σφ(i), σφ(j)) and (vij, vji) = (v′σφ(i)σφ(j), v

′
σφ(j)σφ(i)) for each

(i, j) ∈ Q1. If φ is invertible then it is called a valued quiver isomorphism. In
particular φ is called a valued quiver automorphism of Γ if it is a valued quiver
isomorphism from Γ to itself.

Let φ be a valued quiver automorphism of Γ = (Q0, Q1, V ). Then φ induces a
permutation σφ ∈ Sn. We can obtain a new valued quiver φ(Γ) = (Q′0, Q

′
1, V

′)
from Γ as follows

• Q′0 is obtained by permuting the vertices of Q0 using σφ;

• Q′1 = {(σφ(i), σφ(j))|(i, j) ∈ Q1};

• For every (σφ(i), σφ(j)) ∈ Q′1 we give the valuation (vσφ(i)σφ(j), vσφ(j)σφ(i));

Remarks 1.9 The action of a quiver automorphism φ on a quiver Γ is
equivalent to the action of σφ on the associated skew-symmetrizable matrix
B(Γ) by permuting the rows and columns based on σφ. More precisely, if
B(Γ) = (bij)i,j∈[1,n], then σφ(B(Γ)) = (bσφ(i)σφ(j))i,j∈[1,n]. For the sake of sim-
plicity we will use φ and σφ as the same operator.
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Example 1.10 Consider the following valued quiver Γ with the action of
the quiver automorphism φ that has an underlying permutation σφ = (123) :

Γ = ·1
(4,1)

��

(2,1) // ·2

·3
(1,2)

??
σφ
=⇒ ·2

(4,1)

��

(2,1) // ·3

·1
(1,2)

??

Figure 2. Quiver automorphisms of valued quiver of rank 3.

2 The pentagon relations of valued quivers

In this section we provide the main result of this paper, a proof for the pentagon
relations, Lemma 2.2.

Before stating the next lemma, we need to develop some notations. For a
seed p = (Y,Γ), the neighborhood of a cluster variable yi is denoted by NΓ(i)
and is defined to be the union of the two sets NΓ,+(i) and NΓ,−(i). Where

NΓ,+(i) = {yj ∈ Y ; (i, j) ∈ Q1} and NΓ,−(i) = {yj ∈ Y ; (j, i) ∈ Q1}.

For x, y ∈ Q0, let µxy denote the sequence of mutations µyµx and Γxy be the
valued quiver µy(µx(Γ)).

Remarks 2.1 From Remark 1.5, we have the following rules which gov-
ern the changes that occur on the neighborhood of a cluster variable yi after
applying the mutation µi on the seed p = (Y,Γ):

1. NΓi,+(i) = NΓ,−(i) and NΓi,−(i) = NΓ,+(i);

2. For any three vertices i, j, k ∈ Q0, we have the following cases

(a) if j ∈ NΓ,+(i) and k ∈ NΓ,−(i) and either bkj = 0 or j ∈ NΓ,+(k),
then j ∈ NΓi,+(k);

(b) if j ∈ NΓ,+(i), k ∈ NΓ,−(i) ∩NΓ,+(j), then we have two cases

i. If bijbki − bkj > 0, then j ∈ NΓi,+(k);

ii. If bijbki − bkj < 0, then j ∈ NΓi,−(k).

Let σij be the transposition in the permutation group Sn that fixes every
vertex except i and j.

Lemma 2.2 (The pentagon relations) Let p = (X,Γ) be a seed of rank
n. Then for every (i, j) ∈ Q1 such that bij = bji = 1, we have

µijiji(p) = µjijij(p) = σij(p). (4)
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Proof. In the following we will prove µijiji(p) = σij(p) for the two compo-
nents of the seed p starting with the valued graph Γ. Without loss of general-
ity, we assume that j ∈ NΓ,−(i). It would be adequate to prove that for every
k ∈ NΓ(i) and t ∈ NΓ(j), we have

(A)

Nµijiji,+(Γ)(k)\{i} = NΓ,+(k)\{i} and Nµijiji,−(Γ)(k)\{i} = NΓ,−(k)\{i};
(5)

