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Abstract

In this paper we continue the study of non connected graded Goren-
stein algebras initiated in [13], the main result is the proof of a version
of the Local Cohomology formula.
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1 Introduction

Non commutative versions of regular and Gorenstein algebras have been stud-
ied by several authors, [2], [3],[6],[7],[8],[9], [19], they usually deal with graded
connected algebras. In [11],[15 ] we studied non connected Artin Schelter regu-
lar algebras and proved, that for such algebras the Local Cohomology formula
and Serre duality hold. A natural example of such algebras is the preprojective
k-algebra of an Euclidean Diagram Q [10].

In [13] we investigated non connected graded Artin Schelter Gorenstein
algebras, an easy example is the following: let Γ be a preprojective k-algebra
of an Euclidean Diagram Q with only sinks and sources and Λ=kQ � D(kQ)
the trivial extension. Then the algebra Λ ⊗�Γ is non connected and Artin
Schelter Gorenstein.
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The aim of the paper is to continue the study of these algebras and to
provide a non connected version of the Local Cohomology formula. The article
consists of two sections; in the first one we fix the notation and recall some
basic results on Artin Schelter regular and Gorenstein algebras from [11], [12],
[13], then we study the structure of a generalization of non connected AS
Gorenstein algebras. In the second section we give an elementary proof of the
Local Cohomology formula for such algebras.

2 Definitions and basic results

We recall first some basic definitions and results on graded Gorenstein algebras,
then we concentrate in the study of the structure of graded Artin Schelter
Gorenstein algebras. For further properties on graded and Gorenstein algebras
we refer the reader to [1], [9],[12],[14].

Definition 2.1. Let k be a field, a locally finite positively graded k-algebra is
a positively graded k-algebra Λ=⊕

i≥0
Λi such that:

i) Λ0=k× k× ...k
ii) dim�Λi <∞.

Example 2.2. Given a finite quiver Q and a field k, the quiver algebra is
graded by path length, given an homogeneous ideal I the quotient kQ/I is a
locally finite positively graded k-algebra.

The graded algebras we will consider here will be always locally finite pos-
itively graded k-algebras.

Definition 2.3. Given a Z-graded module M={Mi}i∈� over a locally finite
positively graded k-algebra Λ, we say M is locally finite if dim�Mi <∞ for all
i.

Given a Z-graded module M={Mi}i∈� we denote by M[n] the n-th shift
defined by M[n]i=Mn+i and we denote the n-truncation of M by M≥n, where

M≥n is defined by (M≥n)j =

{
0 if j < n

Mj if j ≥ n

Definition 2.4. Given a positively graded k-algebra Λ=⊕
i≥0

Λ, the graded Ja-

cobson radical is m=Λ≥1.

We denote by GrΛ the category of graded Λ-modules and degree zero
maps. Given graded Λ-modules M and N, HomΛ(M,N)k is the set of all
maps f : M→N such that f(Mj)⊆Nj+k and we call them, maps in degree
k. By HomΛ(M,N) we mean HomΛ(M,N)= ⊕

k∈�
HomΛ(M,N)k. The maps in
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all degrees HomΛ(M,N) is a graded k-vector space. We have isomorphisms:
HomΛ(M,N)k

∼=HomΛ(M,N[k])0 ∼=HomΛ(M[-k],N)0. If M is finitely generated
and N locally finite, then HomΛ(M,N) is locally finite.

In a similar way the k extensions in degree zero, Extk
Λ(-,?)0 are the de-

rived functors of HomΛ(-,?)0. We define Extk
Λ(M,N)n=Extk

Λ(M,N[n])0 and
Extk

Λ(M,N) = ⊕
n∈�

Extk
Λ(M,N)n.

Denote by l.f.GrΛ the full subcategory of GrΛ consisting of all locally finite
modules. Then l.f.GrΛ is abelian and there is a duality D : l.f.GrΛ →l.f.GrΛop

given by D(M)j=Hom�(M−j ,k) and D(M)={D(M)j}j∈�.
A notion of regular for non commutative connected positively graded al-

gebras was introduced by Artin and Schelter [1], a slight generalization is the
following: (See [11],[12])

Definition 2.5. Let Λ be a locally finite positively graded k-algebra. Then Λ
is called Artin-Schelter regular if the following conditions are satisfied:

i) There is an integer n such that all graded simple have projective dimen-
sion n.

ii) For any graded simple S and an integer 0≤i<n, ExtiΛ(S,Λ)=0.
iii) The assignment S→ExtnΛ(S,Λ) gives a bijection between the graded sim-

ple Λ- modules and the graded simple Λop-modules.

The above definition was extended to graded categories in [15].

Definition 2.6. A ring R is called Gorenstein if R has finite injective dimen-
sion both as a left and as a right R-module. We denote the left (right) injective
dimension by injdimRR (injdimRR).

It was proved in [19] that Gorenstein implies injdiimRR=injdimRR, but it
is not known whether a one side condition implies the condition on both sides.

The notion of Artin-Schelter regular inspired a definition of Gorenstein for
connected graded algebras that has been used by several authors like: [8],[9],
[18], [20]. It has been called Artin Schelter Gorenstein (AS Gorenstein, for
short). We will use here the following variation of that definition for non
connected graded algebras:

Definition 2.7. Let k be a field and Λ a locally finite positively graded k-
algebra. Then we say that Λ is graded Artin Schelter Gorenstein if the following
conditions are satisfied:

There exists a non negative integer n, called the graded injective dimension
of Λ, such that:

i) For all graded simple Si concentrated in degree zero and non negative
integers j�=n, ExtjΛ(Si,Λ)=0.

ii) We have an isomorphism ExtnΛ(Si,Λ)=S′
i[-ni], with S′

i a graded Λop-
simple.
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iii) For a non negative integer k�=n, ExtkΛop(ExtnΛ(Si,Λ),Λ)=0 and
ExtnΛop(ExtnΛ(Si,Λ),Λ)=Si.

Observe that in this definition we are not assuming the algebra is Goren-
stein, and it is not clear that condition i) implies Λ of finite injective dimen-
sion. However, our definition of graded AS Gorenstein is a two sided condition.
Would be interesting to know if graded AS Gorenstein implies Gorenstein. We
will some times assume that an algebra is both Gorenstein and graded AS
Gorenstein.

We next recall a result from [13] that has an interesting corollary related
to the above remark.

