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Abstract

Consider an algebraic number field K of degree n, A′K is its ring of integers and
a prime number p inert in K. Let F (u1, . . . , un, x) be the generic polynomial of
integers of K. We will study in advance the stability of this polynomial and then,
we will apply it in order to obtain all the monic irreducible polynomials in Fp[x] of
degree d dividing n.
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1. Introduction

Let K be an algebraic number field of degree n ≥ 2 and p is a prime number.
Can we find all the monic irreducible polynomials, in Fp[x], of degree d dividing
n? To answer to this question, we can use the generic polynomial of integers of
K. Thus, let us define first this polynomial and state some results concerning
it.

Definition 1. Let K = Q(θ) be a number field of degree n, A′K is its ring of
integers, {w1, . . . , wn} is an integral basis of K or simply a basis of A′K . Let
u1, ..., un are algebraically independent variables over K, ξ = u1.w1 + . . . +
un.wn. We define the generic polynomial of integers of K to be

F (u1, . . . , un, x) = Irr(ξ, L, x)
where L = Q(u1, . . . , un).
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The polynomial F (u1, . . . , un, x) is generic because, in substituting
(u1, . . . , un) in Zn, we get a generic element ξ∗ = u∗1w1 + . . . + u∗nwn in A′K
and the characteristic polynomial F (u∗1, . . . , u∗n, x) = [Irr(ξ∗,Q, x)]n/t where
t = [Q(ξ∗) : Q]. Hence, the minimal polynomial of any element of A′K can be
deduced from F (u1, . . . , un, x).

Proposition 1. Under the hypotheses of definition 1, the generic polynomial
F (u1, ..., un, x) is homogeneous of degree n and L(ξ) = L(θ).

Proof. See [1], Remark 2.

Definition 2. Let K be a field, f(x) ∈ K[x] is irreducible polynomial. We
suppose that f1(x) = f(x) and for all m ≥ 2, fm(x) = (fm−1 ◦ f)(x). We say
that f is stable polynomial over K if for every m ≥ 1, fm(x) is irreducible
over K.

The general form of stability is the irreducibility of the composition of poly-
nomials that will be stated in the following lemma due to Capelli.

Lemma 1. Let K is field, f(x), g(x) are two polynomials in K[x] and let α
be a root of f(x) in an algebraic closure of K. The following statements are
equivalent,
i) f ◦ g(x) is irreducible over K.
ii) f(x) is irreducible over K and g(x)− α is irreducible over K(α).

Proof. See [17], Satz 4, p.288.

In [12], Odoni proved the stability of x2−x+ 1 over Q. Ayad and MacQuil-
lan have obtained in [3] an effective method to test the stability of almost all
monic quadratic polynomials over a field K. In [6], L. Danielson and B. Fein
proved the stability in Z[x] of all irreducible polynomial of the form xn − c.
In the next, we will state some results concerning the irreducibility of compo-
sition of polynomials. in fact, Schur in [4] has stated his conjecture as: Let
f(x) = x2n + 1 and g(x) is a monic polynomial of degree m that has distinct
integer roots then, f ◦ g(x) is irreducible over Q except for n = 0,m ≤ 4. This
conjecture was proved for n = 0 by Flügel in [8], for n = 1 in the book of G.
Pólya and G. Szegö [13], for n = 2 by H. Ille in [10] and for n ≤ 3 in a more
general form by A Brauer, R. Brauer and H. Hopf in [5].
H. L. Dorwat and O. Ore have obtained in [7] some results to the irreducibility
of f ◦ g(x) for certain polynomials f(x) of second and fourth degree and for
g(x) having distinct roots in an imaginary quadratic field. In [18], U. Wegner
has proved that if f(x) = x4 + d, d ≥ 1, d 6≡ 3 (mod 4) and g(x) is is a monic
polynomial of degree m > 5 that has distinct integer roots then, f ◦ g(x) is
irreducible over Q. Seres [14], [16] has proved that if the roots of f(x) are
complex units of a cyclotomic field and g(x) has more that {deg g

2 , 5} distinct
roots, then f ◦ g(x) is irreducible over Q. He also proved in [15] that if f(x)
is cyclotomic polynomial, then f ◦ g(x) is reducible over Q, if and only if,
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f(x) = x4−x2 +1 and g(x) = (x+a)(x+a+1)(x+a+2), a ∈ Z, thus proving
Schur’s conjecture in a more general form.

