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Abstract 
 
We consider the Intuitionistic fuzzification of the concept medial ideals, the image 
(preimage) of fuzzy medial ideals in BCI-algebra, and investigate some of there 
properties. We introduce the notion of product of intuitionistic fuzzy medial ideals in 
BCI-algebras, and investigate some related properties.  
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1 Introduction 
 
The concept of fuzzy subset and various operations on it were first introduced by 
Zadeh in [8]. Since then, several researches were conducted on the generalizations of 
the notion of fuzzy sets. The idea of “intuitionistic fuzzy set” was first published by 
Atanassov [1, 2] as a generalization of the notion of fuzzy set. In [6] J.Meng and 
Y.B.Jun studied medial BCI-algebras. In [7] S.M.Mostafa, Y.B.Jun and Amany El-
menshawy introduce the notion of medial ideals in BCI-algebras, they state the 
fuzzification of medial ideals and investigates its properties.     
In this paper, we introduce the notion of intuitionistic fuzzy medial ideals in BCI-
algebras and fuzzy intuitionistic image (preimage) of medial ideals in BCI-algebras.  
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We also introduce the product of two intuitionistic fuzzy medial ideals in medial BCI-
algebras and investigate some results. 
 
 
2 Preliminaries  
 
An algebraic system )0,,( ∗X of type (2, 0) is called a BCI-algebra if it satisfying the 
following conditions: 
     (BCI-1) ,0)())()(( =∗∗∗∗∗ yzzxyx  
     (BCI-2) ,0))(( =∗∗∗ yyxx  
     (BCI-3) ,0=∗ xx  
     (BCI-4) 0=∗ yx  and 0=∗ xy  imply yx = . 
For all Xzyx ∈ and , . In a BCI-algebra X, we can define a partial ordering”≤ ” by 

yx ≤  if and only if 0=∗ yx . In what follows, X will denote a BCI-algebra unless 
otherwise specified. 
A BCI-algebra X is called a medial BCI-algebra if it satisfying the following 
condition: )()()()( uyzxuzyx ∗∗∗=∗∗∗  for all Xuzyx ∈ and ,, .  
In a medial BCI-algebra X, the following holds for all Xzyx ∈ ,, : 

(1) )(  )( xyzzyx ∗∗=∗∗ , 
(2) yyxx =∗∗ )( ,  
(3) yxxy ∗=∗∗ )(0 . 

 
Definition 2.1. A non empty subset S of a medial BCI-algebra X is said to be medial 
subalgebra of X, if Syx ∈∗ , for all Syx ∈, . 
 
Definition 2.2 [3].A non-empty subset I of a BCI-algebra X is said to be a BCI-ideal 
of X if it satisfies:  (I1) ,0 I∈  
                              (I2) Iyx ∈∗ and Iy∈  implies Ix∈  for all Xyx ∈ , .  
 
Definition 2.3[7]. A non empty subset M of a BCI-algebra X is said to be a medial 
ideal of X if it satisfies:  
     (M1) ,0 M∈  
     (M2) Mxyz ∈∗∗ )( and Mzy ∈∗  imply Mx∈  for all Xzyx ∈ and , .  
 
Proposition 2.4[7]. Any medial ideal of a BCI-algebra must be a BCI- ideal but the 
converse is not true. 
 
Lemma 2.5. Any BCI- ideal of a medial BCI-algebra is a medial ideal.  
Proof. Clear. 
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Example 2.6[7]. Let X = {0,1,2,3,4,5} be a set with a binary operation ∗  defined by 
the following table: 
 

* 0 1 2 3 4 5 
0 0 0 0 0 4 4 
1 1 0 1 0 4 4 
2 2 2 0 0 4 4 
3 3 2 1 0 4 4 
4 4 4 4 4 0 0 
5 5 4 5 4 1 0 

 
Then )0,,( ∗X  is a BCI-algebra and A = {0, 1, 2, 3} is a medial-ideal of X.  
 
 
3. Fuzzy medial ideals 
  
Definition 3.1 [5]. Let X be a BCI-algebra. a fuzzy set μ  in X is called a fuzzy BCI-
ideal of X if it satisfies:  
     (FI1) ),()0( xμμ ≥  
     (FI2) )},(),(min{)( yyxx μμμ ∗≥  for all Xzyx ∈ and , . 
 
