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Abstract

The Leibniz-Hopf algebra is the free associative algebra over Z on
generators, S1, S2, . . . with coproduct given by Δ(Sn) =

∑
Si ⊗ Sn−i.

We give odd prime and integral cases of some relations in [4].
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1 Introduction

Let F be the free associative Z-algebra on one generator, Si, for each integer
i > 0. By putting Si in degree i this algebra becomes graded. We make F
a Hopf algebra by defining a coproduct by Δ(Sn) =

∑n
i=0 Si ⊗ Sn−i, S0 = 1.

This cocommutative Hopf algebra has been studied extensively as the ‘Leibniz-
Hopf’ algebra [12, 13, 14]. The Leibniz-Hopf algebra is known as the ‘ring of
noncommutative symmetric functions’ [9]. It is also known to be isomorphic to
the Solomon Descent algebra [16] (with the ‘inner’ product [10]). The graded
dual of the Leibniz-Hopf algebra, F∗, is the the ring of quasi-symmetric func-
tions with the outer coproduct [15]. Many researchers; Crossley [3], Ehrenberg
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[8], Hazewinkel [11], and Malvenuto [15] have studied in this Hopf algebra
which also played an important role in the Ditters conjecture [2, 12, 14]. F∗

also arises in topology, since it is known as the cohomology of ΩΣCP∞ [1].

2 Motivation and Preliminaries

F has the free Z-algebra structure, so has a basis which is given by all words
Si1Si2 · · ·Sim, and we abbreviate this to Si1,i2,... ,im. We denote the correspond-
ing dual of this basis by subscripts: {Si1,i2,... ,im}.

As F∗ is a Hopf algebra, it has a unique Hopf algebra antipode or conju-
gation, χ. A formula for this conjugation was given by Ehrenborg [8, Propo-
sition 3.4]:

χ(Si1,...,im) = (−1)m
∑

Sj1,...,jr (1)

summed over all coarsenings [4] j1, . . . , jr of the reversed word im, . . . , i1. For
instance,

χ(S3,4,1) = −S1,4,3 − S5,3 − S1,7 − S8.

Remark 2.1 Conjugation formula for the mod p reduction of the dual Leibniz-
Hopf algebra, F∗ ⊗ Z/p, for odd prime p, is defined by the same formula (1).

We now recall some of the terminology from [4]. A word Si1,i2,...,im is a
palindrome if i1 = im, i2 = im−1, etc. A palindrome is referred to as an OLP
(odd-length palindrome), if its length is odd. For instance, S1,5,1 is an OLP.
The non-palindromes form clearly pairs: a non-palindrome Si1,...,im pairs with
Sim,...,i1 . In each pair, one term will be higher in lexicographic ordering, and
one lower. We call the first an HNP (higher non-palindrome) and the
second an LNP. For example, S5,4,1 is an HNP and S1,4,5 is an LNP.

In earlier papers [4, 5], conjugation map was interested because of its link
with the Steenrod algebra, and earlier works of Crossley and Whitehouse [6,
7]. More precisely, in [5] the conjugation invariants which form a submodule,
Ker(χ−1), where 1 denotes the identity homomorphism, were determined both
for F∗ and F∗⊗Z/p, for any odd prime p. In the proof of [5, Theorem 2.5], it
was given that: Ker(χ−1) = Im(χ+1) in F∗, and a spanning set for Im(χ+1)
was introduced by a matrix representation of χ + 1. Another approach for
determining a spanning set for Im(χ+1) can be thought as giving appropriate
relations under (χ+1) which are not given in [5]. In fact, these missing relations
are the integral and odd prime cases of Proposition 3.1 and Proposition 3.3 in
[4], and our motivation derives from this.

In this paper, we mainly work on F∗. We first introduce a relation between
(χ+1)-image of an OLP and (χ+1)-images of HNPs and using this, we express



A note on conjugation invariants in the dual-Leibniz Hopf algebra 811

(χ + 1)-image of an LNP in terms of the (χ + 1)-images of HNPs. At the end
of Section 3, we explain that these are also true for any odd prime.