(B)

Nµijiji,+(Γ)(t)\{j} = (NΓ,+(t)\{j} and Nµijiji,−(Γ)(t)\{j} = NΓ,−(t)\{j}.
(6)

Such that

(1) the following two sets equations are satisfied

Nµijiji(Γ)(k) = (NΓ(k))∪{j})\{i} and Nµijiji(Γ)(t) = (NΓ(t))∪{i})\{j};
(7)

(2) for any vertex x ∈ Q0\{i, j}, the arrows (x, k) and (k, x) in Γ will keep
their valuation in µijiji(Γ);

(3) the valuations of the arrows (i, k) and (k, i) (respectively (j, k) and (k, j))
in µijiji(Γ) are the same valuation of (j, k) and (k, j) in Γ (respectively
(i, k) and (k, i));

(4) the statements (2) and (3) after replacing k with t and switching i and
j are still satisfied.

In the following we will show equations (5) and (6) above only for k and
the proof for t is quite similar. Without loss of generality, we assume that
k ∈ NΓ,+(i). Throughout the proof we will frequently use the fact that the
mutation of skew symmetrizable matrix is again skew symmetrizable. One can
see that NΓ(k) is partitioned into the following five subsets of Q0

1. N1,Γ = NΓ,+(k) ∩NΓ,+(i);

2. N2,Γ = NΓ,−(k) ∩NΓ,+(i);

3. N3,Γ = NΓ,+(k) ∩NΓ,−(i);

4. N4,Γ = NΓ,−(k) ∩NΓ,−(i);

5. N5,Γ = NΓ(k)\NΓ(i). In addition to these five sets we will consider the
following two sets of vertices
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6. N6,Γ = NΓ,−(i)\NΓ(k);

7. N7,Γ = NΓ,+(i)\NΓ(k).

The strategy of the proof is applying the sequence of mutations µijiji on Γ
and observe the changes in the vertices of the above seven sets along with the

valuations of all the arrows of the form ·x
(vxy ,vyx)// ·y where x is a vertex in Nt,Γ

for some t = 1, · · · , 7 and y is one of the vertices {i, j, k}. Notice that, since the
valuation of (i, j) is (1, 1) then the valuation of (i, j) or (j, i) will stay the same
during applying the steps of the sequence µijiji. The vertices in each set of the
above sets will be altered similarly, so we will pick a representative from each
set. Thus, in addition to the vertices i, j and k, we will focus on the changes
on seven vertices labeled by {x; x ∈ Nx,Γ, x = 1, · · · , 7}. Furthermore, we
will assume that x ∈ NΓ,−(j) for every x = 1, · · · , 7. All the calculations of all
other cases are quite similar.

1. Apply µi on Γ. Then j will be added to NΓ,−(k) with valuation (bik, bki)
and the arrows (j, i), (i, k) and (i, x), x = 1, · · · , 7 will be reversed with
switching the components of each pair of valuation. Some other specific
changes which will occur to the sets Nx,Γ, x = 1, · · · , 7 are as follows

(a) N1,Γ ⇒ N1,Γi = NΓ,+(k) ∩ NΓ,−(i). There will be two cases for
altering the arrow (1, j):

i. if bi1 − bj1 > 0 and b1j − b1i < 0 then the arrow (1, j) in Γ will
be replaced with (j, 1) in Γi with valuation (bi1− bj1, b1i− b1j);

ii. if bi1− bj1 < 0 and b1j − b1i > 0 then the arrow (1, j) in Γ stays
the same in Γi with valuation (b1j − b1i, bj1 − bi1).

(b) N2,Γ ⇒ N2,Γi = NΓ,−(k) ∩ NΓ,−(i). There will be two cases for
altering the arrow (2, j):

i. if bi2 − bj2 > 0 and b2j − b2i < 0 then the arrow (2, j) in Γ will
be replaced with (j, 2) in Γi with valuation (bi2− bj2, b2i− b2j);

ii. if bi2− bj2 < 0 and b2j − b2i > 0 then the arrow (2, j) in Γ stays
the same in Γi with valuation (b2j − b2i, bj2 − bi2).