Definition 3.2[7]. Let X be a BCI-algebra. A fuzzy set μ  in X is called a fuzzy medial 
ideal of X if it satisfies:  
     (FM1) ),()0( xμμ ≥  
     (FM2) )},()),((min{)( zyxyzx ∗∗∗≥ μμμ for all Xzyx ∈ and , . 
 
Lemma 3.3. Any fuzzy medial-ideal of a BCI-algebra is a fuzzy BCI-ideal of X. 
Proof. Clear.  
 
 
4. Intuitionistic fuzzy medial ideals in BCI-algebras 
  
An Intuitionistic fuzzy set (briefly IFS) A in a nonempty set X is an object having the 
form },|))(),(,{( XxxxxA AA ∈= λμ  where the function Aμ : ]1,0[→X , Aλ : ]1,0[→X  
denote the degree of membership, degree of non membership, respectively and 

1)()(0 ≤+≤ xx AA λμ , for all Xx∈ .  
An IFS }|))(),(,{( XxxxxA AA ∈= λμ in X can be identified to an order 
pair ),( AA λμ in XX II × .  
We shall use the symbol ),( AAA λμ= for IFS }|))(),(,{( XxxxxA AA ∈= λμ .  
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Definition 4.1. An IFS ),( AAA λμ= in a BCI-algebra X is called an intuitionistic fuzzy 
medial subalgebra of X if it satisfies the following  
     (IFMS1) )}(),(min{)( yxyx AAA μμμ ≥∗ , 
     (IFMS2) )}(),(max{)( yxyx AAA λλλ ≤∗ , for all Xyx ∈, .  
 
Example 4.2. Let }5,4,3,2,1,0{=X as in example 2.6, and ),( AAA λμ= be an I F S in X 
defined by Aμ (1) = Aμ (2) = Aμ (3) = Aμ (4) = Aμ (5) = 0.3< 0.7 = Aμ (0), and Aλ (1) = 

Aλ (2) = Aλ (3) = Aλ (4)  = Aλ (5) = 0.5 > 0.2 = Aλ (0). Then ),( AAA λμ= is an 
intuitionistic fuzzy medial subalgebra of X. 
 
Lemma 4.3. Every intuitionistic fuzzy medial subalgebra ),( AAA λμ= of X satisfies 
the inequalities )()0( xAA μμ ≥ , and )()0( xAA λλ ≤ for all Xx∈ .  
Proof. Clear. 
 
Definition 4.4[4]. An IFS ),( AAA λμ=  in X is called an intuitionistic fuzzy ideal of X 
if it satisfies the following inequalities: 
     (IFI1) )()0( xAA μμ ≥ and )()0( xAA λλ ≤  
     (IFI2) )},(),(min{)( yyxx AAA μμμ ∗≥  
     (IFI3) )},(),(max{)( yyxx AAA λλλ ∗≤ for all ., Xyx ∈  
 
Definition 4.5. An IFS ),( AAA λμ=  in X is called an intuitionistic fuzzy medial ideal 
of X if it satisfies the following inequalities: 
     (IFM1) )()0( xAA μμ ≥ and )()0( xAA λλ ≤  
     (IFM2) )},(),((min{)( zyxyzx AAA ∗∗∗≥ μμμ  
     (IFM3) )},(),((max{)( zyxyzx AAA ∗∗∗≤ λλλ for all .,, Xzyx ∈  
 
Example 4.6: Let }3,2,1,0{=X be a set with a binary operation∗define by the 
following table: 
 

∗ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

 
Define IFS ),( AAA λμ= in X as follows ,1)1()0( == AA μμ tAA == )3()2( μμ . 

,0)1()0( == AA λλ sAA == )3()2( λλ . Where ]1,0[, ∈st , 1≤+ st . By routine 
calculations we can prove that ),( AAA λμ= is an intuitionistic fuzzy medial ideal of X.   
 