This paper is based on work in the Ph.D. thesis of [17].

3 Results

Lemma 3.1 Let Y be a finite set, then the number of odd-cardinality subsets
of Y is equal to the number of even-cardinality subsets of Y .

Proof: It is seen by the binomial theorem. �

Theorem 3.2 Let Si1,... ,i2k+1
be an odd-length palindrome. Then

(χ + 1)(−Si1,...,i2k+1
) =

∑
(χ + 1)(Sl1,... ,lm,ik+2,... ,i2k+1

),

summed over all proper coarsenings l1, . . . , lm of i1, . . . , ik+1.

Note that the ‘proper’ condition implies that Sl1,... ,lm,ik+2,... ,i2k+1
is an HNP. We

prove the Theorem 3.2 in the following equivalent form:

Theorem 3.3 Let Si1,... ,i2k+1
be an odd-length palindrome. Then

∑
(χ + 1)(Sl1,... ,lm,ik+2,... ,i2k+1

) = 0,

where the summation is over all coarsenings l1, . . . , lm of i1, . . . , ik+1.

Proof: Let Sd1,...,dn be any word. If Sd1,...,dn occurs in

∑
(χ + 1)(Sl1,... ,lm,ik+2,... ,i2k+1

), (2)

then we shall show that it occurs with coefficient 0 in the sum (2) over all
coarsenings l1, . . . , lm of i1, . . . , ik+1.

We first observe that Si1,... ,i2k+1
cannot be as a summand of (χ+1)(Si1,... ,i2k+1

),
so cannot be in the sum (2). This is because Si1,... ,i2k+1

has coefficient 1 as
a summand of 1(Si1,... ,i2k+1

), and has coefficient (−1)2k+1 as a summand of
χ(Si1,... ,i2k+1

).
If Sd1,...,dn is to occur in the sum (2) at all, it must be a summand of (χ +

1)(Sl1,... ,lm,ik+2,... ,i2k+1
) for some coarsening l1, . . . , lm of i1, . . . , ik+1. Therefore,

either

A. Sd1,...,dn = Sl1,... ,lm,ik+2,... ,i2k+1
or

B. Sd1,...,dn is a summand of χ(Sl1,... ,lm,ik+2,... ,i2k+1
) .
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In case A, if Sd1,...,dn = Sl1,... ,lm,ik+2,... ,i2k+1
, then Sd1,...,dn occurs having coef-

ficient 1 as a summand of 1(Sl1,... ,lm,ik+2,... ,i2k+1
). Now to find the coefficient of

Sd1,...,dn in the sum, we also need the number of other coarsenings c1, . . . , cq of
i1, . . . , ik+1 for which Sd1,...,dn is a summand of (χ + 1)(Sc1,... ,cq,ik+2,... ,i2k+1

).
If Sd1,...,dn = Sl1,... ,lm,ik+2,... ,i2k+1

, and Sd1,...,dn is also a summand of (χ +
1)(Sc1,... ,cq,ik+2,... ,i2k+1

), then either

i. Sd1,...,dn = Sc1,... ,cq,ik+2,... ,i2k+1
or

ii. Sd1,...,dn is a summand of χ(Sc1,... ,cq,ik+2,... ,i2k+1
).