(c) N3,Γ ⇒ N3,Γi = NΓ,−(i) ∩ NΓ,−(j). There will be two cases for
altering the arrow (k, 3):

i. if b′3k = b3ibik − b3k > 0 and b′k3 = bk3 − bkibi3 < 0 then the
arrow (k, 3) in Γ will be replace with (3, k) in Γi with valuation
(b3ibik − b3k, bkibi3 − bk3);

ii. if b′3k < 0 and b′k3 > 0 then the arrow (k, 3) in Γ stays the same
in Γi with valuation (bk3 − bkibi3, b3k − b3ibik).
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(d) N4,Γ ⇒ N4,Γi = NΓ,−(k)∩NΓ,+(i)∩NΓ,−(j) and the arrow (4, k) will
stay the same in Γi with the new valuation (b4k + b4ibik, bk4 + bi4bki);

(e) N5,Γ ⇒ N5,Γi = NΓ(k)\NΓ(i);

(f) N6,Γ ⇒ N6,Γi = NΓ,+(i) ∩NΓ,−(k);

(g) N7,Γ ⇒ N7,Γi = NΓ,−(i)\NΓ(k).

2. Apply µj on Γi. The arrows (i, j), (j, k) and (j, x) or (x, j), x = 1, · · · , 7
will be reversed with switching the components of their valuations. The
arrow (i, k) will be omitted as it will have (0, 0) valuation. The seven
sets Nk,Γ, k = 1, · · · , 7 will be altered as follows

(a) N1,Γi ⇒ N1,Γij = NΓ,+(k) ∩NΓ,−(i). We have two cases for (1, i):

i. if (j, 1) is in Γi, then (1, i) will have the valuation (b1j, bj1);

ii. if (1, j) is in Γi, then (1, i) will keep its valuation (b1i, bi1).

We will have two cases for the arrow (k, 1):

i. if (1, j) is in Γi, then (k, 1) will keep its valuation (bk1, b1k);

ii. if (j, 1) is in Γi, then we have two cases for the arrow (k, 1):

A. if bk1− bkibi1 + bkibj1 ≥ 0, then (k, 1) will stay in µji(Γ) and
will have the valuation (bk1 − bkibi1 + bkibj1, b1k − b1jbik +
b1ibik);

B. if bk1−bkibi1+bkibj1 < 0, then (k, 1) will be reversed in µji(Γ)
and will have the valuation (b1jbik − b1k − b1ibik,+bkibi1 −
bkibj1 − bk1).

(b) N2,Γi ⇒ N2,Γij = NΓ,−(k) ∩NΓ,−(j). We have two cases for (2, i):

i. if (j, 2) is in Γi, then (2, i) will have the valuation (b2j, bj2);

ii. if (2, j) is in Γi, then (2, i) will keep its valuation (b2i, bi2).

We will have two cases for the arrow (2, k):

i. if (j, 2) is in Γi, then (2, k) will keep its valuation (b2k, bk2);

ii. if (2, j) is in Γi, then the arrow (2, k) will stay in µji(Γ) and
will have the valuation (b2k− b2ibik + b2jbik, bk2 + bkibi2− bkibj2),
this is because b2k − b2ibik + b2jbik ≥ 0 due to b2j − b2i > 0.

(c) N3,Γi ⇒ N3,Γij = NΓ,+(i) ∩ NΓ,+(j). The arrow (3, j) in Γi will be
reversed in Γij with switching the two components of its valuation.
We will have two cases for the arrow (k, 3):

i. if b′′3k = b3ibik − b3k + bj3bik > 0 then the arrow (3, k) stays in
µji(Γ) with valuation (b3ibik− b3k + bj3bik,+bkib3i+ bkibj3− bk3);

ii. if b′′3k < 0 then the arrow will be reversed and get the valuation
(bk3 − bkib3i − bkibj3, b3k − b3ibik − bj3bik).
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(d) N4,Γi ⇒ N4,Γij = NΓ,−(k) ∩ NΓ,+(i) ∩ NΓ,+(j). The arrow (4, k)
will get a new valuation (b4k + b4ibik + b4jbik, bk4 + bi4bki + bj4bki) in
µji(Γ));

(e) N5,Γi ⇒ N5,Γij = NΓ(k)\NΓ(i);

(f) N6,Γi ⇒ N6,Γij = NΓ,+(i) ∩NΓ,−(k);

(g) N7,Γi ⇒ N7,Γij = NΓ,−(j).

