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Abstract 

 

Some properties of suborbital graphs corresponding to the action of 𝑆𝑛 on various 

sets have been studied. In this paper, we investigate some properties of suborbital 

graphs corresponding to the action of the Dihedral Groups, 𝐷𝑛, on 𝑋(𝑟). 
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1. Introduction 

 

The idea of constructing a family of graphs from a transitive permutation 

group was introduced by Sims (1967)[6], in their work on graphs of rank 3 

automorphism groups. 

In 1970, Higman [1]studied on finite, undirected, loopless graphs of rank 3. 

Neumann(1977)[4] based his work on edge-colored graphs. They discussed 

such properties as complete graph, directed and undirected paths, primitive 

actions, and self-paired suborbits. Rimberia (2012)[5] investigated on sub-  
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orbital graphs of 𝑆𝑛 acting on ordered 𝑟- element subsets. In their study, it 

was shown that 𝑆𝑛 acts imprimitively on 𝑋[𝑟]if 𝑛 > 𝑟 + 1. Kamuti (2012)[3] 

examined some properties of suborbital graphs of the action of  on . The 

study established that the number of connected components for the suborbital 

graph corresponding to the suborbital 𝑂(0, 𝑥)is |𝑥|. 

In this paper we study some properties of suborbital graphs corresponding to 

the action of the dihedral groups, 𝐷𝑛, acting on 𝑟- element subsets from the 

set 𝑋 = {1,2 … 𝑛}. 

The action of 𝐷𝑛 on 𝑋(𝑟) has been shown to be transitive. 

 

2. Notations, Definitions and Preliminary Results 

Notation 2.1 

Throughout this paper, 𝐺 is the dihedral group 𝐷𝑛 , 𝑋(𝑟) is the set of all 

unordered r-element subsets from 𝑋 = {1, 2, … , 𝑛} and Γ is a suborbital graph 

corresponding to a suborbital𝑂 

Definition 2.1 (Suborbit of 𝑮) 

Let 𝐺 be a group acting transitively on the set 𝑋(𝑟). If 𝐺(𝒙) is the stabilizer of 

an element 𝑥 ∈ 𝑋(𝑟) then the orbits ∆0= {𝑥}, ∆1, … ∆𝑘−1 of 𝐺(𝒙) on 𝑋(𝑟)are 

known as suborbits of 𝐺. 

Definition 2.2 (Suborbitals of 𝑮) 

Suppose 𝐺 acts transitively on the set 𝑋(𝑟). The action of 𝐺 on 𝑋(𝑟) × 𝑋(𝑟) is 

defined by 𝑔(𝑥, 𝑦) = ({𝑔𝑥}, {𝑔𝑦}), 𝑔 ∈ 𝐺, 𝑥, 𝑦 ∈ 𝑋(𝑟). The orbits of 𝐺 on 

𝑋(𝑟) × 𝑋(𝑟) are known as the suborbitals of 𝐺. The orbit of (𝑥, 𝑦) is denoted 

by 𝑂(𝑥, 𝑦). If 𝑥 = 𝑦, then 𝑂(𝑥, 𝑦) = {(𝑥, 𝑥)|𝑥 ∈ 𝑋(𝑟)} and forms the diagonal 

of 𝑋(𝑟) × 𝑋(𝑟). 

2.1.Suborbital Graph, Γ 

Let 𝑂𝑖  𝑋(𝑟) × 𝑋(𝑟) , 𝑖 = 0, 1 … 𝑘 − 1 be suborbitals of G. The suborbital 

graph Γ𝑖 is formed by taking 𝑋(𝑟) as the set of vertices of Γ𝑖and by drawing a 

directed edge from x to y for the pair(𝑥, 𝑦) ∈ 𝑋(𝑟)) 𝑖𝑓𝑓 (𝑥, 𝑦) ∈ 𝑂𝑖. Hence 

each suborbital 𝑂𝑖 determines a suborbital graph Γ𝑖. 
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For every suborbital 𝑂(𝑥, 𝑦), 𝑂(𝑦, 𝑥) is also a suborbital of 𝐺. The suborbital 

𝑂(𝑦, 𝑥) is either equal to or disjoint from 𝑂(𝑥, 𝑦). If 𝑂(𝑦, 𝑥) = 𝑂(𝑥, 𝑦), then 

the corresponding graphs coincide and consist of an undirected edge from 𝑥 

to 𝑦. The suborbital 𝑂(𝑥, 𝑦) is said to be self-paired. If 𝑂(𝑦, 𝑥) is disjoint 

from 𝑂(𝑥, 𝑦), then the corresponding graphs are also disjoint with directed 

edges, reversed respectively. If 𝑥 = 𝑦, then 𝑂(𝑥, 𝑥) is suborbital of 𝐺. The 

corresponding suborbital graph is called the trivial suborbital graph. It is self 

paired and consists of a loop based at each vertex 𝑥 ∈ 𝑋(𝑟). 