If Sd1,...,dn = Sc1,... ,cq,ik+2,... ,i2k+1
, since we also have equality above: Sd1,...,dn =

Sl1,... ,lm,ik+2,... ,i2k+1
, then q = m, c1 = l1, . . . , cq = lm, i.e, c1, . . . , cq = l1, . . . , lm,

so there are no ”other” coarsenings for which Sd1,...,dn occurs as a summand of
1(Sl1,... ,lm,ik+2,... ,i2k+1

).
If Sd1,...,dn is a summand of χ(Sc1,... ,cq,ik+2,... ,i2k+1

), then Sd1,...,dn is a coars-
ening of Si2k+1,... ,ik+2,cq,... ,c1. Hence dn ≥ c1. On the other hand, since c1, . . . , cq

is a coarsening of i1, . . . , ik+1, we also have c1 ≥ i1. Beside this, i1 = i2k+1,
since Si1,... ,ik+1,ik+2,... ,i2k+1

is an OLP. In addition, using the fact that Sd1,...,dn =
Sl1,... ,lm,ik+2,... ,i2k+1

, then i2k+1 = dn, from which we can deduce i1 = i2k+1 = dn.
Hence dn ≥ c1 ≥ i1 = dn, so we have equality: dn = c1 = i1. It then follows
that dn−1 ≥ c2 ≥ i2 = dn−1, so dn−1 = c2 = i2. Repeating the same argu-
ment, we find that c3 = i3, c4 = i4, . . . , ck = ik, so ck+1 must equal ik+1 and
q = k +1, so c1, . . . , cq is not a proper coarsening. So, if Sd1,...,dn is a summand
of χ(Sc1,... ,cq,ik+2,... ,i2k+1

), then there is only one other coarsening c1, . . . , cq for
which Sd1,...,dn is a summand of χ(Sc1,... ,cq,ik+2,... ,i2k+1

), namely the improper one
c1, . . . , cq = i1, . . . , ik+1. And by formula (1) Sd1,...,dn occurs having a coefficient
(−1)2k+1 as a summand of χ(Si1,... ,ik+1,ik+2... ,i2k+1

).
Hence, if Sd1,...,dn = Sl1,... ,lm,ik+2,... ,i2k+1

, then the coefficient of Sd1,...,dn in
the sum (2) is zero, this is because Sd1,...,dn occurs having a coefficient 1 as a
summand of 1(Sl1,... ,lm,ik+2,... ,i2k+1

), and has a coefficient (−1)2k+1 as a summand
in χ(Si1,... ,ik+1,ik+2... ,i2k+1

), and in no other terms.
In case B, if Sd1,...,dn is a summand of χ(Sl1,... ,lm,ik+2,... ,i2k+1

), then Sd1,...,dn is
a coarsening of Si2k+1,... ,ik+2,lm,... ,l1.

If Sd1,...,dn also occurs as Sc1,... ,cq,ik+2,... ,i2k+1
for some coarsening c1, . . . , cq of

ik+1, . . . , i2k+1, then we are back in case Aii, the argument in that case shows
that Sd1,...,dn has coefficient 0. So we may assume that Sd1,...,dn does not occur
as Sc1,... ,cq,ik+2,... ,i2k+1

for any coarsening c1, . . . , cq.
To find the coefficient of Sd1,...,dn in the sum, we need to find the number

of all coarsenings c1, . . . , cq of i1, . . . , ik+1 for which Sd1,...,dn is a summand
of χ(Sc1,... ,cq,ik+2,... ,i2k+1

). We should keep in mind that each such coarsening
c1, . . . , cq contributes (−1)k+q to the coefficient of Sd1,...,dn in the sum (2). This
is because Sd1,...,dn occurs as a summand of χ(Sc1,... ,cq,ik+2,... ,i2k+1

) for each such
coarsening c1, . . . , cq.
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If Sd1,...,dn is a summand of χ(Sl1,... ,lm,ik+2,... ,i2k+1
), then Sd1,...,dn is a coars-

ening of Si2k+1,... ,ik+2,lm,... ,l1. It follows that Sd1,...,dn is also a coarsening of
Si2k+1,... ,i1. Moreover, each coarsening is obtained by turning some of the 2k
commas of i2k+1, . . . , ik+2, ik+1, . . . , i1 into pluses. Hence d1, . . . , dn is. Con-
cretely, d1, . . . , dn is obtained by turning 2k − (n − 1) commas into pluses.
Some of these (possibly none) will be from the k commas of i2k+1, . . . , ik+1,
the rest (including at least one because of our assumption above in the case
B) will be from the k commas in ik+1, . . . , i1. Let z be the number of commas
taken from ik+1, . . . , i1 so 1 ≤ z ≤ (2k − (n − 1)).