  

Fuzzy medial ideals                                                                                                     483 
 
 
Lemma 4.7. Let ),( AAA λμ= be an intuitionistic fuzzy medial ideal of X. If yx ≤  in X, 
then ),()( yx AA μμ ≥ )()( yx AA λλ ≤ , for all Xyx ∈, . That is Aμ is order reserving 
and Aλ is order preserving. 
Proof. Let Xyx ∈, be such that yx ≤ , then 0=∗ yx . From (IFM2), we have, 

)}0()),(0(min{)( ∗∗∗≥ yxyx AAA μμμ )}(),((min{ yyx AA μμ ∗=   
                                                               )()}(),0(min{ yy AAA μμμ == . 
Similarly, from (IFM3), we have )},0()),(0(max{)( ∗∗∗≤ yxyx AAA λλλ  hence, 

=∗≤ )}(),(max{)( yyxx AAA λλλ )()}(),0(max{ yy AAA λλλ = . 
 
Lemma 4.8. Let ),( AAA λμ= be an intuitionistic fuzzy medial ideal of X. if the 
inequality zyx ≤∗  holds in X, then  

)},(),(min{)( zyx AAA μμμ ≥  )}(),(max{)( zyx AAA λλλ ≤ , for all Xzyx ∈,, .  
Proof. Let Xzyx ∈,, be such that zyx ≤∗ . Thus, put 0=z  in (IFM2) and using 
lemma 4.7, we get )}0(),(0(min{)( ∗∗∗≥ yxyx AAA μμμ  
                                          = ≥∗ )}(),(min{ yyx AA μμ  )}(),(min{ yz AA μμ .  
Similarly for ).(xAλ  
 
Theorem 4.9. Every intuitionistic fuzzy medial ideal of X is an intuitionistic fuzzy 
medial subalgebra of X. 
Proof. Let ),( AAA λμ= in X be an intuitionistic fuzzy medial ideal of X. Since 

xyx ≤∗ , for all Xyx ∈, , then )()( xyx AA μμ ≥∗ , )()( xyx AA λλ ≤∗ . 
Put z = 0 in (IFM2), (IFM3), we have, 

)()( xyx AA μμ ≥∗ )}0()),(0(min{ ∗∗∗≥ yxy AA μμ = )}(),(min{ yyx AA μμ ∗    
                                                                                     )}(),(min{ yx AA μμ≥ .  
Similarly for ).(xAλ  Then ),( AAA λμ= is an intuitionistic fuzzy subalgebra of X.  
The converse of theorem 4.9 may not be true. For example, the intuitionistic fuzzy 
subalgebra ),( AAA λμ= in example 4.2 is not an intuitionistic fuzzy medial ideal of X 
since )}44()),14(4(min{7.03.0)1( ∗∗∗=<= AAA μμμ . 
 
Theorem 4.10. Let ),( AAA λμ= be an intuitionistic fuzzy medial subalgebra of X such 
that zyx ≤∗  for all Xzyx ∈,, . Then ),( AAA λμ= is an intuitionistic fuzzy medial 
ideal of X.  
Proof. Let ),( AAA λμ= be an intuitionistic fuzzy medial subalgebra of X. Recall that 

)()0( xAA μμ ≥  and )()0( xAA λλ ≤ , for all Xx∈ . Since, for all Xzyx ∈,, , we have 
zyxzxyxyzx ∗≤∗∗∗=∗∗∗ )()())(( , it follows from lemma 4.8 that 

)}(),((min{)( zyxyzx AAA ∗∗∗≥ μμμ , )}()),((max{)( zyxyzx AAA ∗∗∗≤ λλλ . 
Hence ),( AAA λμ= is an intuitionistic fuzzy medial ideal of X.  
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Definition 4.11: For any ]1,0[∈t  and a fuzzy set μ  in a nonempty set X, the set 

})(|{:),( txXxtU ≥∈= μμ is called an upper t-level cut of μ , and the set 
})(|{:),( txXxtL ≤∈= μμ is called a lower t-level cut of μ . 

 
Theorem 4.12: An IFS ),( AAA λμ=  is an intuitionistic fuzzy medial ideal of X if and 
only if for all ]1,0[, ∈ts , the set ),( tU Aμ  and ),( sL Aλ are either empty or medial 
ideals of X. 
Proof. Straightforward. 
 
