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Abstract

The aim of this paper is to study the consequences on the non–
abelian 2–cohomology of the vanishing on the elementary obstruction
described by Colliot-Thélène and Sansuc. Let k be an arbitrary field, let
X be an algebraic smooth, proper and geometrically integral k-variety
and finally let G be an k–scheme of reductive groups. We show that,
when the elementary obstruction ob(X) associated to X vanishes, i.e.
when the exact sequence 1 −→ k

∗ −→ k(X)∗ −→ k(X)∗/k
∗ −→ 1 is

split, then the map H1
et(X,G) −→ H0(k,H1

et(X,G)) is surjective, in
other words, if k is the field of moduli of a X-fibration of group G,
(X = X⊗k k, G = G⊗k k), the field k is then also its field of definition.
To do so, we reduce the 2–cohomology of X with value in G to the
2–cohomology of X with value in a maximal X–torus of G.
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1 Elementary obstruction and its consequences

In what follow, we shall always use the étale topology (the results will also
remain true for the f.p.p.f. topology). Let k be a field, X is an algebraic
geometrically integral smooth k–variety, such that k[X]∗ = k

∗
(for example X

is projective), S a multiplicative k–group and Γ = Gal(k/k). The spectral
sequence of descent gives us the exact sequence (cf. Corollary 2.3.9 of [9])

0 −→ H1(k, S) −→ H1(X,S) −→ H0(k,H1(X,S))
∂−→ H2(k, S) −→ H2(X,S)

which can be rewritten as

0 −→ H1(k, S) −→ H1(X,S) −→ HomΓ (Ŝ, P ic(X))
∂−→ H2(k, S) −→ H2(X,S),

where Ŝ is the dual of S.
Colliot-Thélène and Sansuc have established the following result:

Proposition 1.1 (cf. Proposition 2.2.8. (iv) in [4]) With the previous
notations, if elementary obstruction ob(X) associated to X, i.e. the class of
the extension

1 −→ k
∗ −→ k(X)∗ −→ k(X)∗/k

∗ −→ 1

vanishes, then any Γ -retraction σ of the morphism k
∗ −→ k(X)∗ defines a

scindage of the exact sequence

0 −→ H1(k, S) −→ H1(X,S) −→ HomΓ (Ŝ, P ic(X)) −→ 0
↓≈

H0(k,H1(X,S)).

2 Auxiliary results on the non abelian Galois

2–cohomology

We maintain the same notations as in the paragraph 1. Let G a k–scheme on
reductive groups, T a maximal X–torus of G. We have the relation of Giraud
(cf. Definition 3.1.4 Chap. IV in [8]) H2(X,T ) −→o H2(X,G). Let q a
class of H2(X,G), Z(G) the center of G, then there exists α ∈ H2(X,Z(G))
such that q = α.ε, where [ε] = [Tors(X,G)] because H2(X,Z(G)) acts simply
transitively on H2(X,G) (cf. Theorem 3.3.3. (i) Chap. IV of [8]). Since G is
reductive, any maximal X–torus T of G coincides with its centralizer ZG(T )
in G and the displacement described in the Proposition 3.3.8 in Chap. IV of
[8] leads to a mapping

Acc. : H2(X,T )×H2(X,G) −→ H2(X,T ).
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One can show using the Proposition 2.2.3 in Chap. V of [7] thatAcc. (i
(2)
∗ (α), q) =

Acc.(0, ε) = 0, where

i(2)∗ : H2(X,Z(G)) −→ H2(X,T ),

which leads to the following Proposition.

Proposition 2.1 (cf. Proposition 2.2.3, Chap. V in [7]) Let k be any
field, X an algebraic k–variety, smooth, geometrically integer such that k[X]∗ =
k
∗
, G is k–scheme on reductive groups and T is a maximal X–torus of G.

Then any class q = α.ε ∈ H2(X,G) is in relation with the class p = i
(2)
∗ (α) of

H2(X,T ).

