
International Journal of Algebra, Vol. 7, 2013, no. 5, 223 - 227
HIKARI Ltd, www.m-hikari.com

A Result Related to Non-vanishing Elements

of Finite Solvable Groups1

Liguo He, Shuo Yu and Jianwei Lu

Dept. of Math., Shenyang University of Technology
Shenyang, 110870, P.R. China

cowleyhe@yahoo.com.cn (L. He)

Copyright c© 2013 Liguo He et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Abstract

For a finite solvable group G, the element g ∈ G is said to be a non-
vanishing element of G if χ(g) �= 0 for all χ ∈ Irr(G). It is conjectured
that all of non-vanishing elements of G lie in its Fitting subgroup F (G).
In this note, we prove that this conjecture holds when G is solvable of
order divisible by neither a Fermat nor a Mersenne prime.
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1 Introduction

Let G be a finite group and write Irr(G) for the full set of complex irreducible
characters of G. Take χ ∈ Irr(G). If g ∈ G satisfies χ(g) �= 0, then g is said to
be a non-vanishing element of χ; further if g is a non-vanishing element for all
members of Irr(G), then g is said to be a non-vanishing element of G. In [3], it
is conjectured that all non-vanishing elements of a finite solvable group G lie in
its Fitting subgroup F (G), which is the largest nilpotent normal subgroup of G.
This assertion was referred to as Isaacs-Navarro-Wolf Conjecture in [6]. We use
V(G) to denote the subgroup generated by all nonvanishing elements of G, i.e.,
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V(G) = 〈g |χ(g) �= 0, all χ ∈ Irr(G)〉, which is called the strongly vanishing-
off subgroup of G. Expressed in terms of V(G), this conjecture equivalently
asserts that the inequality V(G) ≤ F (G) is valid for solvable group G. A
plenty of results are achieved in [3]. For example, it was proved in [3, Theorem
D]that the images of nonvanishing elements modulo F (G) are of 2-power order,
which implies that the conjecture is true for groups of odd order. It is also
proved in [3, Theorem B] that V(G) lies in the center Z(F (G)) of F (G) for
supersolvable group G, in particular, if G is nilpotent, then V(G) ≤ Z(G).
We proved in [1]that if G is the possible counterexample (to the conjecture)
of minimal order, then G is a primitive solvable permutation group, moreover
V(G) = F (G) � Q, where the 2-group Q acts coprimely and faithfully on the
elementary abelian group F (G). Some of other results also provided. In this
note, we prove the following result.

Theorem A. Let G be solvable of order divisible by neither a Fermat nor
a Mersenne prime. Then V(G) ≤ F (G).

In this note, we use Isaacs [4] as a source for standard notation and results
from character theory.

2 Preliminaries

The following lemma lists some basic properties of V(G).

Lemma 2.1. Assume that G is a finite solvable group and V(G) is its strongly
vanishing-off subgroup. Then

1. V(G) is a characteristic subgroup of G.

2. V(G) is a proper subgroup of G whenever G is nonabelian.

3. If N is a normal subgroup of G, then the preimage of V(G/N) in G
contains V(G).

Proof. This is Proposition 2.1 of [1]. �

It is well-known that a prime p is called a Fermat prime if p = 22a
+ 1

for some integer a ≥ 0. A prime p is called a Mersenne prime if p = 2r − 1
for some prime r. We denote the full set of Fermat primes (resp. Mersenne
primes) by F (resp. M).

Lemma 2.2. Suppose that V is a faithful and completely reducible P -module
such that P is a p-group and (p, q) = 1, where q is the characteristic of V . If
(p, q) �∈ (2, M) ∪ (2, F) ∪ (M, 2), then P has at least two regular orbits on V .
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Proof. If V is irreducible, the desired result follows by Theorem 4.4 of [5].
Otherwise, we may assume V = V1 ⊕ V2 ⊕ · · · ⊕ Vm for m > 1, and the direct
summands V ′

i s are irreducible P -modules for 1 ≤ i ≤ m. Write Ki to denote
the kernel of P acting on Vi, then ∩m

i=1Ki = 1 since the faithful action of P
on V . Because each Vi is an irreducible and faithful P/Ki-module, Theorem
4.4 of [5] yields that there exist vi, wi ∈ Vi such that CP (vi) = Ki = CP (wi)
and vi, wi do not lie in the same P -orbit. Pick v = v1 + v2 + · · · + vm and
w = w1 + w2 + · · · + wm, we get that CP (v) ⊆ ∩m

i=1CP (vi) = 1 and CP (w) ⊆
∩m

i=1CP (wi) = 1, and v, w do not lie in the same P -orbit. Therefore, we
conclude that P has at least two regular orbits on V . �

Lemma 2.3. Let M ≥ N be normal subgroups of G. If θM = eη for θ ∈
Irr(N), η ∈ Irr(M) and e a positive integer, then there exist χ ∈ Irr(G) such
that χ(a) = 0 for all a ∈ M − N .

