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Abstract 
 
Throughout this paper the actions of groups on graphs with inversions are allowed. An 
element g of a group G is called inverter if there exists a tree X where G acts such that g 
transfers an edge of X into its inverse. If G is a group acting on a tree X with inversions, T 
and Y are two subtrees of X such that T⊆Y, we call T a tree of representatives for the action 
of G on X if T contains exactly one vertex from each vertex orbit, and call Y a transversal 
for the action of G on X if each edge of Y has at least one end in T, and Y satisfies the 
conditions that Y contains exactly one edge y from edge orbit if y and its inverse y are not 
in the same edge orbit and exactly one pair of an edge from each edge orbit if  x and  x  are 
in the same edge orbit . In symbols, we say that (T; Y) is a fundamental domain for the 
action of G on X. In this paper we show that if G is a group acting on a tree X with a given 
fundamental domain (T;Y), and if for each vertex v of X, the stabilizer vG of the vertex v 
acts on a tree vX with a given fundamental domain );( vv YT for the action of vG on vX such 
that the edge stabilizer eG  of each edge e of X, is finite and contains no inverter element of  

the stabilizer )(eoG of the terminal o(e) of e, then we obtain a new tree X~  called a fiber tree 

such that G acts on X~ with a fundamental domain )~;~( YT for the action of G on X~ .  As an 
application, we show that the fundamental group )~( XGπ of the quotient graph XG ~ of the 
action of G on X~   is isomorphic to the free product of the fundamental groups )( XGπ and 

)( vv XGπ of the quotient graphs XG and vv XG of the actions of G on X and vG  on 
)(, TVvX v ∈ respectively.  
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1.  Introduction 
 
In [7], Serre introduced the concepts of groups acting on connected graphs and their 
fundamental domains in case the actions  of groups are without inversions. In [5], Mahmud 
generalized these concepts to the case where the actions of groups on connected graphs are 
with inversions. We note that in above results the stabilizers of the vertices act on trivial 
graphs consisting of exactly one vertex. In this paper we find the structures of fundamental 
domains where the stabilizers act on non-trivial trees. This paper is divided into 4 sections. 
In section 2, we begin with general back ground for fundamental domains of groups acting 
on trees. In section 3, we find the structures of fundamental domains for groups acting on 
the fiber trees. In section 4, we find the structures of the fundamental groups of the quotient 
graphs obtained by the actions of groups on fiber trees.  
 
 
2. Fundamental Domains of Groups Acting on Trees  
 
A quasi graph X consists of two disjoint sets V(X), (the set of vertices of X) and E(X), (the 
set of edges of X), with V(X) non-empty, together with three functions 0∂ : E(X)→V(X),            

1∂ : E(X)→V(X), and η :E(X)→E(X) is an involution satisfying the conditions that 10 ∂=∂ η  
and 01 ∂=∂ η .  For simplicity, if e∈E(X), we write 0∂ (e) = o(e), 1∂ (e) = t(e), and η (e) =e . 
This implies that o(e ) = t(e), t( e ) = o(e), and e = e. The case e = e is allowed. There are 
obvious definitions of subgraphs, circuits, trees, morphisms of graphs and Aut(X), the set of 
all automorphisms of the graph X which is a group under the composition of morphisms of 
graphs. For more details, the interested readers referred to [1], [5]  or [7] . We say that a 
group G acts on a tree X,  if there is a group homomorphism φ : G →Aut(X). In this case, 
if x∈X (vertex or edge) and g∈G, we write g(x) for (φ (g))(x). Thus, if g∈G, and y∈E(X), 
then g(o(y)) = o(g(y)), g(t(y)) = t(g(y)), and g( y ) = )(yg . The case the action with 
inversion is allowed. That is; g(y) = ( y ) is allowed for some g∈G, and y∈E(X). In this 
case we say that g is an inverter element of G and y is called an inverted edge of X. 
 
Convention. If the group G acts on the tree X and x∈X, (x is a vertex or edge), then                         
1. The set xG = {g∈G: g(x) = x} is called the stabilizer of  x under the action of G on X. It is 
clear that xG ≤ G, and if x∈E(X), and u∈{o(x), t(x)}, then xG = xG and ux GG ≤ .                         
2.  The set G(x) = {g(x): g∈G} is called the orbit of x under the action of G on X. It is clear 
that G acts on the graph X without inversions if and only if G( e ) ≠ G(e) for any e∈E(X).                         
3. The set of the orbits XG  for the action of G on X is defined as XG = {G(x): x∈X}. 