In [1], the author proved the following two theorems and proposition:
Theorem 1. Let K be a number field of degree n, A′K is its ring of integers
and let p be a prime number of Z totally ramified in K then:
i) There exist infinitely many α of K \Q such that K = Q(α) and the minimal
polynomial of α is stable sur Q.
ii) The generic polynomial of integers of K, F (u1, . . . , un, x) is stable in the
ring Z[u1, ..., un, x].

This result is satisfied by any number field K as Galois extension of Q and
of prime degree n, because in this case, every prime number p of Z, ramified
in K, is totally ramified.
Theorem 2. Let K = Q(θ) be an algebraic number field, where θ is a root in
Q of an irreducible polynomial in Z[x] de of the form f(x) = xn − c then:
i) There exist infinitely many α of K \Q such that K = Q(α) and the minimal
polynomial of α is stable sur Q.
ii) The generic polynomial of integers of K, F (u1, . . . , un, x) is stable in the
ring Z[u1, ..., un, x].

Note that, if F (u1, ..., un, x) is stable over Q(u1, ..., un) then it is not neces-
sary that we can find one or infinitely many α in K such that K = Q(α) and
the minimal polynomial of α is stable over Q.
Proposition 2. In general, i.e. for an algebraic number field of degree n we
have F2(u1, ..., un, x) = F ◦ F (u1, ..., un, x) is irreducible in Z[u1, ..., un, x].
Proof. See [1]. Proposition 1.

CONJECTURE.
For instance, the stability of F (u1, ..., un, x) of a number field of degree n is
not done. Thus, it will be interesting if one can prove it.

The following theorem is due to Kummer. It will be used to factorize the
prime numbers of Z in A′K as product of prime ideals.
Theorem 3. Let K = Q(θ) be an algebraic number field of degree n, f(x) =
Irr(θ,Q, x), A′K is its ring of integers. Knowing that Z ⊆ Z[θ] ⊆ A′K and
∆θ = I(θ)2D, let p be any prime number in Z such that p - I(θ), where I(θ)
is defined to be the index of θ. It is in fact the order of the quotient group
A′K/Z[θ]. The following statements are equivalent,

1) f(x) ≡ f1(x)e1 . . . fr(x)er (mod p) the factorization of f(x) as product of
irreducible factors in Fp[x].
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2) pA′K = Pe1
1 . . .Per

r , where Pi =< p, fi(θ) > the prime ideal generated in A′k,
by p and fi(θ). (This means that we have to factorize f(x) modulo p, in order
to obtain the factorization of pA′K).

Proof. See [11]. Theorem 27. Page 79.

This theorem can be applied only when p - I(θ). The following theorem
shows us how to verify if p divise I(θ) or not.
Theorem 4. Let K be a number field of degree n. θ is a primitive element of
K over Q and f(x) = Irr(θ,Q, x). We can write,

f(x) =
t∏
i=1

fi(x)ei + p.h(x)

where all the fi(x) are irreducible over Fp and deg h < deg f . Then, the
following statements are equivalent:
i) p | I(θ).
ii) There exists i ∈ {1, ..., t}, ei ≥ 2 and fi(x) | h(x) in Fp[x].
Proof. See [9], Art. 95, p. 172.
Remark 1. Under the same hypotheses of the previous theorem and if f(x) =
xn+an−1x

n−1 + . . .+a0 is p-eisenstein polynomial then, p does not divide I(θ),
which means, by theorem 3 that, p is totally ramified in K. In addition, if
f(x) is pr-eisenstein for some r ∧ n = 1 (that is pr divides a0, . . . , an−1 and
pr+1 does not divide a0) then, by [1] Lemme 4, p is also totally ramified in K.