3. Apply µi on µij(Q). The arrow (j, i), (1, i), (7, i), (i, 3), (i, 4) and (i, 6)
will be reversed with switching the components of their valuations. The
seven sets Nk,Γij , k = 1, · · · , 7 will be altered as follows

(a) N1,Γij ⇒ N1,Γiji = NΓ,+(k)∩NΓ,+(i) and with no change in (1, j) or
(j, 1);

(b) N2,Γij ⇒ N2,Γiji = NΓ,−(k)∩NΓ,+(i) and with no change in (1, j) or
(j, 1);

(c) N3,Γij ⇒ N3,Γiji = NΓ,−(k) ∩NΓ,−(i) and (j, 3) will not be reversed
and will be given the valuation (bj3 + bi3, b3j + b3i);

(d) N4,Γij ⇒ N4,Γiji = NΓ,−(k) ∩NΓ,−(j) and (j, 4) will not be reversed
and will be given the valuation (bj4 + bi4, b4j + b4i);

(e) N5,Γij ⇒ N5,Γiji = NΓ(k)\NΓ(i);

(f) N6,Γij ⇒ N6,Γiji = NΓ,−(i) ∩NΓ,+(k);

(g) N7,Γij ⇒ N7,Γiji = NΓ,−(j).

4. Apply µj on µiji(Q). The seven sets Nk,Γiji , k = 1, · · · , 7 will be altered
as follows

(a) N1,Γijij ⇒ N1,Γiji = NΓ,+(k)∩NΓ,+(i). The arrow (j, 1) (respectively
to (1, j)), (i, j) will be reversed with switching the components of
their valuations. There are two cases for (1, i):

i. if (1, j) is in Γiji then there will be no change will occur to (1, i)
and it will keep its valuation (b1i, bi1);

ii. if (j, 1) is in Γiji then (1, i) will stay in Γijij with the new valu-
ation (b1i, bi1).

We will have two cases for (k, 1):

i. if (j, 1) is in Γiji then there will be no change will occur to (k, 1)
and it will keep its valuation (bk1, b1k);

ii. if (1, j) is in Γiji then (k, 1) will stay in Γijij with the same
valuation (bk1, b1k)
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(b) N2,Γijij ⇒ N2,Γiji = NΓ,−(k)∩NΓ,+(i). The arrow (2, j) (respectively
to (j, 2)), (i, j) will be reversed with switching the components of
their valuations. There are two cases for (i, 2):

i. if (2, j) is in Γiji then there will be no change will occur to (i, 2)
and it will keep its valuation (bj2, b2j);

ii. if (j, 2) is in Γiji then (i, 2) will stay in Γijij with the same
valuation (bj2, b2j).

We will have two cases for (2, k):

i. if (2, j) is in Γiji then there will be no change will occur to (2, k)
and it will keep its valuation (b2k, bk2);

ii. if (j, 2) is in Γiji then (2, k) will stay in Γijij with the same
valuation (b2k, bk2).

(c) N3,Γijij ⇒ N3,Γiji = NΓ,+(k)∩NΓ,−(j)∩NΓ,+(i). The arrow (j, 3), (i, j)
and (j, k) will be reversed with switching the components of their
valuations. The arrow (3, i) will be reversed and get the new valua-
tion (bj3, b3j). The arrow (3, k) will be reserved and get the valuation
(bk3, b3k).

(d) N4,Γijij ⇒ N4,Γiji = NΓ,−(k) ∩ NΓ,−(j). The arrow (j, 4), (i, j) and
(k, j) will be reversed with switching the components of their val-
uations. The arrow (4, k) will stay in Γijij with the new valuation
(b4k, bk4). The arrow (4, i) will be reserved and get the valuation
(bj4, b4j).