XG forms a graph called the quotient graph for  the action of G on X, where  )( XGV  = 
{G(v): v∈V(X)}, )( XGE  = {G(e): e∈E(X)}, and if  e∈E(X)}, then o(G(e)) = G(o(e)),  
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t(G(e)) = G(t(e)), and )()( eGeG = . If G acts on X with inversions, then XG  is a quasi-
graph. If X is connected, then XG  is connected.  
 
Definition . Let G be a group acting on a tree X with inversions, and let T and Y be two 
subtrees of  X such that T⊆Y, and each edge of Y has at least one end in T. Assume that T 
and Y are satisfying the following. (i) T contains exactly one vertex from each vertex 
orbit.(ii) Y contains exactly one edge y(say) from edge orbit if G(y) ≠  G( y ) and exactly one 
pair x, x  from each edge orbit if G(x) = G( x ). Then              
(1) T is called a tree of representatives for the action of G on X, 
(2) Y is called a transversal for the action of G on X. 
 For simplicity we say that (T; Y) is a fundamental domain for the action of G on X. If Y is 
finite, then (T;Y) is called a finite fundamental domain. 
For more details we refer the readers to [2]. For the rest of this section, G is a group acting 
on a tree X with inversions, and (T; Y) is a fundamental domain for the action of G on X. 
 
We have the following terms. 
[1] The properties of T and Y imply that for any v∈V(X) there exists a unique vertex 
denoted v* of T and an element g (not unique) of G such that g(v*) = v; that is,  
G(v*) = G(v). Moreover, if v∈V(T), then v* = v. So G(v) = G(v*). 
We call v* the representative of the vertex v under the action of G on X. 
[2] For each y ∈E(Y), let [y] be an element of G chosen as follows. 
(a) if o(y)∈V(T), then [y]((t(y))*) = t(y), [y] =1 in case y∈E(T), and 
[y](y) = y  if G(y) = G( y ), 
(b) if t(y)∈V(T), then [y](o(y)) = (o(y))*, 1][][ −= yy  if G(y) ≠ G( y ), and ][][ yy =  if  
G(y) = G( y ).  [y] is called the value of the edge y under the action of G on X. 
[3] For each y∈E(Y), let +y be the edge +y = y if o(y)∈V(T), and  +y = [y](y) if t(y)∈V(T). 
It is clear that o(+y) = (o(y))*, and *))(( yoy GG ≤+  and if G(y) = G( y )  or y∈E(T), then 

yy GG =+ .  
 
 
3. Fundamental Domains of the Fibers of Groups Acting on Trees  
 
We begin by a definition taken from [1], page 78.  
Let H be a subgroup of the group G and H acts on the set X.  
Define  ≡ to be the relation on G×X defined as (f, u) ≡ (g, v), if there exists h∈H such 
that f = gh and  u = h-1(v) . It is easy to show that ≡ is an equivalence relation on G×X.  
The equivalence class containing (f, u) is denoted by uf H⊗ .  
Thus, uf H⊗ = {(fh, h-1(u)): h∈H}. If g∈G and A⊆H, let Ag H⊗ = ag H⊗{ : a∈A}, 
and XG H⊗ = { xg H⊗ : g∈G, x∈X}. For the rest of this section G is a group acting on 
a tree X and (T;Y) is a fundamental domain for the action of G on X  such that for each  
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vertex v of T, vG  acts on a tree vX with a given fundamental domain );( vv YT for the 
action of vG on vX  such that X∩ vX = ∅ and vu XX ∩ = ∅, u ≠ v. 
 
Definition. Let g∈G and e∈E(Y).  Let [g; e] be the ordered pair ( ); egG e ++ , X̂ be the set 
X̂ = {[g; e]: g∈G, e∈E(Y)}, and X~  be the set ))((ˆ~

)(
U

TVv
vG XGXX

v
∈

⊗∪= .                           

 
Lemma 3.1.  For each edge e∈E(Y), let ev be a vertex ev )( ))*(( eoTV∈ such that 

eveoe GG )( ))*((≤+ , where 
eveoG )( ))*((  is the vertex stabilizer of the vertex ev  under the 

action of ))*(( eoG  on ))*(( eoX . Then X~ forms a tree and G acts on X~ . If G acts on X with 
inversions, or for some vertex v∈V(T) , vG  acts on vX with inversions, then G acts on 

X~ with inversions. 
 