A proof using spectral sequences and results from [16] was suggested by
Miyachi, being more elementary, we reproduce here the proof given in [13].

Theorem 2.8. Let R be an arbitrary Gorenstein ring and M a left R-
module with a projective resolution consisting of finitely generated projective
modules. Assume there is a non negative integer n such that ExtjR(M,R)=0 for
j�=n. Then ExtnR(M,R) satisfies the following conditions:

a) ExtjRop(ExtnR(M,R),R)=0 for j�=n.
b) ExtnRop(ExtnR(M,R),R)∼=M.
In case R is graded and M a graded R-module, the isomorphism is as graded

R-modules.

Proof. Assume M is of finite projective dimension n.
Let n=0. Then M and M∗ are projective, M∗∗ ∼=M and Ext�

R(M,R)=0 for
� �=0.

Assume pdM=n>0 and let: 0→Pn →Pn−1 →...P1 →P0 →M→0 be a
projective resolution of minimal length with Pj finitely generated for all j.

Dualizing with respect to the ring we obtain an exact sequence:
0→P∗

0 →P∗
1 →...P∗

n−1 →P∗
n →Extn

R(M,R)→0.
Dualizing again the complex: 0→P∗∗

n →P∗∗
n−1 →...P∗∗

1 →P∗∗
0 →0 is isomor-

phic to the complex:
0→Pn →Pn−1 →...P1 →P0 →0.
It follows Exti

Rop(Extn
R(M,R),R)=0 for i�=n and Extn

Rop(Extn
R(M,R),R)∼=M.

Assume M is of infinite projective dimension.
Let *) ...→Pn →Pn−1 →...P1 →P0 →M→0 be a projective resolution with

Pj finitely generated for all j.
Consider first the case n=0.
Dualizing with respect to the ring we obtain an exact sequence:
0→M∗ →P∗

0 →P∗
1 →...P∗

t →P∗
t+1 →Y→0, where t is the injective dimension

of R .
Then M∗=Ωt+2Y and for i>0, Exti

R(M∗,R)=Exti
R(Ωt+2Y,R)=Exti+t+1

R (Y,R)
=0, also Ext1R(ΩtY,R)=Extt+1

R (Y,R)=0.
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Hence the exact sequences:
0→M∗ →P∗

0 → Ωt+1Y→0 and 0→ Ωt+1Y→P∗
1 → ΩtY→0 induce exact

sequences:

0→ (Ωt+1Y)∗ → P∗∗
0 → M∗∗ → 0and0→ (ΩtY)∗ → P∗∗

1 → (Ωt+1Y)∗ → 0.

We have proved the sequence: P∗∗
1 →P∗∗

0 →M∗∗ →0 is exact.
It follows M∼=M∗∗ and Exti

Rop(M∗,R)=0 for i�=n.
Assume now n>0. Dualizing *) with respect to the ring we get the complex:

0→ M∗ → P∗
0 → P∗

1 → ...P∗
n−1

f∗
n→ P∗

n

f∗
n∗1→ P∗

n+1

f∗
n+2→ P∗

n+2 → ...

whose homology is zero except at degree n, where Kerf∗n+1/Imf∗n=Extn
R(M,R).

Let C=P∗
nIimf∗n and X=Imf∗n+1=Kerf∗n+2=P∗

n/Kerf∗n+1.
There is an exact sequence:

*) 0→ Extn
R(M,R)→ C→ X→ 0.

Consider the exact sequence:

0→ X→ P∗
n+1 → P∗

n+2 → ...P∗
n+t−1 → P∗

n+t → Y→ 0,

with t the injective dimension of R.
Then for i>0, we have: Exti

Rop(X,R)=Exti
Rop(ΩtY,R)=Exti+t

Rop(Y,R)=0.
By the sequence *) and the long homology sequence we have an exact

sequence:

Exti
Rop(X,R)→ Exti

Rop(C,R)→ Exti
Rop(Extn

R(M,R),R)→ Exti+1
Rop(X,R)

It follows that for each i≥1 there is an isomorphism:
Exti

Rop(C,R)∼=Exti
Rop(Extn

R(M,R),R) and that the sequence

0→ X∗ → C∗ → Extn
R(M,R)∗ → 0

is exact.

Since M∗=0, the sequence: 0 →P∗
0 →P∗

1 →...P∗
n−1

f∗
n→P∗

n

f∗
n∗1→C→0 is exact

and pdC≤n.
Being the complexes:
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0→Pn →Pn−1 →...P1 →P0 →0 and 0→P∗∗
n →P∗∗

n−1 →...P∗∗
1 →P∗∗

0 →0
isomorphic, it follows Exti

Rop(C,R)=0 for i�=n, i�=0 and Extn
Rop(C,R)=M.

By the above observations, Exti
Rop(Extn

R(M,R),R)=0 for i�=0, i�=n and
Extn

Rop(Extn
R(M,R),R)∼=M.

Consider the following diagram with exact column and first row:

0
↓

P∗
n−1 → Kerf∗n∗1 → Extn

R(M,R) → 0
↓ 1 ↓

P∗
n−1

f∗n→ P∗
n

f∗n∗1→ P∗
n+1

↓ ↗
Imf∗n∗1
↓
0

Using the fact Ext1R(X,R)=Ext1R(Imf∗n∗1,R)=0 we obtain by dualizing an
exact commutative diagram:

0
↓

( Imf∗n∗1)
∗

↗ ↓
P∗∗

n+1

f∗∗
n+1→ P∗∗

n

f∗∗
n→ P∗∗

n+1

↓ t ↓ p ↓ 1

0→ Extn
R(M,R)∗ s→ (Kerf∗n∗1)

∗ −→ P∗∗
n+1

↓
0

By Five’s lemma, t is an epimorphism and st=pf∗∗n+1=0 implies Extn
R(M,R)∗

=0, as claimed.

Corollary 2.9. Let Λ be a locally finite positively graded k-algebra that is
Gorenstein of injective dimension n, such that all graded left and all graded
right simple have projective resolutions consisting of finitely generated projec-
tive modules.

Assume the following conditions hold:

a) For all graded simple S and non negative integers i�=n, ExtiΛ(S,Λ)=0.

b) Each right module ExtnΛ(S,Λ) is graded simple.