(e) N5,Γijij ⇒ N5,Γiji = NΓ(k)\NΓ(i);

(f) N6,Γijij ⇒ N6,Γiji = NΓ,−(j)\NΓ(k);

(g) N7,Γijij ⇒ N7,Γiji = NΓ,+(j)\NΓ(k).

5. Apply µi on µijij(Q). The arrow (j, i), (i, 1), (i, 2), (i, 3), (i, 4), (i, 6) and
(7, i) will be reversed with switching the components of their valuations.
The seven sets Nk,Γijij , k = 1, · · · , 7 will be altered as follows

(a) N1,Γijij ⇒ NΓ,+(k)∩NΓ,+(j)∩NΓ,−(i). Whether (j, 1) or (1, j) is in
Γijij they will be replaced by (j, 1) in Γijiji with valuation (b1i, bi1).

(b) N2,Γijij ⇒ N2,Γ = NΓ,−(k) ∩ NΓ,+(j) ∩ NΓ,−(i). Whether (j, 2) or
(2, j) is in Γijij they will be replaced by (j, 2) in Γijiji with valuation
(bi2, b2i).

(c) N3,Γijij ⇒ N3,Γ = NΓ,+(k)∩NΓ,−(j)∩NΓ,−(i). The arrow (j, 3) will
be replaced with (3, j) in Γijiji with valuation (b3i, bi3).

(d) N4,Γijij ⇒ N4,Γiji = NΓ,−(k)∩NΓ,−(j). The arrow (4, j) will be stay
the same in Γijiji with valuation (b4i, bi4).
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(e) N5,Γijij ⇒ N5,Γiji = NΓ(k)\NΓ(i);

(f) N6,Γijij ⇒ N6,Γiji = NΓ,−(j)\NΓ(k);

(g) N7,Γijij ⇒ N7,Γiji = NΓ,+(j)\NΓ(k).

From step (5) one can see that by comparing the valued quivers Γ and
Γijiji, the vertex k has moved from the neighborhood of i to the neigh-
borhood of j with all its own neighborhood with no changes in the valu-
ations. Since k was chosen randomly from NΓ(i) then every vertex NΓ(i)
will be moved to NΓ(j) in the same way as k similarly with the vertices
of NΓ(j). Therefore σij(Γ) = Γijiji

Secondly, we will prove identity (4) for the elements of X. Consider the fol-
lowing monomials

MΓ,+(i) =
∏

k,(i,k)∈Q1\{j}

xvikk , MΓ,−(i) =
∏

k,(k,i)∈Q1\{j}

xvkik ,

MΓ,+(j) =
∏

k,(j,k)∈Q1\{i}

x
vjk
k and MΓ,−(j) =

∏
k,(k,j)∈Q1\{i}

x
vkj
k .

One can see that applying the mutation sequence µijiji on the cluster X with
initial cluster graph Γ will affect the cluster variables xi and xj only. In the
following we will present the changes on the initial cluster (· · · , xi, · · · , xj, · · · )
after every step.

µi
=⇒ (· · · , MΓ,+(i) + xjMΓ,−(i)

xi
, · · · , xj, · · · )

µj
=⇒ (· · · , µi(xi), · · · ,

MΓ,+(j) + µi(xi)MΓ,−(j)

xj
, · · · )

= (· · · , µi(xi), · · · ,
MΓ,+(i)MΓ,−(j) +MΓ,−(i)MΓ,−(j)xj +MΓ,+(i)MΓ,+(j)xi

xixj
, · · · )

µi
=⇒ (· · · , µj(xj) +MΓ,−(i)MΓ,+(i)

µi(xi)
, · · · , µij(xj), · · · )

= (· · · , MΓ,−(j) + xiMΓ,+(j)

xj
, · · · , µij(xj), · · · )

µj
=⇒ (· · · , µiji(xi), · · · ,

MΓ,−(j)MΓ,−(i) + µiji(xi)MΓ,+(j)

µij(xj)
, · · · )

= (· · · , µiji(xi), · · · , xi, · · · )
µi
=⇒ (· · · , MΓ,−(j) + xiMΓ,+(j)

µiji(xi)
, · · · , xi, · · · )

= (· · · , xj, · · · , xi, · · · ).