2. Main results

Someone has asked if we can combine theorem 1 and theorem 2 to be one
result. In other word, let K = Q(θ) be a number field, where θ is a root in Q
of an irreducible polynomial in Z[x] of the form f(x) = xn − c then, accord-
ing to Kummer’s theorem and the factorization of Irr(θ,Q, x) modulo prime
numbers, can we always find a prime number p totally ramified in K?

The following theorem contains the answer to this question and then, theo-
rem 1 and theorem 2 are independent.
Theorem 5. Let K = Q(θ) be an algebraic number field of degree n, where θ
is satisfied by the equation θn = c for some c ∈ Z then, it is not necessary that
there exists a prime number p in Z that is totally ramified in A′K.

Proof. By remark 1, the integer n must be greater than 6, in order to show
that all the primes p in Z are not totally ramified in K. Let

f(x) = Irr(θ,Q, x) = x6 − 5273 = x6 − 8575.
The discriminant ∆θ of the basis {1, θ, . . . , θ5} of Z[θ] over Z is

∆θ = ±66(5273)5 = ±2636510715.
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Since, p ramifies in K if and only if p divides the absolute discriminant D of
K, it follows that the only primes that can be ramified in K are {2, 3, 5, 7}.
We will prove that all these primes are not totally ramified.

For 2. We have f(x) ≡ (x+1)2(x2 +x+1)2 (mod 2). On the other hand we
can write f(x) = (x+ 1)2(x2 +x+ 1)2 + 2(−2x5− 4x4− 5x3− 4x2− 2x− 4288)
which means that

f(x) = f1(x)2f2(x)2 + 2.h1(x)
where h1(x) = x3 in F2[x]. A simple calculation shows that (x + 1) and
(x2 + x + 1) do not divide h1(x) in F2[x]. This implies, by theorem 4 that,
2 - I(θ). Thus, by theorem 3, we have 2A′K = P2

1P
2
2 , where P1 =< 2, θ + 1 >,

P2 =< 2, θ2 + θ + 1 >. Hence, that 2 is not totally ramified in K.

For 3. f(x) ≡ (x + 1)3(x + 2)3 (mod 3). Thus, f(x) = (x + 1)3(x + 2)3 +
3(−3x5 − 11x4 − 21x3 − 22x2 − 12x− 2861) so

f(x) = f3(x)4f2(x)3 + 3.h2(x)
where h2(x) = x4+2x2+1 in F3[x]. We can easily verify that (x+1) and (x+2)
do not divide h2(x) in F3[x]. This implies, by theorem 4 that, 3 - I(θ). Thus,
by theorem 3, we have 3A′K = P3

3P
3
4 , where P3 =< 3, θ+1 >, P4 =< 3, θ+2 >.

Hence, 3 is not totally ramified in K.

For 5. We can write f(x) = x6 + 5(−5.73). Applying theorem 4, we get
5 | I(θ) so we can not apply theorem 3 which means that, we have to look for
another primitive element α of K over Q. Indeed, θ3 = 35

√
7. Let

α = θ3

5 + θ.

This implies that θ is root of

f(y) = y6 − 52.73 and g(y) = y3

5 + y − α.

Applying the resulting polynomial of f(y) and g(y) we obtain that α is root
of M(x) = Resy(y6 − 52.73, y

3

5 + y − x) = x6 − 1029x4 + 342657x2 − 41538672
which is irreducible over Q so M(x) = Irr(α,Q, x). Thus, K = Q(θ) = Q(α).
After calculation we have M(x) ≡ (x2 + 2)3 (mod 5) and we write M(x) =
(x2 + 2)3 + 5(−207x4 + 68529x2 − 8307736) = f5(x)3 + 5.h3(x). In addition,
(x2 + 2) does not divide h3(x) in F5[x] so 5 - I(α). By theorem 3, 5A′K = P3

5 ,
where P5 =< 5, α2 + 2 >. This implies that 5 is not totally ramified in K.