Theorem 2.1[7] 

The stabilizer 𝐺𝑥 has an obit different from {𝑥} and paired with itself iff 𝐺 has 

even order. 

Theorem 2.2 [7] (P.15)  

A transitive group 𝐺 on X is primitive if 𝐺𝑥 is a maximal subgroup. 

Definition 2.3 (Connected Graph) 

A suborbital graph, Γ, is connected if every pair of vertices of Γ is joined by 

some path. 

Theorem 2.3 [6] 

Let G be transitive on X. Then G is Primitive iff each suborbital graph Γ𝑖 is 

connected. 

 

3. Properties Of Suborbital Graphs Of 𝑮 Acting on 𝑿(𝒓) 

Theorem 3.1 

Every suborbital graph of 𝐺 is undirected. 

 

Proof: 

Let ({𝑥1,𝑥2, … 𝑥𝑟}, {𝑦1, 𝑦2 … 𝑦𝑟}) ∈ 𝑂𝑖, 𝑂𝑖 ⊆ 𝑋(𝑟) × 𝑋(𝑟). Using Theorem 

2.1,𝐺 is of even order and hence self-paired. It follows that 

({𝑦1, 𝑦2 … 𝑦𝑟}, {𝑥1, 𝑥2, … 𝑥𝑟}) ∈ 𝑂𝑖, and the pair is joined by an undirected 

line. 
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Theorem 3.2 

If 𝑛 is prime, then the action of 𝐷𝑛 on 𝑋(𝑟)is primitive and each suborbital 

graph is connected 

 

Proof: 

Let 𝐺 = 𝐷𝑛, and ({𝑥1, … 𝑥𝑟}) ∈ 𝑋(𝑟). Then |𝑆𝑡𝑎𝑏𝐺({𝑥1, … 𝑥𝑟})| = 2, and it 

follows     |𝐺({𝑥1,…𝑥𝑟})| = 2. Since |𝐺| = 2𝑝 for some prime 𝑝, it is clear that 

𝐺({𝑥1,…,𝑥𝑟}) is a maximal subgroup of 𝐺, from elementary group theory. 

Hence, the action is primitive. Using Theorem 2.3, every suborbital graph is 

consequently connected. 

 

Theorem 3.4 

If 𝑛 is even, then the action of 𝐷𝑛 on 𝑋(𝑟)is imprimitive and the number of 

connected components is 
𝛼1

2
 

Proof: 

Let 𝐺 = 𝐷𝑛, and 𝑛 be even. |𝐺| has a divisor, 2𝑚 , where 𝑚 ≥ 2. 𝐺 has a 

subgroup of order 2𝑚. Suppose this subgroup is 𝐻, then 𝐻 contains a 

subgroup of order  2. It follows that 𝐺({𝑥1,…𝑥𝑟}) is not maximal in 𝐺.The action 

of 𝐺 is hence imprimitive, and some of the corresponding suborbital graphs 

are not connected. 

Let the cycle type of 𝑔 ∈ 𝐺 be (𝛼1, 𝛼2, … 𝛼𝑛) and 

({𝑥1, 𝑥2, … 𝑥𝑟}, {𝑦1, 𝑦2, … 𝑦𝑟}) ∈ 𝑂𝑖, where 𝑂𝑖 𝑋(𝑟) × 𝑋(𝑟). The suborbital 

graph corresponding to the suborbital 𝑂𝑖is connected if the pair 

{𝑥1, 𝑥2, … 𝑥𝑟}, {𝑦1, 𝑦2, … 𝑦𝑟} comes from (𝑛 − 1) - cycle in 𝐺. The number of 

such cycles determines the number of connected components. The number of 

such cycles is 
𝛼1

2
. Hence the proof. 
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