Proof. The proof is almost the same as the proof of Theorem 3.4 of [6] with the assumption 
that if e∈E(Y), then a vertex ev  is ev )( *))(( eoXV∈ , ev  is not necessary to be in )( ))*(( eoTV∈ . 

We give a summary for the structure of X~ . The set of vertices )~(XV of  the tree X~ is 
defined to be the set )~(XV = ))((

)(
U

TVv
vG XVG

v
∈

⊗ , and the set of edges )~(XE of X~ is 

defined to be the set )~(XE = )))(((ˆ
)(

U
TVv

vG XEGX
v

∈

⊗∪ . The ends and the inverses of the 

edges of X~ are defined as follows.  Let g∈G, v∈V(T), and e∈ )( vXE . Define the ends and 
the inverse of the edge eg

vG⊗ as )()(,)()( eogegoetgegt
vvvv GGGG ⊗=⊗⊗=⊗ and 

egeg
vv GG ⊗=⊗ , where t(e), o(e), and e are the ends and the inverse of  the edge e in vX . 

If e∈E(Y), we define the ends and the inverse of  the edge [g; e] as eG vgego
eo *))((

];[ ⊗= , 

eG vegegt
et *))((

][];[ ⊗= , and ]];[[];[ eegeg = , where [e] is the value of e under the action of G 

on X. It is clear that if f, g∈G, y∈E(Y), v∈V(T), e∈ )( vXE and u∈ )( vXV , the rules               
f[g;y] = [fg;y], ,)( ufgugf

vv GG ⊗=⊗ and efgegf
vv GG ⊗=⊗ )( define an action of G on 

X~ . If G acts on X with inversions, then there exists y∈E(Y) such that [y](y) = y . So the 
element [y] transfers the edge [1; y] into its inverse [[y]; y], where [y] is the value of y under 
the action of G on X. If v∈V(T) and vG  acts on vX with inversions, there exist g∈ vG and 

e∈E( vX ) such that eeg =)( . The definition of ⊗ implies that eGeeg vGG vv
⊗=⊗=⊗ 11)1( . 

Consequently, G acts on X~ with inversions. This completes the proof.                                         
 
Note.  X~ is called a fibered tree for the action of G on X.The main result of this section is 
the following theorem.   
 
 



Fundamental domains of the fibers of groups                                                                    403 
                                                                                                                 
 
 
Theorem 3.2. For each edge e∈E(Y), let ev be a vertex ev )( ))*(( eoTV∈ such that 

eveoe GG )( ))*((≤+ , T̂ = { ];1[ e : e∈E(T)}, Ŷ = { ];1[ e , [[e];e]: e∈E(Y)}, ))1((ˆ~
)(

U
TVv

vG TTT
v

∈

⊗∪= , 

and ))1((ˆ~
)(

U
TVv

vG YYY
v

∈

⊗∪= . Then )~;~( YT  forms a fundamental domain of G on X~ .                     

Proof.  By Lemma 3.1, G  acts on X~ .The vertices of T~ are of the form v
vG ′⊗1 , where 

v∈V(T), )( vTVv ∈′ , and the edges of T~ are of the forms e
vG⊗1 , )( vTEe∈ , and [1;e],          

e ∈E(T). Now we show that T~ is a subtree of X~ . Let u, v∈V(T), )( uTVu ∈′ and )( vTVv ∈′ .  
If u = v, then there exists a unique reduced path  neee ...,,, 21  in vX  joining u′ and v′ . Then 

nGGG eee
vvv

⊗⊗⊗ 1...,,1,1 21 is a path in vG T
v

⊗1  joining the vertices u
vG ′⊗1 and v

vG ′⊗1 . 
If u ≠ v, then there exists a unique reduced path  neee ...,,, 21  in T joining u and v. Then 

],1[...,],,1[],,1[ 21 neee is a path in T~ joining the subtrees uG X
v

⊗1 and vG X
v

⊗1 . Thus T~ is 

a connected subgraph of X~ . Since X~ is a tree, therefore T~ is a subtree of X~ . If 
u

uG ′⊗1 and v
vG ′⊗1  are two vertices of T~  in the same vertex orbit for the action of G on 