Then Λ is graded AS Gorenstein.
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We comeback to the more general notion of AS Gorenstein graded algebra
and prove that, like in the Artin-Schelter regular case (See [15]), the functor
Extn

Λ(-,Λ) induces a duality between the categories of graded Λ-modules of
finite length and the corresponding category of Λop-modules.

Proposition 2.10. Let Λ be a graded AS Gorenstein algebra of graded injec-
tive dimension n, and assume all graded simple left modules have projective
resolutions consisting of finitely generated projective modules. Then for any
graded left Λ-module M of finite length, the following is true:

i) For any non negative integers i�=n, ExtiΛ(M,Λ)=0.
ii) The right Λ-module ExtnΛ(M,Λ) has finite length and �(ExtnΛ(M,Λ))=�(M).
iii) ExtnΛop(ExtnΛ(M,Λ),Λ)∼=M.

Proof. We consider first the case n=0.
This means that for any graded simple S the dual with respect to the ring

S∗ is simple, S∼=S∗∗ and Exti
Λ(S,Λ)=0 for i�=0.

We prove the claim by induction on �(M).
Let M′ be a maximal graded submodule. Then M/M′=S is simple and the

exact sequence: 0→M′ →M→S→0 induces, by hypothesis, the exact sequence:
*) 0→S∗ →M∗ →(M′)∗ →0. Dualizing again, we have a commutative exact
diagram:

0→ M′ → M → S → 0
↓ θM ′ ↓ θM ↓ θS

0→ (M′)∗∗ → M∗∗ → S∗∗

By hypothesis θM ′ and θS are isomorphisms, by the short Five’s lemma θM

is an isomorphism. By induction hypothesis �(M′)=�((M′)∗) and the exactness
of the sequence *) implies �(M)=�(M∗).

Assume n>0 and apply again induction on �(M). As before, M′ is a maximal
graded submodule of M and M/M′=S.

From the long homology sequence we have an exact sequence:

Exti
Λ(S,Λ)→ Exti

Λ(M,Λ)→ Exti
Λ(M′,Λ)

Exti
Λ(S,Λ)=Exti

Λ(M′,Λ)=0 for i�=n implies Exti
Λ(M,Λ)=0 for i�=n,

and �(Extn
Λ(M′,Λ)=�(M′) implies �(Extn

Λ(M,Λ))=�(M).
We only need to prove Extn

Λop(Extn
Λ(M,Λ),Λ)∼=M.

Let

...→Qi →Qi−1 →...Q1 →Q0 →M′ →0

and ...→Pi →Pi−1 →...P1 →P0 →S→0
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be graded projective resolutions. By Horseshoe’s lemma, there is an exact
commutative diagram:

**)

..

.

..

.

..

.

↓ ↓ ↓
0→ Qi+1 → Qi+1 ⊕ Pi+1 → Pi+1 → 0

fi+1 ↓ hi+1 ↓ gi+1 ↓
0→ Qi → Qi ⊕ Pi → Pi → 0

..

.

..

.

..

.

↓ ↓ ↓
0→ Q1 → Q1 ⊕ P1 → P1 → 0

f1 ↓ h1 ↓ g1 ↓
0→ Q0 → Q0 ⊕ P0 → P0 → 0

f0 ↓ h0 ↓ g0 ↓
0→ M′ → M → S → 0

↓ ↓ ↓
0 0 0

Dualizing the diagram **) with respect to the ring we obtain an exact
sequence of complexes:

0 0 0
↓ ↓ ↓

0→ P∗
0 → P∗

0 ⊕Q∗
0 → Q∗

0 → 0
g∗1 ↓ h∗

1 ↓ f∗1 ↓
0→ P∗

1 → P∗
1 ⊕Q∗

1 → Q∗
1 → 0

..

.

..

.

..

.

↓ ↓ ↓
0→ P∗

n → P∗
n ⊕Q∗

n → Q∗
n → 0

g∗n+1 ↓ h∗
n+1 ↓ f∗n+1 ↓

0→ P∗
n+1 → P∗

n+1 ⊕Q∗
n+1 → Q∗

n+1 → 0
↓ ↓ ↓
..
.

..

.

..

.

whose homology is zero except at degree n. Then we have an exact sequence
of projective resolutions:
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0 0 0
↓ ↓ ↓

0→ P∗
0 → P∗

0 ⊕Q∗
0 → Q∗

0 → 0
g∗1 ↓ h∗

1 ↓ f∗1 ↓
0→ P∗

1 → P∗
1 ⊕Q∗

1 → Q∗
1 → 0

..

.

..

.

..

.

↓ ↓ ↓
0→ P∗

n → P∗
n ⊕Q∗

n → Q∗
n → 0

↓ ↓ ↓
0→ CS → CM → CM ′ → 0

↓ ↓ ↓
0 0 0

Setting as above CS=P∗
n/Img∗n, CM=P∗

n⊕Q∗
n/Imh∗

n and CM ′=Q∗
n/Imf∗n and

XS=P∗
n/Kerg∗n+1, XM=P∗

n⊕Q∗
n/Kerh∗

n+1 and XM ′=Q∗
n/Imf∗n+1.

Then there is an exact commutative diagram:
***)

0 0 0
↓ ↓ ↓

0→ Extn
Λ(S,Λ) → Extn

Λ(M,Λ) → Extn
Λ(M′,Λ) → 0

↓ ↓ ↓
0→ CS → CM → CM ′ → 0

↓ ↓ ↓
0→ XS → XM → XM ′ → 0

↓ ↓ ↓
0 0 0

Applying the functor Extn
Λop(-,Λ)to the diagram ***) we have a commuta-

tive exact diagram:

M′ M S
↓∼= ↓∼= ↓∼=

0→ Extn
Λ(CM ′,Λ) → Extn

Λ(CM ,Λ) → Extn
Λ(CS,Λ)→ 0

↓ ψM ′ ↓ ψM ↓ ψS

0→ Extn
Λ(Extn

Λ(M′,Λ),Λ) → Extn
Λ(Extn

Λ(M,Λ),Λ) → Extn
Λ(Extn

Λ(S,Λ),Λ)
↓ 0

where ψM ′ and ψS are isomorphisms. Therefore ψM is an isomorphism.