Proof. See Lemma 2.2 of [1]. �

Lemma 2.4. Let G be a finite group and V a G-module, and let ˜V = Irr(V ).

Then ˜V is a natural G-module induced by the action of G on V . In particular,
V is a completely reducible and faithful G-module if and only if ˜V is.

Proof. It is immediate from Lemma 1 of [7]. �

3 Results

Theorem 3.1. Let G be a solvable group of order divisible by neither a Fer-
mat nor a Mersenne prime. Then V(G) ≤ F (G).

Proof. Assume that G is a minimal counterexample to the conjecture. For
G, if G/Φ(G) or G/Z(G) is nilpotent, then G is also nilpotent. Thus we may
assume that Φ(G) = Z(G) = 1. Let M1, M2, · · · , Mr be all non-normal max-
imal subgroups of G, then ∩r

j=1Mj = Φ(G) = 1. Suppose Ki = CoreG(Mi),
the intersection of all conjugates of Mi in G. Let n be minimal such that
∩n

i=1Ki = 1, then N = ∩n−1
i=1 Ki �= 1. There exists an injective homomorphism,

say τ , from G into G/N × G/Kn, defined by g → (gN, gKn).
Considering G is a minimal counterexample, the theorem is true for G/N

and G/Kn, i.e.,

V(G/N) ≤ F (G/N) and V(G/Kn) ≤ F (G/Kn).

If (gN, hKn) is a non-vanishing element of G/N × G/Kn, then for any
irreducible character μ of G/N ×G/Kn, μ(gN, hKn) �= 0. Also we may denote
μ = λ × σ for λ ∈ Irr(G/N) and σ ∈ Irr(G/Kn), thus λ(gN) �= 0 and
σ(gKn) �= 0. Note that all irreducible character products of G/N and G/Kn
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are just the set Irr(G/N × G/Kn). Hence, for any non-vanishing element
(gN, hKn) of G/N × G/Kn, gN and hKn must be non-vanishing elements
of G/N and G/Kn, respectively. Therefore, we conclude that (gN, hKn) ∈
V(G/N) × V(G/Kn), and so

V(G/N × G/Kn) ≤ V(G/N) × V(G/Kn).

We further get that V(G/N ×G/Kn) is nilpotent and so its preimage in G
is nilpotent (since τ is an injective homomorphism). Also V(G) is embedded
in the preimage of V(G/N ×G/Kn), we have that V(G) is nilpotent. Because
V(G) is a normal subgroup of G by Lemma 2.1, it follows that V(G) ≤ F (G),
this is a contradiction since G is a counterexample. Hence we are forced to the
case that n = 1, and G acts faithfully and transitively on the collection of all
conjugates of M by the conjugation action. Here M is a maximal subgroup of
G. We conclude that G is a primitive solvable permutation group. By [2, Satz
II.3.2], we get that G = F (G)�M , the Fitting subgroup F (G) is the uniquely
minimal normal subgroup of G, which is an elementary abelian p-group.

Let N = F (G). It follows that V(G/N) is nilpotent and so V(G)N/N is
nilpotent. Considering V(G)N/N ∼= V(G)/V(G) ∩ N and N is an elementary
abelian p-group, we may write V(G) = P � Q where P ≥ V(G) ∩ N is a
normal Sylow p-subgroup and Q is a nilpotent Hall p′-subgroup of V(G). The
conjugation action of Q on P is faithful, because otherwise the kernel, say
K, is nontrivial and K ∩ Z(Q) �= 1(since Q is nilpotent). This implies that
Z(V(G)) is nontrivial. However this violates the uniqueness of the minimal
normal subgroup of G. Because P > 1 is a characteristic subgroup of V(G),
we have P is normal in G and so P = F (G).

The images of all nonvanishing elements of G modulo F (G) are of 2-power
orders by Theorem 4.3 of [3]. Those nonvanishing elements modulo F (G) all
lie in the Sylow 2-subgroup QF (G)/F (G) of the nilpotent group V(G/F (G)),
it follows that the nilpotent group Q is generated by elements of 2-power order
and so it is a 2-group. We conclude that V(G) = F (G)�Q, and Q is a 2-group.
It is evident that V(G) ≤ F2(G). Here F2(G) stands for the third term of the
ascending Fitting series.

If p = 2, then V(G) is also a 2-group which is nilpotent, a contradiction
since G is a counterexample.

Assume now that p is an odd prime. It follows that F (G) is a com-
pletely reducible and faithful Q-module of coprime characteristic, and so is
˜V = Irr(F (G)) by lemma 2.4. Since p is neither Fermat nor Mersenne prime,

applying lemma 2.2, we conclude that Q has regular orbit in ˜V . Thus Lemma
2.3 yields that each element of V(G) − F (G) is a vanishing element of some
irreducible character of G. Hence V(G) ≤ F (G), which contradicts the fact
that G is a counterexample. The proof is finished. �
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