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Abstract

Suppose that y2 = x3 +4px, y2 = x3− 4px are elliptic curves where
p is an odd prime. Then we treat ranks of these two curves according
to the condition of prime number p.
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1 Introduction

The curve y2 = x3 + Ax is the most widely used in elliptic curve. In [5],
Kudo and Motose computed the rank of an elliptic curve y2 = x3 − px where
p is Fermat prime and Mersenne prime. And Bremner and Cassels computed
the rank of y2 = x3 + px where p is an odd prime such that p ≡ 5(mod
8) and p < 1000([1]) is 1. In [3], the authors treated rank of an elliptic
curve y2 = x3 − px. And in [4], they considered the rank of an elliptic curve
y2 = x3 + pqx. In [7], Spearman suggested the condition p = u4 + v4 which
induces the rank of an elliptic curve y2 = x3 − px where p is a prime is 2. In
[8], he also computed rank of an elliptic curve y2 = x3 − 2px. Compared with
other forms, it is easy to compute the rank of an elliptic curve y2 = x3 + Ax
and in treating the rank in this form, it is computed by the factorization of
number A. In detail, according to the form of product of primes, its range of
rank is changed and even though the condition is same, the result of rank is not
always induced as one value. As the change of form of A, the result of rank can
be one value or not. The elliptic curve of the form E4p : y2 = x3 + 4px is used
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in computing the rank of an elliptic curve E−p : y2 = x3−px(p is an odd prime
in both cases). For computing the rank of E−p, the curve E4p is just used as a
means for searching the rank of an elliptic curve y2 = x3 − px. Similarly E−4p

is just used for finding the rank of an elliptic curve Ep. Therefore relatively,
there is less interest of investigating ranks of E4p, E−4p. But in this paper, we
compute ranks of the forms E4p and E−4p. Namely, we consider the following
theorem:

Theorem 1.1 We suppose that E4p is an elliptic curve y2 = x3 +4px where
the prime number p is of the form p ≡ 1(mod 8) and in addition p = t4 + 16
with an odd integer t and E−4p is an elliptic curve y2 = x3 − 4px where p
is a prime number such that p ≡ 5(mod 16) and also p = 324 + t2 with an
odd integer t. Then, we conclude that ranks of E4p and E−4p are 2 and 1
respectively.

Before computing rank of an elliptic curve, we have to treat several nota-
tions which are in [6].

Suppose that E is an elliptic curve y2 = x3 +ax2 + bx and assume that Γ is
the set of rational points on E. By Mordell′s Theorem, Γ is finitely generated
abelian group and from structure theorem it is isomorphic to Etors(Q) ⊕ Zr.
And Etors(Q) is a torsion subgroup and r is called the Mordell-Weil rank of
an elliptic curve.

Assume that α is a homomorphism from Γ to Q×/Q×2 which satisfies that
α(P ) = 1 (mod Q×2), α(P ) = b (mod Q×2), α(P ) = x (mod Q×2) where P is
P = O(O is infinity point), P = (0, 0), P = (x, y)(x 6= 0) respectively. Further-
more, Q× denotes the set of nonzero rational numbers which is a multiplicative
group and Q×2 is a subgroup of squares of elements of Q×.

We put that E is the curve y2 = x(x2 − 2ax + a2 − 4b) and we let Γ
be the set of rational points on E. We assume that α is a homomorphism
from Γ to Q×/Q×2 where α(P ) = 1 (mod Q×2), α(P ) = a2 − 4b (mod Q×2),
α(P ) = x (mod Q×2) if the point P is P = O(infinity point), P = (0, 0),
P = (x, y)(x 6= 0) respectively.

And also we should consider several equations N2 = b1M
4 + aM2e2 + b2e

4

and N2 = b1M
4 − 2aM2e2 + b2e

4 which are necessary for finding the rank.
Here we call these as relating equations for Γ and Γ respectively. Furthermore
for Γ, b1 and b2 are divisors of b such that b = b1b2. And b1 is not congruent
to 1, b (modQ×2). For Γ, b1 and b2 are divisors of a2 − 4b with b1b2 = a2 − 4b
and b1 is also not congruent to 1, a2 − 4b (modQ×2). And put (M, e,N) is
a solution of these two relating equations which satisfies the conditions that

(M,N) = (M, e) = (N, e) = (b1, e) = (b2,M) = 1. In addition, 2r = |α(Γ)||α(Γ)|
4

holds where r is the rank of an elliptic curve.
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2 Proof

Now, we compute the ranks of elliptic curves y2 = x3 ± 4px where p is an
odd prime by the method in [6]. In following process of proving the theorem,
we denote the ranks of y2 = x3 + 4(8k + 1)x and y2 = x3 − 4(16k + 5)x as
rank(E4(8k+1)(Q)), rank(E−4(16k+5)(Q)) respectively.