 
5. Homomorphisms of medial BCI-algebras   
 
Let )0,,( ∗X and )0,,( ′∗′Y be BCI-algebras. A mapping YXf →:  is said to be a 
homomorphism if )()()( yfxfyxf ∗′=∗  for all Xyx ∈ , . Note that if YXf →:  is 
a homomorphism of BCI-algebras, then 0)0( ′=f . Let YXf →:  be a homomorphism 
of medial BCI-algebras. For any IFS ),( AAA λμ=  in Y, define an IFS ),( f

A
f
A

fA λμ=  
in X by ))((:)( xfx A

f
A μμ = , and ))((:)( xfx A

f
A λλ = for all Xx∈ .  

 
Theorem 5.1. Let YXf →:  be a homomorphism of BCI-algebras. If an 
IFS ),( AAA λμ= in Y is an intuitionistic fuzzy medial ideal of Y, then an IFS 

),( f
A

f
A

fA λμ=  is an intuitionistic fuzzy medial ideal of X.  
Proof.  For all Xzyx ∈,, , we have )0())0(()0())((:)( f

AAAA
f
A fxfx μμμμμ ==≤= , 

and )0())((:)( AA
f
A xfx λλλ ≥=  )0())0(( f

AA f λλ == . 
And ))}()(())),()(()((min{))((:)( zfyfxfyfzfxfx AAA

f
A ∗∗∗≥= μμμμ  

))}(()),(((min{))}(()),()((min{ zyfxyzfzyfxyfzf AAAA ∗∗∗=∗∗∗= μμμμ  
)}()),((min{ zyxyz f

A
f
A ∗∗∗= μμ . Similarly, ≤)(xf

Aλ )}()),((max{ zyxyz f
A

f
A ∗∗∗ λλ .  

Hence ),( f
A

f
A

fA λμ=  is an intuitionistic fuzzy medial ideal in X.  
 
Theorem 5.2: Let YXf →:  be an epimorphism of BCI-algebras and let 

),( AAA λμ= be an IFS in Y. If ),( f
A

f
A

fA λμ=  is an intuitionistic fuzzy medial ideal of 
X, then ),( AAA λμ=  is an intuitionistic fuzzy medial ideal in Y.  
Proof. For any Ya∈ , there exists Xx∈ such that axf =)( .Then  
          ),0())0(()0()())(()( AA

f
A

f
AAA fxxfa μμμμμμ ==≤==  

          ).0())0(()0()())(()( AA
f
A

f
AAA fxxfa λλλλλλ ==≥==  

Let Ycba ∈,, , there exists Xzyx ∈,, such that czfbyfaxf === )(,)(,)( . It follows 
that 
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)}()),((min{)())(()( zyxyzxxfa f
A

f
A

f
AAA ∗∗∗≥== μμμμμ  

= ))}(()),(((min{ zyfxyzf AA ∗∗∗ μμ = ))}()(()),()((min{ zfyfxyfzf AA ∗∗∗ μμ  
))}()(())),()(()((min{ zfyfxfyfzf AA ∗∗∗= μμ )}()),((min{ cbabc AA ∗∗∗= μμ . 

Similarly, )(aAλ )}()),((max{ cbabc AA ∗∗∗≤ λλ . This completes the proof. 
 
 
6. Cartesian product of intuitionistic fuzzy medial ideals 
 
Let μ  and λ  be two fuzzy sets in the set X. the product ]1,0[: →×× XXμλ  is 
defined by )}(),(min{),)(( yxyx μλμλ =× , for all Xyx ∈, .  
Let ),,( AAXA μλ=  and ),,( BBXB μλ=  be two IFS of X, the Cartesian product 

) , ,( BABAXXBA λλμμ ×××=×  is defined by )}(),(min{),( yxyx BABA μμμμ =×  
and )}(),(max{),( yxyx BABA λλλλ =× , where ]1,0[: →×× XXBA μμ , for all 

Xyx ∈, . 
 
Remark 6.1: Let X and Y be medial BCI-algebras, we define* on X ×Y by, for every 

YXvuyx ×∈),(),,( , ),(),(),( vyuxvuyx ∗∗=∗ . Clearly ))0,0(,;( ∗×YX  is a medial 
BCI-algebra. 
 
