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Abstract

Given a partial action α of a group G on the group algebra FH,
where H is a finite group and F is an arbitrary field of characteristic
p > 0, we consider the partial crossed product FH ∗α G. If FH ∗α G is
associative for any G and any α, then FH is called strongly associative.
We show that strongly associative group algebras have central radicals.
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1 Introduction

Throughout this paper, H denotes a finite group and F an arbitrary field of
characteristic p > 0. H ′ denotes the commutator subgroup of H, FH being
the group algebra of H over F , Z(FH) is the centre of FH and J(FH) is the
Jacobson radical of FH.

The following theorem was proved by D. Wallace for group algebras over
algebraically closed fields (see [4]). Its generalization given below is due to
Spiegel.
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Theorem 1.1. Let F be an arbitrary field of characteristic p and let H be a
finite group. Then J(FH) ⊆ Z(FH) if and only if H is one of the following
three types:

(1) H has order prime to p;

(2) H is abelian;

(3) If P is a Sylow p-subgroup of H, then H ′P is a Frobenius group with
complement P and Kernel H ′.

Proof. See [2, Theorem 13.4]

2 Strongly Associative Group Algebras Have

Central Radicals

The Following three definitions are due to Dokuchaev and Exel (see [1]).

Definition 2.1. Let G be a group with identity element 1 and A an associative
non-unital (i.e., non-necessarily unital) algebra. A partial action α of G on A
is a pair α = ({Ag}g∈G, {αg}g∈G), formed by a collection of (two-sided) ideals
Ag of A, and a collection of isomorphisms of algebras

αg : Ag−1 → Ag

which satisfy the following conditions for every g, h ∈ G:

(i) A1 = A and α1 is the identity automorphism of A;

(ii) A(gh)−1 ⊇ α−1h (Ah ∩ Ag−1);

(iii) αg ◦ αh(x) = αgh(x) for each x ∈ α−1h (Ah ∩ Ag−1).

Definition 2.2. Given a partial action α of a group G on a F -algebra A, the
partial skew group ring of A and G by α, written A∗αG, is the set of all finite
formal sums {

∑
g∈G agδg : ag ∈ Ag}, where δg are symbols. Addition is defined

in the obvious way, and multiplication is determined by

(agδg) · (bhδh) = αg(αg−1(ag)bh)δgh.

Definition 2.3. We say that an algreba A is strongly associative if for any
group G and an arbitrary partial action α of G on A the partial skew group
ring A ∗α G is associative.
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.
In [3] we characterize the strongly associative group algebras. This char-

acterization can be presented as follows.

Theorem 2.1. Let F be a arbitrary field of characteristic p and let H be a
finite group. Then the group algebra FH is strongly associative if and only if
H is one of the following three types:

(4) H has order prime to p;

(5) |H| = p = 2 or |H| = p = 3;

(6) H is a Frobenius group with complement P and kernel H ′, where P is a
Sylow p-subgroup of H, |P | = p = 2 or |P | = p = 3.

Proof. Suppose that FH is strongly associative. If p does not divide the order
of H, then H is of type (4). Now, if p divides |H|, it follows by [ 3, Theorem
2.7] that H is of type (5) or of type (6).

Conversely if H is of type (4), we know that the group algera FH is
semiprime. By [1, Corollary 3.4], we conclude that FH is strongly associa-
tive. Now, if H is of type (5) or of type (6), it follows by [3, Theorem 2.7] that
FH is strongly associative.

Finally, we prove the following theorem.

Theorem 2.2. Let F be an arbitrary field of characteristic p and let H be a
finite group. If the group algebra FH is strongly associative, then J(FH) ⊆
Z(FH).

Proof. Since FH is strongly associative, it follows by Theorem 2.1 that H is
of type (4) or of type (5) or of type (6), thus H is of type (1) or of type (2) or
of type (3). We conclude by Theorem 1.1 that J(FH) ⊆ Z(FH).

Acknowledgments. I’m a tutor of Tutorial education program of the
course of Mathematics at the Federal University of Rio Grande do Norte,
Brazil, from july/2010, and I would to thank the student Ruan Barbosa Fer-
nandes for the work of typing.

References

[1] M. Dokuchaev and R. Exel, Associativity of crossed products by par-
tial actions enveloping actions and partial representations, Trans. Amer.
Math. Soc., 357 (2005), 1931-1952.
http://dx.doi.org/10.1090/s0002-9947-04-03519-6



338 Jonas Gonçalves Lopes
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