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Abstract

Let H be an arbitrary Hilbert space endowed with an associative con-
tinuous product which induces a grading on H with respect to an abelian
group G. If H is also endowed with a continuous Lie product compatible
with the associative product, via a Leibniz identity, and with the grading
in a strong way we are dealing with a strongly graded Poisson-Hilbert
space. We focuss on the structure of this category of spaces by showing
that if H is a strongly graded Poisson-Hilbert space with zero annihila-
tor, of maximal length and with a coherent 1-homogeneous space, then
H can be written as the orthogonal direct sum of closed ideals, each one
being a simple strongly graded Poisson-Hilbert space.
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1 Introduction and previous definitions

We will start from a real or complex Hilbert space H of arbitrary dimension
endowed with a continuous associative product. That is, a continuous bilinear
map

H× H → H
(x, y) 7→ xy

satisfying (xy)z = x(yz) for any x, y, z ∈ H.

Throughout the paper, for any subset A of H we will denote by cl(A) the
closure of A in H and the symbol ⊕ will denote orthogonal direct sum. We
recall the following definition (see [8]).

Definition 1.1. Let H be a, real or complex, Hilbert space endowed with a
continuous associative product and G an abelian group. We say that H is a
graded Hilbert space, by means of G, if

H = cl(
⊕
g∈G

Hg)

where any Hg is a closed linear subspace satisfying that for any h ∈ G,

HgHh ⊂ Hgh,

denoting by juxtaposition the product in G.
We define the support of the grading to be the set

Σ := {g ∈ G \ {1} : Hg 6= 0}.

We will say that Σ is symmetric if Σ = Σ−1 where Σ−1 := {g−1 : g ∈ Σ}.
Throughout the paper Σ will be always supposed to be symmetric.

We also note that the interest on gradings on different classes of algebras
has been remarkable in the last years, specially motivated by their applications
in physics and geometry, see for instance [5, 9, 12, 13, 14, 16, 21].

Now recall that a Poisson algebra is an associative algebra endowed with a
Lie product, denoted by {·, ·}, in such a way that the Lie and the associative
products are compatible via the Leibniz identity

{x, yz} = {x, y}z + y{x, z}

for any x, y, z ∈ P (see [1, 4, 17, 18]). Also recall that the context of strong
graduation has been extensively considered in the literature (see for instance
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the text book [20] or the recent reference [15, 22, 23]). From here, we can intro-
duce in a natural way the category of strongly graded Poisson-Hilbert spaces
as those which objects are graded Hilbert spaces endowed with continuous Lie
products, which are compatible with the associative products, via a Leibniz
identity, and with the gradings in a strong way.

Definition 1.1. A strongly graded Poisson-Hilbert space H is a graded Hilbert
space, by means of an abelian group,

H = cl(
⊕
g∈G

Hg)

endowed with a continuous Lie product {·, ·}making of H a Poisson algebra and
satisfying that if g ∈ Σ, h ∈ Σ∪{1} and gh ∈ Σ then {Hg,Hh}+HgHh+HhHg =
Hgh and H1 = cl(

∑
g∈Σ

({Hg,Hg−1}+ HgHg−1)).

Any compatible Lie product defined on a graded classical H∗-algebra or on
a graded l2(G) algebra, where G is a compact topological group, makes of these
spaces examples of strongly graded Poisson-Hilbert spaces (see [2, 8, 11, 19]).

Throughout the paper the regularity conditions will be understood in the
graded sense. That is, an ideal I of a strongly graded Hilbert-Poisson space
H is a closed linear subspace satisfying IH + HI + {I,H} ⊂ I which splits as
I = cl(

⊕
g∈G

Ig) with Ig = I ∩ Hg. A strongly graded Poisson-Hilbert space H

will be called simple if both products are nonzero and its only ideals are {0}
and H.

Definition 1.2. The annihilator of a strongly graded Poisson-Hilbert space H
is the set Ann(H) = {x ∈ H : {x,H}+ xH + Hx = 0}.

2 Main results
From now on, H denotes a strongly graded Poisson-Hilbert space and

H = cl(
⊕
g∈G

Hg) = H1 ⊕ cl(
⊕
g∈Σ

Hg)

the corresponding grading. We begin by developing connection techniques in
this framework.

Definition 2.1. Let g and h be two elements in Σ. We shall say that g is
connected to h if there exist g1, g2..., gn ∈ Σ such that

1. g1 = g.
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2. {g1, g1g2, g1g2g3, ..., g1g2g3 · · · gn−2gn−1} ⊂ Σ.

3. g1g2g3 · · · gn−1gn ∈ {h, h−1}.