Put E4p is an elliptic curve y2 = x3 + 4px which satisfies the condition
that p ≡ 1(mod 8) is an odd prime and p = t4 + 16 with an odd integer
t. Set p = 8k + 1 with an integer k then, the relating equations for Γ are
i)N2 = M4+4(8k+1)e4, ii)N2 = 2M4+2(8k+1)e4, iii)N2 = 4M4+(8k+1)e4.

The values α(P ) in i) are α(P ) = 1, 8k+1(mod Q×2) and these were defined
already, thus we need not to treat the solvability.

And the values α(P ) in iii) are same with i) and so we don’t have to check
the solvability.

In equation ii), if we put e = 1 then, we face the result N2 = 2M4 +
2(t4 + 16)e4 = 2 · {M4 + (t4 + 16)} and since N is an even, M4 + (t4 + 16)
should be the form 2A2 where A is a polynomial of t. Namely, N2 must be
the form 4A2 and so we should find the polynomial A. Before searching A,
we must know the value M that will affect to A. This is because the term
M4 is related to t4 + 16, the result should have a possibility to be square
of polynomial. Namely, we have to consider the polynomial which induces a
square related to t4 + 16. Since 16 is 24 and t4 is quartic of t we consider
the polynomial t − 2. Replace t − 2 into M in M4 + (t4 + 16) then, we get
(t−2)4+t4+16 = (t4−8t3+24t2−32t+16)+t4+16 = 2t4−8t3+24t2−32t+32 =
2(t4−4t3+4t2+8t2−16t+16) = 2(t4+4t2+16−4t3−16t+8t2) = 2(t2−2t+4)2.
Now t2 − 2t + 4 is the polynomial A what we were searching for and also M
is t − 2. Therefore we conclude that (t − 2, 1, 2(t2 − 2t + 4)) is a solution of
equation ii).

Henceforth, we get the result #α(Γ) = 4.
From E4(8k+1), E4(8k+1) is the curve y2 = x3− 16(8k+ 1)x and there are 10

relating equations for Γ as follows:

i)N2 = M4 − 16(8k + 1)e4, ii)N2 = −M4 + 16(8k + 1)e4,

iii)N2 = 2M4 − 8(8k + 1)e4, iv)N2 = −2M4 + 8(8k + 1)e4,

v)N2 = 4M4 − 4(8k + 1)e4, vi)N2 = −4M4 + 4(8k + 1)e4,

vii)N2 = 8M4 − 2(8k + 1)e4, viii)N2 = −8M4 + 2(8k + 1)e4,

ix)N2 = 16M4 − (8k + 1)e4, x)N2 = −16M4 + (8k + 1)e4.

The values α(P ) in an equation i) are α(P ) = 1,−16(8k + 1)(mod Q×2)
and these were defined, thus treating the solvability is of no use. And α(P ) in
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v) and ix) are same with i) thus we also need not to treat the solvability of
these equations.

Using the number 4 in reducing equations ii), iii), iv) then, we face the
results ii)1 ≡ N2 ≡ 3M4 ≡ 3(mod 4) and iii), iv)0 ≡ N2 ≡ 2M4 ≡ 2(mod 4).

Thereby, there cannot exist a solution in above three cases.
And reducing vii) and viii) by 8 induces the unmatched congruence rela-

tions vii)0, 4 ≡ N2 ≡ 6e4 ≡ 6(mod 8) and viii)0, 4 ≡ N2 ≡ 2e4 ≡ 2(mod 8).
Thus, having a solution is impossible in both equations.

Finally, we treat equations vi) and x). The values α(Γ) in both cases are
the same and so if one equation always has a solution then, other’s solvability
is of no use. Here, we treat x). Replace 1 into M and e then, the induced
result is N2 = −16 + p, thus N is t2 because from p = t4 + 16 and so (1, 1, t2)
is a solution of relating equation x).

Therefore, we conclude that #α(Γ) = 4 and from the fact that 2r = 4·4
4

= 4,
rank(E4(8k+1)(Q)) is 2.

Next, suppose that E−4p is an elliptic curve y2 = x3−4px where odd prime
p is of the form p ≡ 5(mod 16) and put p = 324 + t2 with an odd integer t.
Assume that p = 16k + 5 where k is an integer, then relating equations for Γ
are as follows:

i)N2 = M4 − 4(16k + 5)e4 ii)N2 = −M4 + 4(16k + 5)e4

iii)N2 = 2M4 − 2(16k + 5)e4 iv)N2 = −2M4 + 2(16k + 5)e4

v)N2 = 4M4 − (16k + 5)e4 vi)N2 = −4M4 + (16k + 5)e4

The values α(P ) in i) are are α(P ) = 1,−4(16k+ 5)(mod Q×2) and it were
defined in the previous and so it doesn’t matter to check the solvability of this
equation.