X~ , then g( u
uG ′⊗1 ) = v

vG ′⊗1 , g∈G. Then g u
uG ′⊗  = v

vG ′⊗1 . This implies u = v , and 
g∈ vvG ′)( . The definition of ≡ implies that u

vG ′⊗1 = v
vG ′⊗1 . So distinct vertices of T~ are 

in distinct orbits for the action of G on X~ . For the vertex wg
vG⊗  of X~ , v∈V(T), 

)( vXVw∈ , we have wg
vG⊗ = *)1(*)()*)(()( wghwhgwhgwg

vvvv GGGG ⊗=⊗=⊗=⊗ , 
where h∈ vG , and )(* vTVw ∈ , the representative of w for the action of vG  acts on vX . So 

the representative of the vertex wg
vG⊗  of X~ for the action of G on X~  is 

*1*)( wwg
vv GG ⊗=⊗ . This implies that T~  is a tree of representative for the action of G 

on X~ . Now we show that Y~ is a transversal for the action of G on X~ . The edges of Y~ not in 
T~ are of the forms e

vG⊗1 , where )(),( vv TEeYEe ∉∈ or in the forms [1;e], [[e];e], where 

e∈E(Y), e∉E(T). These edges have at least one end in V(T~ ).The edges of X~ are of the 
following forms                                      
[a] eg

vG⊗ = *)1(*)( egaeag
vv GG ⊗=⊗ , where g∈G, v∈V(T), e∈ )( vXE , a∈ vG , 

)(* vYEe ∈ such that e = a(e*). 
[b] [g; e] = ( ); egG e ++ = g[e]-1 ([[e];e]) = g([e]-1[e];e]) = g[1;e], where g∈G, and e∈E(Y). 

Thus, each edge of X~ is in the same orbit of an edge of Y~  for the action of G on X~ . It is 
clear that YT ~~ ⊆ . Let v∈V(T) and e∈ )( vYE . If e and e are in distinct edge orbits for the 

action of vG  acts on vX , then it is clear that e
vG⊗1 and ee

vv GG ⊗=⊗ 11  are in distinct 

edge orbits for the action of  G on X~ .  If e and e are in the same edge orbits for the action of 
vG  acts on vX , then [e](e) = e , where [e]∈ vG  is the value of e under the action of vG  acts  
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on vX . Then e

vG⊗1 and )1]([)]([111 eeeeee
vvvv GGGG ⊗=⊗=⊗=⊗  are in the same edge 

orbit for the action of G on X~ . If e∈E(Y), e∉E(T), and e and e are in distinct edge orbits for 
the action of G acts on X, then it is clear that the edges ];1[ e and ];1][[]];[[];1[ eeeee == , 
where [e]∈G is the value of e under the action of G on X. This implies that Y~ is a 
transversal for the action of G on X~ . So )~;~( YT  is a fundamental domain for the action of G 
on X~ . This completes the proof.                                                                                                                          
 
We have the following corollaries of Theorem 3.2. 
 
 Corollary 3.3. For each e∈E(X), let eG be finite and contains no inverter elements of )(eoG . 
Then the conclusions of Theorem 3.2  hold. 
 
Proof.  Since for each e∈E(X), eG is finite and contains no inverter elements of )(eoG , 
therefore for any e∈E(Y), eG+ is finite and contains no inverter elements of *))(( eoG . By 
Lemma 3.3 of [6],  there exists a vertex )( *))(( eoXVw∈ such that eG+ ≤ weoG )( *))(( . Let w = 

ev , ev )( ))*(( eoTV∈ . By Theorem 3.2, the result follows.  This completes the proof.  
 
Corollary 3.4. For each e∈E(X), let eG be finite and contains no inverter elements of )(eoG . 
If the fundamental domains (T;Y) and );( vv YT , v∈V(T) are finite, then the fundamental 

domain )~;~( YT  is finite.  
Proof. Let g∈G, v∈V(T), x∈ vX , and e∈E(Y). It is clear that the orbit G( xg

vG⊗ ) of  
xg

vG⊗  under the action of G on vG XG
v

⊗  is G( xg
vG⊗ )  = )(xGG vGv

⊗  where )(xGv  

is the orbit of x under the action of vG  on tree vX . Then the quotient graph vG XGG
v

⊗ is 

vG XGG
v

⊗ = { )(xGG vGv
⊗ : x∈ vX }. Similarly, the orbit G([g;e]) of  the edge [g;e] under 

the action of G on X̂  is G([g;e]) = {[a; e]: a∈G}. Since (T;Y) and );( vv YT , v∈V(T) are 
finite, therefore XG  and vv XG = { )(xGv : x∈ vX } are finite. Then the quotient graph 

vG XGG
v

⊗ is finite. This implies that the quotient graph XG ~  is finite. Consequently the 

fundamental domain )~;~( YT  is finite. This completes the proof. 
 