For 7, f(x) = x6 + 7(−52.72). By theorem 4, 7 | I(θ), so we can not apply
theorem 3. We have θ2 = 7

√
25. Let

λ = θ2

7 + θ.
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Hence θ is root of

f(y) = y6 − 52.73 and `(y) = y2

7 + y − λ.

In similar manner, λ is root of N(x) = Resy(y6 − 52.73, y
2

7 + y − x) = x6 −
50x3−1575x2−7350x−7950 which is irreducible so N(x) = Irr(λ,Q, x). This
implies that, K = Q(θ) = Q(λ).
After calculation we have N(x) ≡ (x3 +3)2 (mod 7) and then we write N(x) =
(x3 +3)2 +7(−8x3−225x2−1050x−1137) = f6(x)2 +7.h4(x). Since the poly-
nomial (x3 + 3) does not divide h4(x) in F7[x], it follows that 7 - I(λ). By
theorem 3, 7A′K = P2

6 , where P6 =< 7, λ3 + 3 >. We also deduce that 7 is not
totally ramified in K. Therefore the required result follows. �

In the next, we denote by K to be a number field of degree n, A′K its ring
of integers, p is a prime number inert in K (that is the ideal pA′K remains
prime in A′K). We also denote by {w1, ..., wn} to be a basis of A′K , u1, ..., un
are n variables algebraically independent over K, ξ = u1.w1 + ...+ un.wn and
F (u1, ..., un, x) = Irr(ξ, L, x) the generic polynomial of integers of K.

Since p is inert inK, it follows that, [A′K/pA′K : Fp] = n and then {w1, ..., wn}
is a basis of A′K/pA′K as Fp-vector space of dimension n. In similar manner,
we define the generic polynomial of A′K/pA′K by:

G(u1, ..., un, x) = Irr(η,M, x)
where η = u1.w1 + ...+ un.wn and M = Fp(u1, ..., un).

We will apply the generic polynomial G of A′K/pA′K to find all the monic
irreducible polynomials modulo p of degree d dividing n.
Lemma 2. Let K be a number field of degree n, A′K is its ring of integers,
F (u1, ..., un, x) the generic polynomial of integers of K and p is a prime of Z
having the decomposition in A′K as:

pA′K =
t∏
i=1
Piei .

Then we have:

F (u1, ..., un, x) =
t∏
i=1

Fi(u1, ..., un, x)ei + p.G(u1, ..., un, x)

where the Fi(u1, ..., un, x) are irreducible over Fp, monic and G(u1, ..., un, x) is
not divisible by any factor Fi(u1, ..., un, x) in Fp[u1, ..., un, x].
Proof. See ([9], Theorem 1, p. 137).
Proposition 3. The polynomial F (u1, ..., un, x) is congruent to G(u1, ..., un, x)
modulo p.
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Proof. The prime number p is inert in K so, by lemma 2, the polynomial F
remains irreducible in Fp[u1, ..., un, x]. Since F (u1, ..., un, η) ≡ 0 (mod p), it
follows that G divides F in Fp[u1, ..., un, x]. Thus,

F (u1, ..., un, x) ≡ G(u1, ..., un, x) (mod p).

�

Let,
E = {f(x) ∈ Fp[x] monic of degree n such that there exists

d | n, g(x) ∈ Fp[x], monic irreducible of degree d and
f(x) = g(x)n/d}.

and the mapping,
ψ : Fnp // E

defined by,

ψ(u∗1, ..., u∗n) = G(u∗1, ..., u∗n, x)
which is equal to [Irr(η∗,Fp, x)]n/d where η∗ = u∗1w1 + ...+u∗nwn, d = [η∗ : Fp].

Let R be the equivalence relation defined on Fnp by:

(u∗1, ..., u∗n)R(v∗1, ..., v∗n)⇐⇒ ψ(u∗1, ..., u∗n) = ψ(v∗1, ..., v∗n).

Theorem 6. The application ψ is surjective and defines a bijection from Fnp/R
onto E.