We shall also say that {g1, ..., gn} is a connection from g to h.

Observe that {g} is a connection from g to itself and to g−1.

The next result shows that connectedness is an equivalence relation and
can be proved as in [7].

Proposition 2.1. The relation ∼ in Σ defined by g ∼ h if and only if g is
connected to h is an equivalence relation.

From Proposition 2.1 we can consider the quotient set

Σ/ ∼= {[g] : g ∈ Σ}.

Now, for any [g] ∈ Σ/ ∼ we are going to introduce the linear subspace

H[g] := cl(H1,[g] ⊕ V[g])

where

H1,[g] := cl(
∑
h∈[g]

({Hh,Hh−1}+ HhHh−1)) ⊂ H1 and V[g] :=
⊕
h∈[g]

Hh.

Proposition 2.2. For any [g] ∈ Σ/ ∼ the following assertions hold.

1. {H[g],H} ⊂ H[g].

2. H[g]H + HH[g] ⊂ H[g].

Proof. 1. We begin by writing

{H1,[g] ⊕ V[g],H1 ⊕ (
⊕
h∈Σ

Hh)} ⊂

{H1,[g],H1}+ {H1,[g],
⊕
h∈Σ

Hh}+ {V[g],H1}+ {V[g],
⊕
h∈Σ

Hh}. (1)

Clearly we have

{V[g],H1} ⊂ V[g]. (2)

Let us consider the last summand in Equation (1), that is, {V[g],
⊕
h∈Σ

Hh}.

Since in case {Hr,Hs} 6= 0 for some r ∈ [g] and s ∈ Σ with rs 6= 1, the
connections {r, s} and {r, s, r−1} imply

[g] = [r] = [rs] = [s], (3)
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we get
{V[g],

⊕
h∈Σ

Hh} ⊂ H1,[g] ⊕ V[g]. (4)

Consider now the first summand {H1,[g],H1} in Equation (1). By Jacobi
identity and anticommutativity, given h ∈ [g] we have

{{Hh,Hh−1},H1} ⊂ {Hh,Hh−1} ⊂ H1,[g].

Since by Leibniz identity we also get {HhHh−1 ,H1} ⊂ H1,[g], the continuity
of the product allows as to conclude

{H1,[g],H1} ⊂ H1,[g]. (5)

Taking now into account Equation (4), continuity of the product, Jacoby and
Leibniz identities we also get

{H1,[g],
⊕
h∈Σ

Hh} ⊂ V[g]. (6)

Hence, we can assert from Equations (1), (2), (4), (5) and (6) that

{H1,[g] ⊕ V[g],H1 ⊕ (
⊕
h∈Σ

Hh)} ⊂ H1,[g] ⊕ V[g].

Finally, the continuity of the Lie product in H gives us

{H[g],H} ⊂ H[g].

2. The argument is analogous to the one in Item 1. but using associativity
instead of Jacoby identity.

Corollary 2.1. For any [g] ∈ Σ/ ∼, the (graded) linear subspace H[g] is a
strongly graded ideal of H.

Proof. The character of ideal of any H[g] is a direct consequence of Proposition
2.2.

Now, from the fact {V[g], V[h]} = V[g]V[h] = 0 whence [g] 6= [h], (see Equation
(3)), Jacobi and Leibniz identities, associativity and continuity of the products
we have that

{H[g],H[h]} = H[g]H[h] = 0 (7)

when [g] 6= [h]. This observation implies that the relation

0 6= {Hk, H1,[g]}+ HkH1,[g] + H1,[g]Hk = Hk (8)

holds for any k ∈ [g] and so we easily get that any H[g] is strongly graded.
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We introduce the concept of maximal length in the framework of strongly
graded Poisson-Hilbert spaces as it is usual in the theory of graded algebras
(see [3, 6, 7, 10]).

Definition 2.2. It is said that a strongly graded Poisson-Hilbert space H is
of maximal length if dimHg = 1 for any g ∈ Σ.

Proposition 2.3. If H[g] is of maximal length and Ann(H[g]) = 0, then any
H[g] is simple.

Proof. Consider a nonzero ideal I of H[g]. By the maximal length of H we can
write

I = cl((I ∩H1,[g])⊕ (
⊕
h∈[g]

(I ∩ Hh))) = cl((I ∩H1,[g])⊕ (
⊕

h∈ΣI,[g]

Hh))

where ΣI,[g] := {h ∈ [g] : I ∩ Hh 6= 0}. We have ΣI,[g] 6= ∅. Indeed, in the
opposite case 0 6= I ⊂ H1 and so

{I,
⊕
h∈[g]

Hh}+ I(
⊕
h∈[g]

Hh) + (
⊕
h∈[g]

Hh)I ⊂

(
⊕
h∈[g]

Hh) ∩ H1 = 0.