3 Main result

Definition 3.1 (Fields of moduli, fields of definition)
a) We say that k is a module–field of f ∈ Z1(X,G) if [f ] ∈ H0(k,H1(X,G))
i.e., for all τ ∈ Gal(k/k), τ [f ] = [f ]. Hence [τf ] = [f ] and aτ : τf

∼−→ f .
b) This isomorphism aτ does not necessary satisfy the 1–cocycle condition. The
isomorphism aτ satisfies the 1–cocycle condition if and only if the gerb G[f ] of

recovery from [f ] to H1(X,G) is neutral. In this case, we say that k is a field
of definition of f .

Theorem 3.2 Let k be a any field with vanishing characteristic, X is an
algebraic geometrically integral smooth and proper k–variety and G is a k–
scheme on reductive groups. Assume that the elementary obstruction ob(X)
vanishes, then the mapping

H1(X,G) −→ H0(k,H1(X,G))

is surjective (i.e. if k is the field of moduli of a X-fiber group G, then k is also
a field of definition of this fiber).

Proof. Let α ∈ H0(k,H1(X,G)) : according to the philosophy of Giraud-
Grothendieck, we associate a α the k–gerb Gα of recovery from α to H1(X,G)
(cf. Proposition 3.1.6, Chap. V of [8], p. 325). Let L the k–lien of the gerb
Gα : L = lien(Gα). By Corollary 3.1.7, Chap. V, p. 325, [8], there exists a
refinement R = {SpecKi −→ Spec k)}i∈I of (Spec k)et and for all Ki, i ∈ I,
a G–torsor Pi on π−1(SpecKi) such that L|SpecKi

' lien(π∗AutG(Pi)), where
π : X −→ Spec k. L is then locally representable by a k–group H : [L] ∈
H1(k,Out (H)). The k–liens, locally representable by H are also classified by
H1(k,Out (H0)), where H0 is the k–scheme of Chevalley with the same type
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as H. Substituting (if necessary) H by H0, we can assume that H can be
deployed (cf. for example the Proposition 3.1 in [2]). The exact sequence

1 −→ Int(H) −→ Aut(H)
sx−→ Out(H) −→ 1

has a scindage s (cf. Presentation XXIV of 3.10 in [5] or the Proposition 1.1
in [6] i.e. L is representable by a k–form HL of group H : L = lien(HL).
Since k is of null characteristic, the radical unipotent Radu(HL) does not has
non trivial 2–cohomology (cf. Corollary 4.2 of [2]) and according the method
of paragraph 4 in [2], we can consider the quotient of HL by Radu(HL) (cf.
Proposition 4.1 in [2]). We end up with the case where HL is reductive.
We shall show that Gα is neutral. Since the elementary obstruction e(X)
vanishes, if T is a maximal k–torus of HL, then we have the following diagram

H1(X,T ) −→ HomΓ (T̂ , P ic(X))
0−→ H2(k, T )

↓≈ q
H0(k,H1(X,T ))

0−→ H2(k, T ) ↪→ H2(X,T ),

(1)

The arrow
H0(k,H1(X,T )) −→ H2(k, T )

is null by the Proposition 1.1.
Let Z(HL) be the center of HL, q = [Gα] ∈ H2(k, L) = H2(k,HL). As used
previously, we set q = γ.ε, γ ∈ H2(k, Z(HL)), ε = [Tors(k,HL)]. We get the
following commutative diagram.

γ

��

∈ H2(k, Z(HL))

��

// H2(X,Z(HL))

��
i
(2)
∗ (γ)

��

∈ H2(k, T )

��

� � // H2(X,T )

��
q = γ.ε ∈ H2(k,HL) // H2(X,HL) 3 qX ,

(2)

where qX is the inverse image of q by the mapping π : X −→ Spec k : we
know by the Proposition 3.1.6 (iii) in Chap. V, p. 325, in [8] that there exists
a naturel morphism of gerbs

π∗(Gα) −→ Tors(X,HL)

induced by the inclusion Gα ⊂ π∗ Tors(X,HL) since Gα is the maximal sub-
gerbe of X associeted to α (π∗Gα ⊂ π∗π∗Tors(X,HL) = Tors(X,HL)), there-
fore

[Gα] � // [π∗Gα] � // [Tors(X,HL)]

H2(k,HL) // H2(X,HL)
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The class qX coincides with [Tors(X,HL)] in H2(X,HL), hence is neutral. Let
us prove know that q is neutral in H2(k,HL). Since qX is neutral in H2(X,HL),
qX is in correspondence with the class 0 of H2(X,T ), and then the class q is
in correspondence with the class 0 of H2(k, T ), by the commutativity of the
inferior square of the diagram (1) and the injectivity of