Proof. Let f(x) ∈ E, there exists a monic irreducible polynomial g(x) ∈ Fp[x],
of degree d such that f(x) = g(x)n/d. Let α is a root of g(x). This implies
that there exists (u∗1, ..., u∗n) ∈ Fnp such that α = u∗1w1 + ... + u∗nw1. Hence,
f(x) = G(u∗1, ..., u∗n, x), which implies that the application ψ is surjective. Since
R is equivalence relation it follows that, we can deduce from the application
ψ, a bijection from Fnp/R onto E. �

Remark 2. The equivalence relation R can also be defined as: For all u∗ =
(u∗1, ..., u∗n) and v∗ = (v∗1, ..., v∗n) in Fnp , u∗Rv∗, if and only if, there exists j ∈
{0, 1, ..., n− 1} such that

n∑
i=1

v∗i .wi = (
n∑
i=1

u∗i .wi)p
j

.

Definition 3. The equivalence class of u∗ according to R is defined to be
orbit of u∗ and denoted by: Orb(u∗).

Thus, we have
Orb(u∗) = {v∗ ∈ Fnp such that ψ(u∗) = ψ(v∗)}
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which is equal to

{v∗ ∈ Fnp such that there exists j = 0, 1, ..., n−1 and ∑n
i=1 v

∗
i .wi = (∑n

i=1 u
∗
i .wi)p

j}.
This implies that ∑n

i=1 u
∗
i .wi and

∑n
i=1 v

∗
i .wi are conjugates. We deduce that

the cardinal of the orbit is |Orb(u∗)| = d.

We can calculateOrb(u∗) as follows: For all i ∈ {1, ..., n}, set wpi = ∑n
t=1 aitwt

so wip = ∑n
t=1 ait.wt hence, for every u∗ ∈ Fnp , we have:

(
n∑
i=1

u∗i .wi)p =
n∑
i=1

li(u∗).wi

where the li are linear forms on Fp. Consider the application:

ϕ : Fnp // Fnp

defined by ϕ(u∗) = (l1(u∗), . . . , ln(u∗)). Then,
Orb(u∗) = {ϕi(u∗), i = 0, ..., n− 1}

where ϕi = ϕ ◦ . . . ◦ ϕ, i times, is defined to be the ith iterate of ϕ.

Example. Let K = Q(i), A′K is its ring of integers, so {1, i} is a basis of A′K
and each prime number p ≡ −1 (mod 4) is inert in K. Let η = u1.1 + u2.i,
then {1, i} is a basis of A′K/pA′K over Fp and

G(u1, u2, x) = x2 − 2u1x+ u2
1 + u2

2

for all (u∗1, u∗2) ∈ F2
p, where η∗ = u∗1.1 + u∗2.i and η∗

p = u∗1.1 − u∗2.i. Thus, we
have:

Orb((u∗1, u∗2)) = {(u∗1,−u∗2), (u∗1, u∗2)}.
Hence, every element (u∗1, u∗2) such that |Orb(u∗1, u∗2)| = 2 gives a quadratic
irreducible polynomial over Fp. The other elements (u∗1, u∗2) are whose have
|Orb(u∗1, u∗2)| = 1, so u∗2 = 0, they are squares of polynomials of first degree.

Remark 3. It is important to bring back the calculation of the orbit easier.
Indeed, it is sufficient to calculate only ϕ(u∗) = (l1(u∗), . . . , ln(u∗)). In fact,
we find ϕi(u∗) by iterating (l1(u∗), . . . , ln(u∗), i-times.

Now we can say that each monic polynomial of degree n, power of an irre-
ducible polynomial modulo p, can be found, in a unique way, by taking from
each orbit one of its elements.