From here, taking also into account associativity, Jacobi and Leibniz iden-
tities, we get

{I,
∑
h∈[g]

({Hh,Hh−1}+ HhHh−1)}+ I(
∑
h∈[g]

({Hh,Hh−1}+ HhHh−1))+

(
∑
h∈[g]

({Hh,Hh−1}+ HhHh−1))I = 0.

Now the continuity of the Lie and associative products allow us to assert

{I,H1,[g]}+ IH1,[g] + H1,[g]I = 0.

By the above observations and the continuity of the products we get 0 6=
I ⊂ Ann(H[g]) = 0, a contradiction. Hence ΣI,[g] 6= ∅ and we can fix some
h ∈ [g] such that 0 6= Hh ⊂ I.

Given now any k ∈ [g]\{h, h−1}, the fact that h and k are connected allows
us to take a connection {g1, g2, ..., gn} from h to k. Since g1, g2, g1g2 ∈ Σ we
have

0 6= {Hg1 ,Hg2}+ Hg1Hg2 + Hg2Hg1 = Hg1g2 ⊂ I
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as consequence of Hg1 = Hh ⊂ I. In a similar way

0 6= {Hg1g2 ,Hg3}+ Hg1g2Hg3 + Hg3Hg1g2 = Hg1g2g3 ⊂ I

and we finally get by following this process that

0 6= Hg1g2g3···gn = Hr ⊂ I

for some r ∈ {k, k−1}. That is, we have shown that given any k ∈ [g] either
0 6= Hk ⊂ I or 0 6= Hk−1 ⊂ I. Consequently, (since I is closed),

H1,[g] ⊂ I. (9)

As for any k ∈ [g], Equation (8) gives us

0 6= {Hk, H1,[g]}+ HkH1,[g] + H1,[g]Hk = Hk,

then Equation (9) allows us to assert that any Hk ⊂ I. Taking into account the
continuity of the products, we have showed I = H[g] and so H[g] is simple.

Lemma 2.1. Let H be a strongly graded Poisson-Hilbert space of maximal
length and with Ann(H) = 0. Then for any [g] ∈ Σ/ ∼ we have that H[g] is of
maximal length and with Ann(H[g]) = 0.

Proof. The fact H[g] is of maximal length is a direct consequence of the maximal
length of H. The fact Ann(H[g]) = 0 follows from Equation (7) and Ann(H) =
0.

The next concept is similar to those in [8].

Definition 2.3. A strongly graded Poisson-Hilbert space H, by means of the
abelian group G and with inner product < ·|· >, it is said to have a coherent
1-homogeneous space if the associative, Lie and inner product of H satisfy the
relations

< {Hg,Hg−1}|{Hh,Hh−1}+ HhHh−1 >=< Hg|{{Hh,Hh−1}+ HhHh−1 ,Hg} >

and

< HgHg−1|{Hh,Hh−1}+ HhHh−1 >=< Hg|({Hh,Hh−1}+ HhHh−1)Hg >

for any g, h ∈ G.

Theorem 2.1. Any strongly graded Poisson-Hilbert space H of maximal length,
with Ann(H) = 0 and with a coherent 1-homogeneous space can be expressed
as the closure of an orthogonal direct sum of closed ideals, each one being a
simple strongly graded Poisson-Hilbert space.
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Proof. On the one hand, since we can write the disjoint union Σ =
⋃

[g]∈Σ\∼
[g]

we clearly have
⊕
g∈Σ

Hg =
⊕

[g]∈Σ\∼
V[g].

On the other hand, Equation (7) gives us

< {Hg1 ,H(g1)−1}|{Hg2 ,H(g2)−1}+ Hg2H(g2)−1 >=

< Hg1|{{Hg2 ,H(g2)−1}+ Hg2H(g2)−1 ,Hg1)} >= 0

and
< Hg1H(g1)−1|{Hg2 ,H(g2)−1}+ Hg2H(g2)−1 >=

< Hg1|({Hg2 ,H(g2)−1}+ Hg2H(g2)−1)Hg1 >= 0

and so H1 = cl(
⊕

[g]∈Σ/∼
H1,[g]).

From the above, we conclude

H = cl(
⊕

[g]∈Σ/∼

H[g]).

By Corollary 2.1 and Lemma 2.1, any H[g] is a strongly graded ideal of H of
maximal length and satisfying Ann(H[g]) = 0. From here Proposition 2.3 gives
us any H[g] is simple and the proof is complete.
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