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Abstract

In this paper, the authors proved by an elementary method that
the symmetric group Sn(3 ≤ n 6= 6) is a complete group. Further
more, the authors also show that S6 is not complete, Furthermore, there
exists an automorphism of order 2, say f, and f is in Aut(S6) such that
Aut(S6) = 〈Inn(S6), f〉.
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A group is said to be complete if it has no outer automorphisms and its
center is trivial. Complete groups were introduced by Hölder [1] as long ago as
1895. Zhu Tianping[2]proved that the compound symmetric groupS∗

m,l(m >
l > 3, l 6= 6)is a complete group, Wueland proved that the automorphism
group of a non-abelian simple group is complete. In this paper, we will use
some elementary methods togive a proof of Hölder’s Theorem, that is,we prove
that Sn(3 ≤ n 6= 6) is a complete group. Further more, we show that S6 is not
complete, and construct an automorphism f with order 2 of S6, which makes
Aut(S6) = 〈Inn(S6), f〉.
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Lemma 1 [3]Suppose α ∈ Sn,and there are exactly ni li−cycles (i = 1, 2, · · · , k)
(containing 1-cycles) in the cycle decomposition of α, then the length of the
conjugate class containing α is n!∏k

i=1 ni!l
ni
i

Lemma 2 Suppose β ∈ Sn, there are exactly m 2-cycles, n − 2m 1-cycles in
the cycle decomposition of β, m ≥ 3 is an odd number n ≥ 6, then the length
of the conjugate class containing β is not equal to n(n−1)/2 unless n = 6 and
m = 3.

Proof: Assume the contrary, suppose the length of the conjugate class
containing β is equal to n(n− 1)/2, then by Lemma 1 we have n!

m!2m(n−2m)!
=

n(n− 1)/2. and so (n−2)(n−3)···(n−2m+1)
m!

= 2m−1.

If m ≥ 5, then (n−2)(n−3)···(n−2m+1)
m!

= (n− 2)(n− 3) (n−4)(n−5)···(n−2m+1)
m!

can
not be the powers of 2, whish leads to a contradiction.

If m = 3 and n is odd, (n−2)(n−3)···(n−2m+1)
m!

= (n− 2) (n−3)(n−4)···(n−2m+1)
m!

can
not be the powers of 2, which leads to a contradiction.

When m = 3 and n is even, (n−2)(n−3)···(n−2m+1)
m!

= (n−2)(n−3)···(n−2m+2)
m!

(n −
2m + 1) can not be the powers of 2, which leads to a contradiction. This
complet the proof of Lemma 2.

Theorem 3 Sn(3 ≤ n 6= 6) is a complete group.

Proof: Obviously S3, S4, S5 are complete groups, we only need to prove
Sn(n ≥ 7) are complete. And it is also obvious that Z(Sn) = 1(n ≥ 7), so we
just need to prove that the order of the automorphism group of Sn(n ≥ 7) is
equal to n!.

Let {(12), (13), · · · , (1n)} be a minimal generating system Sn, and an el-
ement f ∈ Aut(Sn). Because automorphism maintain the order of elements,
the conjugate relation between elements and the normality of subgroups, so by
Lemma 2 we get {(12), (13), · · · , (1n)}f is made up of 2-cycles. Let (12)f =
(i1i2), obviously, (i1i2) has n(n−1)/2 options at most. And let (13)f = (j1j2),
then (123)f = (12)f (13)f = (i1i2)(j1j2), moreover |{i1, i2} ∩ {j1, j2}| = 1,
so when (12)f is fixed,(13)f has 2(n − 2) possible options at most. Suppose
(12)f = (i1i2), (13)f = (i1i3), (14)f = (k1k2). Then (124)f = (i1i2)(k1k2),
(134)f = (i1i3)(k1k2), (1234)f = (12)f (13)f (14)f = (i1i2i3)(k1k2), so |{i1, i2} ∩
{k1, k2}| = 1, |{i1, i3} ∩ {k1, k2}| = 1, |{i1, i2, i3} ∩ {k1, k2}| = 1. one step fur-
ther, we have |{i1, i2, i3} ∩ {k1, k2}| = {i1}, so when (12)f and (13)f are fixed,
(14)f has n− 3 possible options at most. Analogously, when (12)f , (13)f , · · · ,
(1m)f are fixed, (1m+ 1)f has at most n−m possible options.

Since the automorphism can be completely determined by the image of
generators of a generating system, so f has n(n− 1)/2× 2(n− 2)× (n− 3)×
· · · × 1 = n! options at most,that is |Aut(Sn)| ≤ n!. The proof is complete.
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Remark. Let f be a homomorphism of S6, which makes (12)f = (12)(34)
(56), (13)f = (13)(25)(46), (14)f = (14)(35)(26), (15)f = (15)(24)(36), (16)f =
(16)(23)(45). one can verify that (1i)f

2
= (1i), i = 2, 3, 4, 5 or 6, and because

(12), (13), (14), (15), (16) is a generating system of S6, so f is a 2-order au-
tomorphism of S6,and f 6∈ Inn(S6), we assert that Aut(S6) = 〈Inn(S6), f〉.
Suppose g ∈ Aut(S6), because automorphism maintain the order and parity
of elements,so the cycle decomposition of (12)g must be a 2-cycle, or three
2-cycles, when the cycle decomposition of (12)g is a 2-cycle t by the proof
of 3 we get g ∈ Inn(S6), when the cycle decomposition of (12)g are three
2-cycles, consider the image of a generating system {(12), (1234567)}, (12)g

has 15 different options at most, and (1234567)g has 5! options at most, so g
has 2.5× 6! possible options at most. combine these results together,we have
|Aut(S6)| ≤ 3.5 × 6!, then |Out(S6)| ≤ 3, and since Out(S6) has a 2-order
element, so |Aut(S6)| = 2 × 6!, so Aut(S6) = 〈Inn(S6), f〉. The assertion is
proved.
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