Lemma 2.11. Let Λ be an algebra over a field k and M a finitely presented
left Λ-module. Then for any left Λ-module X there is a natural isomorphism
of k-vector spaces: Hom�(HomΛ(M,X),k))∼=Hom�(X,k)⊗ΛM.
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Proof. Let *) P1 →P0 →M→0 be a finite projective presentation of M. Ten-
soring with D(X)=Hom�(X,k), we obtain an exact sequence of k-vector spaces:
D(X)⊗P1 →D(X)⊗P0 →D(X)⊗M→0, which is isomorphic to the exact
sequence:

**) HomΛop(P∗
1,D(X))→HomΛop(P∗

0,D(X))→D(X)⊗M→0. P∗
i is the dual

with respect to the ring.
By adjunction, the sequence **) is isomorphic to the exact sequence:
Hom�(P

∗
1⊗X,k)→Hom�(P

∗
0⊗X,k)→D(X)⊗M→0.

In addition, P∗
i⊗X∼=HomΛ(Pi,X) and **) is isomorphic to:

D(HomΛ(P1,X))→D(HomΛ(P0,X))→D(X)⊗M→0.
In the other hand, the presentation *) induces an exact sequence:
0→HomΛ(M,X)→HomΛ(P0,X)→HomΛ(P1,X).
Dualizing it we obtain the exact sequence:
D(HomΛ(P1,X))→D(HomΛ(P0,X))→D(HomΛ(M,X))→0.
It follows: D(X)⊗M∼=D(HomΛ(M,X)).

As a corollary we get:

Proposition 2.12. Let Λ be a left coherent algebra over a field k. Then for
any injective I its dual Hom�(I,k) is flat.

Proof. Let a be a finitely generated left ideal of Λ, by definition of coherent, a
is finitely presented, hence by Lemma 2.11, there is a natural isomorphism:

D(I)⊗Λa ∼=D(HomΛ(a,I)).

The exact sequence 0→ a
j→ Λ→ Λ/a→0 induces an exact sequence:

0→HomΛ(Λ/a,I)→HomΛ(Λ,I)→HomΛ(a,I)→0. We obtain by dualizing it
the exact sequence:

0→D(HomΛ(a,I))→D(HomΛ(Λ,I))→D(HomΛ(Λ/a,I))→0, which is isomor-

phic to the exact sequence: D(I)⊗Λa
1⊗j→D(I)⊗ΛΛ→D(I)⊗ΛΛ/a→0.

Therefore: 1⊗j is a monomorphism.
It follows by [17] Proposition 3.58, that D(I) is flat.

The Gorenstein property, or more generally the Cohen Macaulay property,
is related with the existence of a dualizing object, in the commutative case
the ring or another bimodule [4], in other instances a dualizing complex, for
example the injective resolution of the ring [18], [20], in the case of Artin
Schelter regular algebras Λ considered in [11], the dualizing object was a shift
of Λ, in the case we are considering the dualizing object is also a bimodule,
but its description is more subtle, we dedicate the remain of this section to
find its structure.

Proposition 2.13. [13] Let Λ be a graded AS Gorenstein k-algebra of graded
injective dimension n. Then for any graded simple Sj concentrated in degree
zero, there exists a unique indecomposable projective Qσ(j) and a non negative
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integer nj such that ExtnΛ(Sj,Qσ(j)[-nj])0 �=0 and the assignment Sj →Qσ(j) is
a bijection.

Proof. We have the following isomorphisms:
Extn

Λ(Sj ,Λ)= ⊕
k∈Z

Extn
Λ(Sj,Λ)k

∼=S′
j[-nj ], where S′

j has dimension one as k-

vector space. Since the isomorphism is as k-graded vector spaces, Extn
Λ(Sj ,Λ)k

�=0 implies k=-nj. The algebra Λ decomposes in sum of indecomposables

Λ ∼= m⊕
i=1

Qi. Then Extn
Λ(Sj,Λ)−nj

=
m⊕

i=1
Extn

Λ(Sj,Qi[-nj ])0=S′
j [-nj] and there exists

a unique integer σ(j) such that Extn
Λ(Sj ,Qσ(j)[-nj ])0 �=0.

We will prove that the function j→ σ(j) is injective, hence bijective.
Assume for some simple Sk there is an isomorphism Qσ(j)

∼=Qσ(k). But both
Extn

Λ(Sj ,Qσ(j))�=0 and Extn
Λ(Sk,Qσ(k))�=0.

There are isomorphisms:
Extn

Λ(Sj ,Qσ(j))=Extn
Λ(Sj,Λ)⊗ΛQσ(j)

∼=S′
j⊗ΛQσ(j)[-nj ] and Extn

Λ(Sk,Qσ(k))
=Extn

Λ(Sk,Λ)⊗ΛQσ(k)
∼=S′

k⊗ΛQσ(k)[-nk].
After dualizing we obtain the following isomorphisms:
D(S′

j⊗ΛQσ(j)[-nj ])=HomΛop(S′
j ,D(Qσ(j))[nj])�=0 and D(S′

k⊗ΛQσ(k)[-nk])
=HomΛop(S′

k,D(Qσ(k))[nk])�=0.
Since Qσ(j)

∼=Qσ(k) and D(Qσ(j))∼=D(Qσ(k))has simple socle, it follows S′
j
∼=S′

k,
in fact D(S′

j)
∼=Qσ(j)/JQσ(j)

∼=Sσ(j).

We have proved Extn
Λ(Sj ,Λ)∼=D(Sσ(j))[-nj].

What we want to do next is to prove that
m⊕

j=1
Qj[nj ] has a structure of Λ-Λ

bimodule and it is projective both as left and as right Λ-module.
Let Qk be an indecomposable projective Λ-module with injective resolution:
0→Qk →I

(k)
0 →I

(k)
1 →I

(k)
2 →...I

(k)
n−1 →I

(k)
n →I

(k)
n+1 →...

Here I
(k)
n decomposes as I

(k)
n =I

′(k)
n ⊕I

′′(k)
n , where I

′(k)
n is torsion and I

′′(k)
n is

torsion free in the sense of [M].

Then 0�=Extn
Λ(Sσ−1(k)[nσ−1(k)

],Qk)0=HomΛ(Sσ−1(k)[nσ−1(k)
],I

(k)
n )0=

HomΛ(Sσ−1(k)[nσ−1(k)
],I

′(k)
n )0=D(Sk)[-nσ−1(k)].

Therefore: I
′(k)
n =D(Q∗

σ−1(k))[-nσ−1(k)
].