Remark 4. Theorem 6 is false if we take {w1, ..., wn} basis of K in A′K but
not a basis A′K . Indeed, let K = Q(

√
5), p = 2, then p is inert in K and

{1,
√

5} is a basis of K but not of A′K . Let η = u1.1 + u2.
√

5. In this case,
G(u1, u2, x) = x2 + u2

1 + u2
2. The polynomial f(x) = x2 + x + 1 ∈ E and it

is not image of any element of F2
2. This implies that the application ψ is not

surjective in this case.
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3. Applications

Application 1: (p = 5, n = 2)
Let p = 5, K = Q(

√
2). Since p ≡ 5 (mod 8), it follows that, p is inert in K.

We have, η = u1.1 + u2.
√

2 and then
G(u1, u2, x) = x2 − 2u1x+ u2

1 − 2u2
2.

There are 25 specializations (u∗1, u∗2) in F2
5, η∗ = u∗1.1 + u∗2.

√
2 and η∗

5 =
u∗1.1− u∗2.

√
2. Thus, we have:

Orb((u∗1, u∗2)) = {(u∗1,−u∗2); (u∗1, u∗2)}.
The 5 specializations (u∗1, 0), where u∗1 ∈ F5 give the polynomialsG(u∗1, 0, x) =

(x− u∗1)2. The other specializations give 10 quadratic irreducible polynomials
over F5:

Specializations in F2
5 Irreducible polynomials over F5

(0, 0) x4

(1, 0) (x+ 4)2

(2, 0) (x+ 3)2

(3, 0) (x+ 2)2

(4, 0) (x+ 1)2

(0,−2), (0, 2) x2 + 2
(0,−1), (0, 1) x2 + 3
(2,−2), (2, 2) x2 + x+ 1
(2,−1), (2, 1) x2 + x+ 2

(−1,−2), (−1, 2) x2 + 2x+ 3
(−1,−1), (−1, 1) x2 + 2x+ 4

(1,−2), (1, 2) x2 + 3x+ 3
(1,−1), (1, 1) x2 + 3x+ 4

(−2,−2), (−2, 2) x2 + 4x+ 1
(−2,−1), (−2, 1) x2 + 4x+ 2

Application 2: (p = 3, n = 3)
Let p = 3, K = Q(θ), where θ is root of the polynomial f(x) = x3 − x + 1.
∆θ = −23 is square free so {1, θ, θ2} is a basis of A′K and then I(θ) = 1. By
theorem 3, the prime 3 is inert in K. We have, η = a.1 + bθ+ cθ

2, where a, b, c
are three algebraically independent variables. To make calculation easier, we
find F (a, b, c, x) and then we find G(a, b, c, x) by reducing modulo p. Indeed,
F (a, b, c, x) = Irr(ξ, L, x) = Char(ξ, L(ξ)/L, x). By proposition 1, we have
L(ξ) = L(θ) so F (a, b, c, x) = Char(ξ, L(θ)/L, x) = |xI3 −M |, where

M =

 a −c −b
b a+ c b− c
c b a+ c
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Since F (a, b, c, x) ≡ G(a, b, c, x) (mod 3), it follows that
G(a, b, c, x) = x3 +cx2 +(2b2 +ac+c2)x+2a3 +b3 +2c3 +2bc2 +ab2 +a2c+2ac2.

In the next step, we find the orbit. By remark 3, it is enough to find only
ϕ(a, b, c). In fact, η = a.1 + bθ+ cθ

2 so η3 = a.1 + bθ
3 + cθ

6 = a.1 + b(θ− 1) +
c(θ2 + θ + 1). Hence,

η3 = (a− b+ c).1 + (b+ c)θ + cθ
2

which means that ϕ(a, b, c) = (a − b + c, b + c, c) and then, by iteration we
deduce that

Orb(a, b, c) = {(a, b, c); (a− b+ c, b+ c, c); (a+ b+ c, b− c, c)}.
The number of specializations in F3

3 is 27. Indeed, we have 3 specializations
that give 3 polynomials of degree 3 power of polynomials of first degree. The
other 24 specializations will give 8 irreducible polynomials of degree 3 over F3.