After reducing equations from ii) to v) by 4 and p induces ii)1 ≡ N2 ≡
3M4 ≡ 3(mod 4), iii)N2 ≡ 2M4(mod p), iv)N2 ≡ −2M4(mod p), v)1 ≡ N2 ≡
−5e4 ≡ 3e4 ≡ 3(mod 4).

In ii) and v), left and right hand side don’t match and hence there cannot
be a solution.

In case of iii) and iv), the value of (2M4

p
) and (−2M4

p
) are both −1 and so

having a solution is impossible in both equations.
Substituting 3 and 1 into M and e in equation vi) respectively, then we

face that −4 · 81 + p = −324 + 324 + t2 = t2 and thus (3, 1, t) is a solution of
vi).

Consequently, we get the result #α(Γ) = 4.
Next from E−4p, the curve E−4p is y2 + 16(16k + 5)x and the relating

equations for Γ are i)N2 = M4 + 16(16k + 5)e4, ii)N2 = 2M4 + 8(16k + 5)e4,
iii)N2 = 4M4 + 4(16k + 5)e4, iv)N2 = 8M4 + 2(16k + 5)e4, v)N2 = 16M4 +
(16k + 5)e4.

The values α(P ) in i) are α(0, 0) = a2 − 4b(mod Q×2) and α(O) = 1(mod
Q×2)(O is infinity point), thus we don’t have to check the solvability equation
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i).
Reducing ii) and iv) by 4 leaves to ii)0 ≡ N2 ≡ 2M4 ≡ 2(mod 4), iv)0 ≡

N2 ≡ 10e4 ≡ 2e4 ≡ 2(mod 4). Thus these two equations cannot take a
solution.

After reducing iii) by 32 induces 0, 4, 16 ≡ N2 ≡ 4M4 + 20e4 ≡ 4 + 20 =
24(mod 32) and hence taking a solution is impossible in this case.

And also it is impossible that v) takes a solution since reducing this by 8
leaves 1 ≡ N2 ≡ 5e4 ≡ 5(mod 8).

Thereby, we conclude that #α(Γ) = 2 and hence from 2r = 4·2
4

= 2, we say
that rank(E−4(16k+5)(Q)) = 1 and this completes the proof.

3 Considering Examples

Here, we suggest examples of elliptic curves of the form y2 = x3 + 4px which
were treated in the previous section. The followings are solutions of relat-
ing equations ii)N2 = 2M4 + 2pe4 for Γ and the value t in case of p ≡
1(mod 8), p = t4 + 16(t is an odd integer). The prime p can be checked
in http://primes.utm.edu/curios/includes/primetest.php([2]):

p (t− 2, 1, 2(t2 − 2t+ 4)) t
97 (1, 1, 14) 3
641 (3, 1, 38) 5
2417 (5, 1, 78) 7
6577 (7, 1, 134) 9
14657 (9, 1, 206) 11
83537 (15, 1, 518) 17
130337 (17, 1, 654) 19
279857 (21, 1, 974) 23
531457 (25, 1, 1358) 27
1874177 (35, 1, 2598) 37
2825777 (39, 1, 3206) 41
4100641 (43, 1, 3878) 45
5764817 (47, 1, 4614) 49
6765217 (49, 1, 5006) 51
10556017 (55, 1, 6278) 57
12117377 (57, 1, 6734) 59
13845857 (59, 1, 7206) 61
25411697 (69, 1, 9806) 71
38950097 (77, 1, 12174) 79
52200641 (83, 1, 14118) 85
57289777 (85, 1, 14798) 87
68574977 (89, 1, 16206) 91
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The followings are examples of elliptic curve y2 = x3 − 4px where p is of
the form p ≡ 5(mod 16) and p = 324 + t2 with an odd integer t. The primality
is checked in http://primes.utm.edu/curios/includes/primetest.php([2]):

p p− 324 = t2

373 49 = 72

613 289 = 172

853 529 = 232

4549 4225 = 652

5653 5329 = 732

9733 9409 = 972

13093 12769 = 1132

20773 20449 = 1432

37573 37249 = 1932

50053 49729 = 2232

61333 61009 = 2472

66373 66049 = 2572

69493 69169 = 2632

117973 117649 = 3432

142453 142129 = 3772

209173 208849 = 4572

306133 305809 = 5532

368773 368449 = 6072

418933 418609 = 6472

508693 508369 = 7132

833893 833569 = 9132

908533 908209 = 9532

935413 935089 = 9672

966613 966289 = 9832

1130293 1129969 = 10632

1151653 1151329 = 10732

1181893 1181569 = 10872

1203733 1203409 = 10972

1329733 1329409 = 11532

1481413 1481089 = 12172

1698133 1697809 = 13032
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