Since Λ has a decomposition Λ ∼= m⊕
i=1

Qi, it has an injective resolution:

0→ Λ→I0 →I1 →I2 →...In−1 →In →In+1 →...with Ij=
m⊕

k=1
I
(k)
j and In=I′n⊕I′′n,

with I′n=
m⊕

k=1
I
′(k)
n and I′′n=

m⊕
k=1

I
′′(k)
n .

The module I′′n is torsion free and I′n=
m⊕

k=1
D(Q∗

σ−1(k))[-nσ−1(k)
]=

m⊕
k=1

D(Q∗
j)[-nj],

after shifting.
We give I′n a structure of Λ-Λ bimodule as follows:
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Let λ ∈ Λ be a non zero homogeneous element of Λ and φλ the map
φλ : Λ→ Λ given by right multiplication, φλ(x)=xλ.

This map extends to a map of resolutions:

0→ Λ
ε→ I0

d0→ I1 ... In → In+1 ...
φλ ↓ φ0

λ ↓ φ1
λ ↓ φn

λ ↓ φn+1
λ ↓

0→ Λ
ε→ I0

d0→ I1 ... In → In+1 ...

Since I′′n is torsion free HomΛ(I′n,I′′n)=0 and φn
λ : I′n⊕I′′n →I′n⊕I′′n has trian-

gular form: φn
λ=

[ ∧
φλ ρ
0 σ

]
.

We claim the map:
∧
φλ: I′n →I′n is unique.

Assume(ψ0
λ,ψ1

0 ,ψ
2
λ...ψ

n
λ ,ψn+1

λ ...) is another lifting of φλ.

The map ψn
λ has triangular form ψn

λ=

[ ∧
ψλ ρ
0 σ

]

Then there exists a homotopy {sk}, sk : Ik →Ik−1 such that
φn

λ=dn−1sn+sn+1dn+ψn
λ .

There are decompositions:

sn=(s′n,s′′n),dn=(d′
n,d′′

n),sn+1=

[
s′n+1

s′′n+1

]
and dn−1=

[
d′

n−1

d′′
n−1

]
.

It follows: dn−1sn+sn+1dn=

[
d′

n−1

d′′
n−1

]
(s′n,s′′n)+

[
s′n+1

s′′n+1

]
(d′

n,d′′
n).

Since In−1and In+1are torsion free we have:

s′n=0, d′
n=0, dn−1sn+sn+1dn=

[
0 d′

n−1s
′′
n+s′n+1d

′′
n

0 d′′
n−1s

′′
n+s′′n+1d

′′
n

]
.

It follows: φn
λ=

[ ∧
φλ ρ
0 σ

]
=

[ ∧
ψλ ρ+d′

n−1s
′′
n+s′n+1d

′′
n

0 σ+d′′
n−1s

′′
n+s′′n+1d

′′
n

]
.

Therefore:
∧
φλ=

∧
ψλ.

It is clear that there is a ring homomorphism Λ→EndΛ(I′n) given by λ→
∧
φλ

which gives I′n the structure of Λ-Λ bimodule.
Similarly to the left sided situation, Λ has a right injective resolution:
0→ Λ→J0 →J1 →J2 →...Jn−1 →Jn →Jn+1...

Jn=J′
n⊕J′′n with J ′

n torsion and J ′′
n torsion free and J′

n=
m⊕

j=1
D(Qj)[-nj] is a

Λ-Λ bimodule. It follows D(J′
n)=

m⊕
j=1

Qj[nj ] is a Λ-Λ bimodule.

In order to continue the study of the bimodule structure of I ′n and J ′
n we

need the following:
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Lemma 2.14. Let Λ be a positively graded locally finite k-algebra, E a finitely
cogenerated injective left Λ-module and {Mα,πα}α∈A an inverse system of lo-
cally finite graded left Λ-modules such that M=lim←−Mα is locally finite. Then
we have a natural isomorphism: HomΛ(lim←−Mα,E)=lim−→HomΛ(Mα,E).

Proof. Since E is finitely cogenerated it is locally finite. It was proved in [12]
that D is a duality in the category of locally finite graded modules. Applying
the duality and adjunction we have natural isomorphisms:

Hom�(HomΛ(lim←−Mα,E),k)∼=D(E)⊗lim←−Mα.
Using the fact D(E) is a finitely generated projective, we have isomor-

phisms:
D(E)⊗lim←−Mα

∼=HomΛ(D(E)∗, lim←−Mα)∼= lim←−HomΛ(D(E)∗,Mα)∼= lim←−(D(E)⊗Mα)
∼= lim←−D(HomΛ(Mα,E)).

It follows from [7] that lim←−D(HomΛ(Mα,E))∼=D(lim−→HomΛ(Mα,E)).
Dualizing again we obtain the isomorphism:

HomΛ(lim←−Mα,E)∼= lim−→HomΛ(Mα,E).

As a corollary we have:

Lemma 2.15. Let Λ be a positively graded locally finite k-algebra, X,Y graded
left Λ-modules with Y locally finite. Then for any non negative integer n, there
is a natural isomorphism: ExtnΛ(X,Y)∼=D(TorΛ

n(D(Y),X)).

Proof. Consider a projective resolution of X:
→Qn+1 →Qn →Qn−1...→Q1 →Q0 −→X→0.
Tensoring with D(Y)we obtain a complex *):

D(Y)⊗ΛQn+1 →D(Y)⊗ΛQn →D(Y)⊗ΛQn−1...→D(Y)⊗ΛQ1 →D(Y)⊗ΛQ0 −→0
whose n-th homology is TorΛ

n(D(Y),X).
Dualizing *) we obtain a complex **):

0→D(D(Y)⊗ΛQ0)→D(D(Y)⊗ΛQ1)→...D(D(Y)⊗ΛQn−1 →D(D(Y)⊗ΛQn)
→D(D(Y)⊗ΛQn+1)−→...
with n-th homology D(TorΛ

n(D(Y),X)).
Since we have natural isomorphisms:
D(D(Y)⊗ΛQi)∼=HomΛ(Qi,D

2(Y))∼=HomΛ(Qi,Y), the complex **) is isomor-
phic to the complex:
0→HomΛ(Y,Q0)→→...HomΛ(Y,Qn−1)→HomΛ(Y,Qn)→HomΛ(Y,Qn+1)→...
whose n-th homology Extn

Λ(X,Y).
It follows: Extn

Λ(X,Y)∼=D(TorΛ
n(D(Y),X)).