Specializations in F3
3 Irreducible polynomials over F3

(0, 0, 0) x3

(1, 0, 0) (x+ 2)3

(2, 0, 0) (x+ 1)3

(0, 0, 1), (1, 1, 1), (1, 2, 1) x3 + x2 + x+ 2
(0, 0, 2), (2, 2, 2), (2, 1, 2) x3 + 2x2 + x+ 1
(0, 1, 0), (2, 1, 0), (1, 1, 0) x3 + 2x+ 1
(0, 1, 1), (0, 2, 1), (2, 0, 1) x3 + x2 + 2
(0, 1, 2), (1, 0, 2), (0, 2, 2) x3 + 2x2 + 1
(0, 2, 0), (1, 2, 0), (2, 2, 0) x3 + 2x+ 2
(1, 0, 1), (2, 1, 1), (2, 2, 1) x3 + x2 + 2x+ 1
(1, 1, 2), (2, 0, 2), (1, 2, 2) x3 + 2x2 + 2x+ 2

Application 3: (p = 2, n = 4)
For p = 2, let us take K = Q(θ), where θ is root of the polynomial f(x) =
x4 + x + 1. We have I(θ) = 1. Indeed, ∆θ = 229 is square free so A′K = Z[θ],
which means that {1, θ, θ2, θ3} is a basis of A′K . Again by theorem 3, the
prime 2 is inert in K because f(x) remains irreducible modulo 2. We have, η =
a.1+bθ+cθ2 +dθ3, where a, b, c, d are four algebraically independent variables.
F (a, b, c, x) = Irr(ξ, L, x) = Char(ξ, L(ξ)/L, x) = Char(ξ, L(θ)/L, x). Since
F (a, b, c, d, x) ≡ G(a, b, c, d, x) (mod 2), we can directly find G(a, b, c, d, x) by
reducing the matrixM modulo 2. This implies that, G(a, b, c, d, x) = |xI4−M |,
where

M =


a d c b
b a+ d c+ d b+ c
c b a+ d c+ d
d c b a+ d

 .

Therefore,
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G(a, b, c, d, x) = x4 +dx3 +(ad+bc+d2)x2 +(a2d+c2d+bd2 +bcd+b3 +c3 +d3)x
+a4 + b4 + c4 + d4 + a3d+ a2d2 + ab3 + ac3 + ad3 + bc3 + bd3 + cd3 + a2bc+

abd2 + ac2d+ b2cd+ abcd.

Now, we have to find the orbit. Indeed, η = a.1 + bθ + cθ
2 + dθ

3 so η2 =
a.1 + bθ

2 + cθ
4 + dθ

6 = a.1 + bθ
2 + c(θ + 1) + d(θ3 + θ

2). Hence,

η2 = (a+ c).1 + cθ + (b+ d)θ2 + dθ
3

which means that ϕ(a, b, c, d) = (a+ c, c, b+d, d). By iteration we deduce that
Orb(a, b, c, d) = {(a, b, c, d); (a+ c, c, b+ d, d); (a+ b+ c+ d, b+ d, c+ d, d);

(a+ b, c+ d, b, d)}.
The number of specializations in F4

2 is 16. Indeed, we have 2 specializations
that give 2 polynomials of degree 4 power of polynomials of first degree and
2 specializations that give one polynomial of degree 4 power of an irreducible
polynomial of second degree. The other 12 specializations will give 3 irre-
ducible polynomials of degree 4 over F2.

Specializations in F4
2 Irreducible polynomials over F2

(0, 0, 0, 0) x4

(1, 0, 0, 0) (x+ 1)4

(0, 1, 1, 0), (1, 1, 1, 0) (x2 + x+ 1)2

(0, 0, 0, 1), (0, 0, 1, 1), (1, 1, 1, 1), (0, 1, 0, 1) x4 + x3 + x2 + x+ 1
(0, 0, 1, 0), (1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 0, 0) x4 + x+ 1
(0, 1, 1, 1), (1, 1, 0, 1), (1, 0, 0, 1), (1, 0, 1, 1) x4 + x3 + 1

We would like to thank very much the Lebanese University for supporting
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