On the pentagon relations of valued quivers 367

Which finishes the proof of µijiji(p) = σij(p). The proof of µjijij(p) = σij(p)
is quite similar. �

In the following we present two examples, first one shows that the pentagon
relations are not necessarily satisfied if bij 6= 1. The second example provides
a case of a valued quiver Γ and a quiver automorphism φ where the action of φ
on Γ does not equal the action of any sequence of mutations, i.e., Γ and φ(Γ)
are not in the same mutations class.

Example 2.3 Let m be a natural number.

Γ = ·1
(m,m)−−−→ ·2

(m,m)−−−→ ·3
µ1⇒ ·1

(m,m)←−−− ·2
(m,m)−−−→ ·3

µ2⇒ ·1
(m,m)−−−→ ·2

(m,m)←−−− ·3
µ1⇒ ·1

(m,m)←−−− ·2
(m,m)←−−− ·3

µ2⇒ ·1
(m,m)

��

·3
(m2,m2)oo

·2
(m,m)

??

µ1⇒ ·1
(m2,m2)// ·3

(m2−m,m2−m)��
·2

(m,m)

OO .

One can see that the valued quiver Γ does not satisfy identity (4) unless m = 1.
However, if m 6= 1 the underlying simply-laced subgraph of Γ that contains
only the vertices 1, 2 and their neighborhoods (without valuations) satisfies
identity (4).

Example 2.4 [11, Example 3.3] Consider the valued quiver Γ = ·1
(2,2) // ·2 // ·3 ,

and the quiver automorphism with underlying permutation σ12. In [11], it was

shown that there is no sequence of mutations µ, such that µ(Γ) = ·2
(2,2) // ·1 // ·3 .

The following theorem provides some answer for Question 1.1, which is
repeated in the following for the convenience of the reader.

Question 2.5 [11, Question 3.2] For which valued quivers Q and a quiver
automorphism φ are there a sequence of mutations µ such that φ(Q) = µ(Q)?

In the following theorem we will use the notation µ[ij] = µijiji and Mut(Q)
for the mutations class of Q.
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Theorem 2.6 Let Q be a simply laced quiver. Then, for every valued
graph automorphism φ of Q there is a sequence of mutations µ such that

µ(Q) = φ(Q). (8)

In particular, The orbits of the permutations group action on Mut(Q) are all
embedded in Mut(Q).

Proof. Let Q = (Q0, Q1) be a simply laced quiver of rank n and σvv′ be a
transposition in Sn. Since Q is a connected quiver then for any two vertices
v and v′ in Q0, there is a sequence of vertices v = v1, · · · , vq = v′ such that
vt and vt+1 are adjacent vertices for every t ∈ [1, q − 1]. Since Q is simply
laced quiver then for any (i, j) ∈ Q1, vij = vji = 1. Hence, from Lemma 2.2,
for t ∈ [1, q− 1] the sequence of mutations µ[vtvt+1] acts on Q by switching the
vertices vt and vt+1. Let

µσvv′ = (µ[v2vq ]) · · · (µ[vqvt]) · · · (µ[vqvq−1])(µ[v1vq ]) · · · (µ[v1vt]) · · · (µ[v1v2]). (9)

Hence the following identity is satisfied

σvv′(Q) = µσvv′ (Q). (10)

Then every transposition is associated to a particular sequence of mutations.
Now, let φ be a valued quiver automorphism of Q. Then it induces a permu-
tation σφ. Since the group Sn is generated by transpositions, hence there are
transpositions σi1i2 , σi3i4 , . . . , σim−1im such that σφ(Q) = σi1i2σi3i4 · · ·σim−1im(Q).
Therefore (10) implies that

σφ(Q) = σi1i2σi3i4 · · ·σim−1im(Q)

= µσi1i2 · · ·µσim−1im
(Q).

Which proves the first part of the statement by associating µ = µσi1i2 · · ·µσim−1im

to φ. The second part of the statement is immediate. �
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