Corollary 2.16. Let Λ be a graded AS Gorenstein algebra of graded injec-
tive dimension n. Then for any graded left Λ-module M, there is a natural
isomorphism:

ExtiΛ(M,
m⊕

j=1
Qj[nj])∼=D(TorΛ

i (J′
n,M)).
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Corollary 2.17. Let Λ be a positively graded locally finite k- algebra, {Xα,jα}
be a graded direct system of Λ-modules and Y a locally finite Λ-module. Then
for any non negative integer i, there is a natural isomorphism: ExtiΛ(lim−→Xα,Y)∼=
lim←−ExtiΛ(Xα,Y).

Proof. From the isomorphism: TorΛ
i (D(Y),lim−→Xα)∼= lim−→TorΛ

i (D(Y),Xα), we
obtain a chain of isomorphisms:

Exti
Λ(lim−→Xα,Y) ∼= D(TorΛi (D(Y),lim−→Xα) ∼= D(lim−→TorΛ

i (D(Y),Xα)) ∼=

lim←−D(TorΛ
i (D(Y),Xα))∼= lim←−Exti

Λ(Xα,Y).

As an application of these observations we have the following:
Let Λ be a graded Gorenstein algebra, such that all graded simple have pro-

jective resolutions consisting of finitely generated projective, m be the graded
radical of Λ and k a positive integer. Then there are isomorphisms:
Extn

Λ(Λ/Λ≥k,Λ)∼=HomΛ(Λ/Λ≥k,I
′
n) and D(HomΛ(Λ/Λ≥k,I

′
n))∼=D(I′n)⊗Λ/Λ≥k.

Dualizing again and using adjunction:
HomΛ(Λ/Λ≥k,I

′
n)∼=HomΛop(D(I′n),D(Λ/Λ≥k)).

Using the fact D(I ′n) is a finitely generated projective, HomΛ(Λ/Λ≥k,I
′
n)

∼=D(Λ/Λ≥k)⊗D(I′n)∗. It follows
lim−→Extn

Λ(Λ/Λ≥k,Λ)∼= lim−→(D(Λ/Λ≥k)⊗D(I′n)∗)∼=(lim−→(D(Λ/Λ≥k))⊗D(I′n)∗ ∼=
D(lim←−Λ/Λ≥k)⊗D(I′n)∗ ∼=D(Λ)⊗D(I′n)∗ ∼=HomΛop(D(I′n),D(Λ))∼=HomΛ(Λ,I′n)∼=I′n.

Similarly, lim−→Extn
Λop(Λ/Λ≥k,Λ)∼=J′

n.
Observe that the functor lim−→HomΛ(Λ/Λ≥k,-) is left exact and it has left

derived functors lim−→Exti
Λ(Λ/Λ≥k,-).

Definition 2.18. Let Λ be a positively graded locally finite k-algebra and m
the graded Jacobson radical. The i-th local cohomology of the module M is
lim−→ExtiΛ(Λ/Λ≥k,M).

We write Γm(M)=lim−→HomΛ(Λ/Λ≥k,M) and Γi
m(M)=lim−→Exti

Λ(Λ/Λ≥k,M).
We have proved above that for a graded AS Gorenstein algebra of graded
injective dimension n, , such that all graded simple have projective resolutions
consisting of finitely generated projective, Γn

m(Λ)=I′n and Γn
mop(Λ)=J′

n.

Lemma 2.19. Λ , Γ be a positively graded k-algebras such that the graded sim-
ple have projective resolutions consisting of finitely generated projective mod-
ules, mΛ, mΓ, the graded Jacobson radicals of Λ and Γ, respectively and mΛ⊗�Γ
the graded Jacobson radical of Λ⊗�Γ. Then ΓmΛ⊗�Γ=ΓmΓ

◦ ΓmΛ
=ΓmΛ

◦ ΓmΓ

Proof. From inequalities:(Λ⊗�Γ)≥k ⊇ Λ0 ⊗�Γ≥k+Λ≥k ⊗�Γ0 ⊇(Λ⊗�Γ)≥2k, it
follows:
lim−→HomΛ⊗Γ(Λ⊗Γ/((Λ⊗Γ)≥k,-)=lim−→HomΛ⊗Γ(Λ⊗Γ/(Λ0⊗�Γ≥k+Λ≥k⊗�Γ0),-)
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=lim−→HomΛ⊗Γ(Λ/Λ≥k ⊗ Γ/Γ≥k,-)=lim−→HomΓ(Γ/Γ≥k,HomΛ(Λ/Λ≥k,-))=
lim−→lim−→HomΓ(Γ/Γ≥k,HomΛ(Λ/Λ≥k,-))=lim−→HomΓ(Γ/Γ≥k,lim−→HomΛ(Λ/Λ≥k,-))=
ΓmΓ
◦ ΓmΛ

.
Also lim−→HomΛ⊗Γ(Λ/Λ≥k ⊗ Γ/Γ≥k,-)=lim−→HomΛ(Λ/Λ≥k,HomΓ(Γ/Γ≥k,-))=

lim−→lim−→HomΛ(Λ/Λ≥k, HomΓ(Γ/Γ≥k,-))=lim−→HomΛ(Λ/Λ≥k, lim−−→HomΓ(Γ/Γ≥k,-))=
ΓmΛ ◦ ΓmΓ.

The following result can be found in [9], for completeness we include it
here.

Proposition 2.20. Let Λ be a positively graded k-algebras such that the graded
simple have projective resolutions consisting of finitely generated projective, m
the graded radical of Λ and mop the graded radical of Λop. Then for any integer
k, Γk

m(Λ)=Γk
mop(Λ).

Proof. Let 0→ Λ →E0 →E1 →...Et →Et+1 →... be an injective resolution of
Λ as bimodule, it is easy to prove that each Et is injective both as left and as
right module and let E be the complex: 0→E0 →E1 →...Et →Et+1 →...

Then we have:
ΓmΛ⊗�Λop (E)=Γmop ◦ Γm(E)=lim−→HomΛop(Λ/Λ≥k,lim−→HomΛ(Λ/Λ≥�,E))=

lim−→lim−→HomΛop(Λ/Λ≥k,HomΛ(Λ/Λ≥�,E))=lim−→lim−→HomΛ(Λ/Λ≥�⊗Λ Λ/Λ≥k,E)
=lim−→lim−→HomΛ(Λ/Λ≥�+Λ≥k,E)=lim−→HomΛ(Λ/Λ≥�,E)=Γm(E).