Proposition 6.2: Let ),,( AAXA μλ= , ),,( BBXB μλ=  be intuitionistic fuzzy medial 
ideals of X, then BA×  is intuitionistic fuzzy medial ideal of XX × .  
Proof. ),()}(),(min{)}0(),0(min{)0,0( yxyx BABABABA μμμμμμμμ ×=≥=× , for 
all Xyx ∈, . 
And ),()}(),(max{)}0(),0(max{)0,0( yxyx BABABABA λλλλλλλλ ×=≤=× , for all 

Xyx ∈, . Now let XXzzyyxx ×∈),(),,(),,( 212121 , then    
    ))},(),)((())),,(),((),)((min{( 2121212121 zzyyxxyyzz BABA ∗×∗∗× μμμμ  
 = )},)(()),,(),)((min{( 2211221121 zyzyxyxyzz BABA ∗∗×∗∗∗× μμμμ  
 = )},)(()),(),()(min{( 2211222111 zyzyxyzxyz BABA ∗∗×∗∗∗∗× μμμμ            
 = )}}(),(min{))},(()),((min{min{ 2211222111 zyzyxyzxyz BABA ∗∗∗∗∗∗ μμμμ  
 = )}()),((min{)},()),((min{min{ 2222211111 zyxyzzyxyz BBAA ∗∗∗∗∗∗ μμμμ  

),)(()(),(min{ 2121 xxxx BABA μμμμ ×=≤ . Similarly we can prove that, 
 ))},(),)((())),,(),((),)((max{( 2121212121 zzyyxxyyzz BABA ∗×∗∗× λλλλ ≥ 

),)(( 21 xxBA λλ × . This completes the proof.  
 
Definition 6.3: Let ),,( AAXA μλ= and ),,( BBXB μλ=  be IFS of a BCI-algebra X. 
for ]1,0[, ∈ts  the set }),)((|),{(:),( syxXXyxsU BABA ≥××∈=× μμμμ  is called 
upper s-level of ),)(( yxBA μμ ×  and the set 
 



  

486                                                                                                 Amany M. Menshawy 
 
 
 }),)((|),{(:),( tyxXXyxtL BABA ≤××∈=× λλλλ  is called lower t-level of 

),)(( yxBA λλ × . 
 
Theorem 6.4: The intuitionistic fuzzy sets ),,( AAXA μλ=  and ),,( BBXB μλ=  are 
intuitionistic fuzzy medial ideals of X if and only if the non-empty set upper s-level cut 

),( sU BA μμ ×  and the non-empty lower t-level cut ),( tL BA λλ ×  are medial ideals of 
XX ×  for all ]1,0[, ∈ts .  

Proof. Let ),,( AAXA μλ= and ),,( BBXB μλ=  be intuitionistic fuzzy medial ideals 
of X, therefore for any ∈),( yx XX × , we have 

)}0(),0(min{)0,0( BABA μμμμ =× ),()}(),(min{ yxyx BABA μμμμ ×=≥ .    
Let XXzzyyxx ×∈),(),,(),,( 212121  and ]1,0[∈s , such that 
 ∈∗∗ ))),(),((),(( 212121 xxyyzz  ),( sU BA μμ × , and ∈∗ ),(),( 2121 zzyy ),( sU BA μμ × . 
Now ),)(( 21 xxBA μμ ×

))},(),()(())),,( ),(( ),)((min{( 2121212121 zzyyxxyyzz BABA ∗×∗∗×≥ μμμμ  
 = )},)(()), ,( ),)((min{( 2211221121 zyzyxyxyzz BABA ∗∗×∗∗∗× μμμμ          
= )},)(()),(z ),()(min{( 2211222111 zyzyxyxyz BABA ∗∗×∗∗∗∗× μμμμ sss =≥ },min{ ,       
Therefore ∈ ),( 21 xx )),,)((( syxU BA μμ × is a medial ideal of XX × . Similar to above 

)),,)((( tyxL BA λλ ×  is a medial ideal of XX × .This completes the proof. 
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