 
4. Quotient graphs of the Fibers of Groups Acting on Trees with 
Inversions 
 
In this section we obtain the structures of the fundamental groups of the quotient 
graphs of the fibers of groups acting on trees with inversions. Let X be a connected 
quasi-graph, p and q be two paths of X. Then we say that  p is homotopic  to q, written  
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p≈q, if there is a sequence of paths 1p = p, …, np = q in X such that for i < n one of 

1,i ip p +  is an elementary reduction of the other. It is clear that if p≈q, then o(p) = o(q),  
t(p) = t(q), and qp ≈ . Let 0v  be a fixed vertex of X. For the closed path p of X at 0v , 
define [p] to be the class of all paths in X equivalent to p under ≈  and π (X; 0v ) be the 
set of all equivalent classes under≈ . That is, π (X; 0v  ) = {[p]: p is a path in X,  
o(p) = t(p) = 0v }. π (X; 0v ) forms a group under multiplication [p][q] by [p][q] = 
[pq], where 

0
[1 ]v  is the identity element in π (X; 0v ) and the inverse of the class [p] is 

the class [ ]p , i.e., 1[ ] [ ]p p− = . π (X; 0v ) is called the fundamental group of X with 
respect to 0v . It is proved in [3] that the fundamental group of a connected quasi-graph 
is a quasi-free group, where a group is termed quasi free- group if it is a free product 
of copies of ∞C and 2C  where ∞C  denotes infinite cyclic group, and 2C  a cyclic group 
of order 2.  
 
Lemma 4.1. Let G be a group acting on the tree X with inversions and let (T;Y) be a 
fundamental domain for the action of G on X. Let  

1E (Y)  = {e∈E(Y): o(e)∈V(T), t(e)∉V(T), G(e) ≠ G( e )},  

2E (Y) = {e∈E(Y): o(e)∈V(T), t(e)∉V(T), G(e) = G( e )}, S(Y) = 1E (Y)∪ 2E (Y) , and 
R(Y) be the set of relations R(Y) = {x2 = 1: x∈ 2E (Y)}. 
Then the fundamental group )( XGπ of the quotient graphs XG  for the action of  G 
on X  is a quasi-free group of  presentation )()( YRYS . 
 
Proof. See Lemma 4.5 of [4]. 
 
The main result of this section is the following theorem. 
 
Theorem 4.2. Let G be a group acting on a tree X and (T;Y) be a fundamental domain 
for the action of G on X  such that for each vertex v of T, vG  acts on a tree vX with a 
given fundamental domain );( vv YT for the action of vG on vX , and for each edge 
e∈E(X), eG be finite and contains no inverter elements of )(eoG . Then the fundamental 

group )~( XGπ  is a free product of the fundamental groups )( XGπ and )( vv XGπ , 

v∈V(T), or equivalently, ))(()()~( )( vvTVv XGXGXG πππ ∈∗∗≅ . 

Proof. The structure ofY~   implies that )()()~(
)(

v
TVv

YSYSYS ∪
∈

∪=  and 

)()()~(
)(

v
TVv

YRYRYR ∪
∈

∪= . Lemma 4.1 implies that  

)( XGπ = )()( YRYS , )( vv XGπ = )()( vv YRYS , and 
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 =)~( XGπ )~()~( YRYS  = )()()()(
)()(

v
TVv

v
TVv

YRYRYSYS ∪∪
∈∈

∪∪  

 

                                            = )()()()(
)()(

v
TVv

v
TVv

YRYSYRYS ∪∪
∈∈

∗  

 
                                             = ))()(()()( )( vvTVv YRYSYRYS ∈∗∗  because X∩ vX = ∅   
                                                  and vu XX ∩ = ∅, u ≠ v                                                                                      
 
                                             ))(()( )( vvTVv XGXG ππ ∈∗∗= . 
 
Thus, )~( XGπ  is a free product of the groups )( XGπ and )( vv XGπ , v∈V(T). 
 
This completes the proof. 
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