Similarly, ΓmΛ⊗�Λop (E) =Γmop(E).

Taking the k−th homology of the complex we obtain Γk
m(Λ)=Γk

mop(Λ).

As an application of this equality we have the following:

Corollary 2.21. For a graded AS Gorenstein algebra Λ of graded injective
dimension n, such that all graded simple have projective resolutions consisting
of finitely generated projective, I′n ∼=J′

n as a bimodule.

3 Local Cohomology

The aim of this section is to prove the Local Cohomology formula for a class
of graded Gorenstein algebras. We already have all the ingredients to prove it
for graded Gorenstein algebras of finite local cohomology dimension and such
that all graded simple have graded projective resolutions consisting of finitely
generated projective modules.

Definition 3.1. We say that a graded AS Gorenstein algebra Λ has finite left
local cohomology dimension, if there is a non negative integer �0 such that for
any left Λ-module M and any integer � > �0, Γ�

m(M)=0.
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Let Λ be an algebra satisfying these conditions, consider the projection
maps πk : Λ/Λ≥k → Λ/Λ≥k−1, the collection {πk,Λ/Λ≥k}k≥0 forms a graded
inverse system.

For each k, there is a minimal graded projective resolution: P(k) → Λ/Λ≥k.

P(k): ... P
(k)
n+1 →P

(k)
n →P

(k)
n−1 →...P

(k)
1 →P

(k)
0 → Λ/Λ≥k →0.

The projections π
(k)
n+1:Λ/Λ≥k → Λ/Λ≥k−1 induce maps of projective resolu-

tions:

...P
(k)
n+1 → P

(k)
n → P

(k)
n−1 → ...P

(k)
1 → P

(k)
0 → Λ/Λ≥k → 0

↓ π(k)
n+1 ↓ π(k)

n ↓ π(k)
n−1 ↓ π(k)

1 ↓ π(k)
0 ↓ πk

...P
(k−1
n+1 → P

(k−1)
n → P

(k−1)
n−1 → ...P

(k−1)
1 → P

(k−1)
0 → Λ/Λ≥k−1 → 0

Dualizing with respect to the ring we get a map of complexes:

P∗(k−1): 0→ P
∗(k−1)
0 → P

∗(k−1)
1 → P

∗(k−1)
2 ...P

∗(k−1)
n → P

∗(k−1)
n+1 ...

↓ (πk)
∗ ↓ (π

(k)
0 )∗ ↓ (π

(k)
1 )∗ ↓ (π

(k)
2 )∗ ↓ (π

(k)
n )∗ ↓ (π

(k)
n+1)

∗

P∗(k): 0→ P*
(k)
0 → P

∗(k)
1 → P

∗(k)
2 ...P

∗(k)
n → P

∗(k)
n+1 ...

where Hi(P∗(k))=Exti
Λ(Λ/Λ≥k,Λ)=0 for i �= n and Hn(P∗(k))=Extn

Λ(Λ/Λ≥k,Λ)
is different from zero and of finite length.

In addition, for any graded left Λ-module M, P∗(k)⊗M∼=HomΛ(P(k),M).
Hence; Hi(P∗(k)⊗M)∼=Exti

Λ(Λ/Λ≥k,M).
We have a direct system of complexes {P∗(k), (πk)

∗} and F=lim−→P∗(k) is a
complex of flat modules. Since lim−→ is an exact functor,

Hi(F)=Hi(lim−→P∗(k))=lim−→Hi(P∗(k))=lim−→Exti
Λ(Λ/Λ≥k,Λ), and lim−→(P∗(k)⊗M)∼=

lim−→HomΛ(P(k),M).

Therefore: Hi(lim−→(P∗(k)⊗M))∼=Hi(lim−→HomΛ(P(k),M))∼=
lim−→Hi(HomΛ(P(k),M))∼= lim−→Exti

Λ(Λ/Λ≥k,M)=Γi
m(M).

We see next that the assumption of finite cohomological dimension �0 im-
poses strong restrictions on the complex F.

F : 0→F0
d0→F1

d1→F2
d2→...Fj...→F�0

d�0→F�0+1

d�0+1→ F�0+2 →...
The complex F has homology Hi(F)=lim−→Exti

Λ(Λ/Λ≥k,Λ)=0 for i�=n.
Since Γn

m(Λ)=I′n �=0, �0 ≥n and Hi(F⊗M)=0 for i> �0.

Consider the exact sequence: *) F�0

d�0→F�0+1

d�0+1→ F�0+2

d�0+2→ C→0.
*) is part of a flat resolution of C, tensoring with a graded left Λ-module M

we obtain a complex: F�0⊗M
d�0

⊗1→ F�0+1⊗M
d�0+1⊗1→ F�0+2⊗M→0, where

Kerd�0+1⊗1/Imd�0⊗1=Γ�0+1
m (F⊗M)=TorΛ

1 (C,M)=0 for all graded Λ-modules
M .

This implies C is flat.
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Consider the exact sequence: 0→C1 →F�0+2

d�0+2→ C→0. By the long ho-
mology sequence there is an exact sequence:

TorΛ
2 (C,M)→TorΛ

1 (C1,M)→TorΛ
1 (F�0+2,M)

Since C and F�0+2 are flat, it follows TorΛ
1 (C1,M)=0 for all M, hence C1 is

also flat.
We use induction to get an exact sequence: 0→Kerdn →Fn →Imdn →0

with Fn and Imdn flat. It follows F′
n=Kerdn is flat and we have a complex F′

of flat modules:
F′: 0→F0

d0→F1
d1→F2

d2→...Fj ...→Fn−1
dn−1→ F′

n →0 such thatH i(F′)=H i(F)=0
for i�=n and Hn(F′)=Hn(F)=lim−→Extn

Λ(Λ/Λ≥k,Λ)=I′n.
Also for any graded left Λ-module M, the sequence:
0→TorΛ

1 (Imdn,M)→F′
n⊗M→Fn⊗M→Imdn⊗M→0 is exact, and Imdn flat

implies 0→F′
n⊗M→Fn⊗M→Im dn⊗M→0 is exact. Similarly, the sequence:

0→Imdn⊗M→Fn+1⊗M→Imdn+1⊗M→0 is exact and the sequence:
0→F′

n⊗M→Fn⊗M→Fn−1⊗M is exact.
It follows Hn(F′⊗M)=Hn(F⊗M)=Γn(M).
Since F′ →I′n is a flat resolution of I′n. The complex F′⊗M has i-th homology

TorΛ
n−i(I

′
n,M). It follows TorΛ

n−i(I
′
n,M)=lim−→Exti

Λ(Λ/Λ≥k,M)=Γi
m(M). Applying

the duality we obtain the local cohomology formula:
D(lim−→Exti

Λ(Λ/Λ≥k,M))=Extn−i
Λ (M,D(Γn

m(Λ)), for all 0≤i≤n.
We have proved the following:

Theorem 3.2. Let Λ be a graded AS Gorenstein algebra of graded injective
dimension n and such that all graded simple modules have projective resolutions
consisting of finitely generated projective modules and assume Λ has finite local
cohomology dimension. Then for any graded left module M there is a natural
isomorphism: D(lim−→ExtiΛ(Λ/Λ≥k,M))=Extn−i

Λ (M,D(Γn
m(Λ)), for 0≤i≤n.

The theorem generalizes results for Artin-Schelter regular algebras proved
in [11].

We will finish the paper giving a family of examples of graded AS Goren-
stein algebras of finite local cohomology dimension.

Let Λ=kQ1/I1 be a graded selfinjective non semisimple algebra, Γ=kQ2/I2
an Artin-Schelter regular algebra of global dimension n, in the sense of [12],[15],
denote by r, m, the graded Jacobson radicals of Λ and Γ, respectively and
Λ0=Λ/r, Γ0=Γ/m.

The following formula was proved in [13] :
Extt

Λ⊗Γ(Λ0 ⊗�Γ0,Λ⊗K Γ)∼= ⊕
i+j=m

Exti
Λ(Λ0,Λ)⊗�Extj

Γ(Γ0,Γ).

Since Λ is selfinjective Extt
Λ⊗Γ(Λ0⊗�Γ0,Λ⊗�Γ)∼=HomΛ(Λ0,Λ)⊗�Extt

Γ(Γ0,Γ),
Γ Artin-Schelter regular implies Extt

Γ(Γ0,Γ)=0 for t�=0, Extn
Γ(Γ0,Γ)=Γop

0 [-n].
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It follows:
Extt

Λ⊗Γ(Λ0⊗�Γ0,Λ⊗�Γ)=0 for t�=n and Extn
Λ⊗Γ(Λ0⊗�Γ0,Λ⊗�Γ)=Λop

0 ⊗�Γop
0 [-n].

We have proved Λ⊗�Γ is graded Gorenstein of injective dimension n.

The graded radical of Λ⊗�Γ is m=Λ⊗m+r ⊗ Γ. Then mk=
∑

i+j=k

ri ⊗mj .

Assume rt−1 �=0 and rt=0. For k≥t, mk=(
∑

i+j=t−1

ri ⊗mj)Λ⊗mk−t+1 ⊆

(Λ⊗�Γ)Λ⊗mk−t+1=Λ⊗mk−t+1.

We have inequalities: Λ⊗mk ⊆ mk ⊆ Λ⊗mk−t+1 ⊆ mk−t+1

Hence, we have surjective maps:

Λ ⊗�Γ/ Λ ⊗mk → Λ ⊗�Γ/mk → Λ ⊗�Γ/Λ ⊗mk−t+1 → Λ ⊗�Γ/mk−t+1,
which induce maps:
→Extj

Λ⊗Γ(Λ⊗�Γ/mk−t+1,M)→Extj
Λ⊗Γ(Λ⊗�(Γ/mk−t+1),M)→

Extj
Λ⊗Γ(Λ⊗�Γ/mk,M) →Extj

Λ⊗Γ(Λ⊗�(Γ/mk),M).

Taking direct limits the sequence:

→ lim−→Extj
Λ⊗Γ(Λ ⊗� Γ/mk−t+1,M)→ lim−→Extj

Λ⊗Γ(Λ⊗�(Γ/mk−t+1),M)→
lim−→Extj

Λ⊗Γ(Λ⊗�Γ/mk,M)→ lim−→Extj
Λ⊗Γ(Λ⊗�(Γ/mk),M) is exact.

Using the fact: lim−→Extj
Λ⊗Γ(Λ ⊗�Γ/mk−t+1,M)=lim−→Extj

Λ⊗Γ(Λ ⊗�Γ/mk,M)

and lim−→Extj
Λ⊗Γ(Λ⊗�(Γ/mk−t+1),M)=lim−→Extj

Λ⊗Γ(Λ⊗�(Γ/mk),M), it follows:

lim−→Extj
Λ⊗Γ(Λ⊗�Γ/mk,M)∼= lim−→Extj

Λ⊗Γ(Λ⊗�(Γ/mk),M).

Let 0→Q
(k)
n →Q

(k)
n−1...→Q

(k)
1 → Γ −→ Γ/mk →0 be a graded projective

resolution of Γ/mk.

Then 0→ Λ⊗Q
(k)
n → Λ⊗Q

(k)
n−1...→ Λ⊗Q

(k)
1 → Λ⊗Γ −→ Λ⊗Γ/mk →0 is a

graded projective resolution of Λ⊗�(Γ/mk) and Extj
Λ⊗Γ(Λ⊗�(Γ/mk),M)=0 for

j> n. It follows Hj
�
(M)=lim−→Extj

Λ⊗Γ(Λ⊗�Γ/mk,M)=0 for j>n.

We have proved Λ⊗�Γ has local cohomology dimension n.

We give two concrete examples in which this situation natural arises:

1) Let Λ=k¡X1,X2,...Xn>/{X2
i ,XiXj+XjXi}i�=j be the exterior algebra in

n-variables and Γ=k[X1,X2,...Xn] the polynomial algebra. Then the ring of
polynomial forms Γ⊗Λ is Gorenstein of finite local cohomology dimension n.

This example appears as the cohomology ring of the group algebra of an
elementary abelian p group, over a field of characteristic p>2. [5]

2) Let Q be a non Dynkin quiver with only sinks and sources k a field, Λ the
trivial extension kQ�D(kQ) and Γ the preprojective algebra [10] corresponding
to the quiver Q. Then Γ⊗Λ is Gorenstein of finite local cohomology dimension
2.
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