H2(k, T ) ↪→ H2(X,T ),

the class q is then neutral thanks to Proposition 2.1.
Second proof of the neutrality of Gα. We use directly the fact that Z(L) (resp.
Z(LX)) is multiplicative without going in to the torus T .
Let q = [Gα] ∈ H2(k, L), qX the inverse image of q into H2(X,LX) where LX
is inverse image by π instead of L. We know by the Proposition 3.1.6 (iii) of
Chap. V, p. 325 in [8] that there exists a natural morphism of gerbs

π∗(Gα) −→ Tors(X,HL)

induced by the inclusion Gα ⊂ π∗ Tors(X,HL) (π∗Gα ⊂ π∗π∗Tors(X,HL) =
Tors(X,HL)), hence

H2(k, L) // H2(X,LX)

[Gα] � // [π∗Gα] � // [Tors(X,HL)].

The class qX coincides with [Tors(X,HL)] into H2(X,LX), and then is neutral.
Now, consider the following commutative diagram

0

��

∈ H2(k, Z(L))

��

� � // H2(X,Z(LX)) 3

��

0

��
q ∈ H2(k, L) // H2(X,LX) 3 qX ,

(3)

where −→o is the relation described in the Corollary 3.3.7 of Chap. IV, p. 258
in [8]. The arrow H2(k, L) −→ H2(X,LX) is consistent with the operator of
H2(k, Z(L)) (resp. H2(X,Z(LX)) on H2(k, L) (resp. H2(X,LX) (cf. Theorem
3.3.3 of Chap. IV and its Corollaire 3.3.4. (ii) in [8]).
The neutral class qX is in relation with the class 0 of H2(X,Z(LX)) thanks
to Corollary 3.3.7. (i) in [8] cited previously. By the commutativity of the
diagram (3) and the injectivity of the arrow

H2(k, Z(L)) ↪→ H2(X,Z(LX))

(from the Proposition 1.1), we see that q is en relation with the class 0 of
H2(k, Z(LX)) hence q is neutral.
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Remark 3.3
With the previous notations, we have established in the proof of Theorem 3.2
that

H2(k,HL) −→ H2(X,HL)

were injective in the non abelian sense (i.e. a class of H2(k,HL) mapped to a
neutral class is it self).

Example 3.4

1. The hypothesis X is proper is not indispensable. If X = H̃ is a semi-
simple k-group simply connexe, then k[X]∗ = k

∗
and Pic(X) = 0 there-

fore, e(X) = 0, where e(X) is the class in Ext2Γ (Pic(X), k
∗
) from

1 −→ k
∗ −→ k(X)∗ −→ Div(X) −→ Pic(X) −→ 1.

Henceforth ob(X) = e(X) = 0, by the Lemma 2.2. (i), (vii) in [1] and
by Theorem 3.2 the result holds true.

2. If X ⊂ Pn
k is an hyper–surface smooth, projective and n > 4, then

ob(X) = 0, thanks to Lemma 2.2. (ix) in [1]. Thus Theorem 3.2 remains
true.

3. In some cases 2–variety of Severi-Brauer, quadric in P3
k, of homogeneous

compactified spaces of torus, ob(X) = 0 is the only obstruction up to the
existence of rational k–point (cf. scholie of the paragraph 2 in [3]). Since
HLX

(X) = HL(k) (this condition is satisfied because X is proper), we
know that a rational k–point defines a retraction (cf. Chap. 3 in [10]),
from H2(k,HL) into H2(X,HL) which gives immediately the injectivity
of the remark 3.3.

Remark 3.5 (Particular case)
In the Lemma 2.2. (v), (vi) and the Theorem 2.5 in [1], the authors gave
some examples where ob(X) = 0 is equivalent to the injectivity of the map-
ping Br(k) −→ Br(k(X)), hence is equivalent to the injectivity of Br(k) −→
Br(X). In our diagram (3), if T is deployed, then ob(X) = 0 implies directly
in this case the injectivity of the arrow H2(k, T ) −→ H2(X,T ).
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