If cq, . . . , c1 is a coarsening of ik+1, . . . , i1 such that d1, . . . , dn is a coars-
ening of i2k+1, . . . , ik+2, cq, . . . , c1, then cq, . . . , c1 is obtained from ik+1, . . . , i1
by turning a subset of those z commas into pluses, a subset of cardinality
k − (q − 1). Moreover, each such coarsening arises from exactly one such
subset, and there are 2z such subsets and it is even since z ≥ 1.

The coarsening cq, . . . , c1 contributes (−1)k+q to the coefficient of Sd1,...,dn,
so this contribution is ±1 according to parity of k + q, i.e., +1 if k − (q − 1) is
odd and −1 if k− (q− 1) is even. Since z ≥ 1, by Lemma 3.1 net contribution
of cq, . . . , c1 to the coefficient of Sd1,...,dn is zero. Hence, in both case A and
case B, Sd1,...,dn occurs with coefficient 0 in sum (2). This completes the proof
�

We now show that the (χ + 1)-images of any LNP can be written in terms
of the (χ + 1)-images of HNPs. As a first step we give the following result:

Proposition 3.4 Let Si1,... ,in be a lower non-palindrome. Then

(χ + 1)(Si1,... ,in) = (−1)n
(
(χ + 1)(Sin,... ,i1) +

∑
(χ + 1)(Sj1,... ,jk

)
)
,

where the summation is over all proper coarsenings Sj1,... ,jk
of Sin,... ,i1.

Proof: Let Si1,... ,in be an LNP. Its image, under (χ − 1):

(χ − 1)(Si1,... ,in) = −Sii,... ,in + (−1)nSin,... ,i1 +
∑

(−1)nSj1,... ,jk
, (3)

where the summation is over all proper coarsenings Sj1,... ,jk
of Sin,... ,i1 . Beside

this, F is cocomutative so F∗ is commutative, hence χ satisfies χ2 = 1 from
which we conclude:

(χ + 1)(χ − 1) = 0.

Applying (χ + 1) to both sides of Eq. (3) and re-arranging finishes the proof.
�

Theorem 3.5 The (χ + 1)-image of an LNP can be expressed as a linear
combination of (χ + 1)-images of HNPs.
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Proof: Let w0 be an LNP. The proof is by induction on length of w0. An
LNP must have length≥ 2, because, otherwise it is a palindrome. If length of
w0 is two, then say w0 = Sa,b, and we have:

(χ + 1)(w0) = Sa,b + Sb,a + Sa+b = (χ + 1)(Sb,a),

where Sb,a is clearly a higher non-palindrome.
Now assume that all LNPs of length < y have (χ + 1)-images that can be

written as linear combinations of the (χ+1)-images of HNPs. Let w0 = Sb1,... ,by

be an LNP with length y. By proposition 3.4 we get:

(χ + 1)(w0) = (−1)n
(
(χ + 1)(Sby,... ,b1) +

∑
(χ + 1)(Sg1,... ,gp)

)
. (4)

The first term on the right-hand side of Eq. (4), (χ + 1)(Sby,... ,b1), is obviously
the image of an HNP. And each Sg1,... ,gp will be either:

i. An OLP, in which case by Theorem 3.2 (χ + 1)(Sg1,... ,gp) is a linear
combination of the (χ + 1)-images of HNPs , or

ii. An LNP, in this case the inductive hypothesis applies because g1, . . . , gp

is a proper coarsening of the reverse of w0, namely Sby,... ,b1, so has length
< y. Hence, the (χ + 1)(Sg1,... ,gp) is a linear combination of the (χ + 1)-
images of HNPs.

This completes the proof. �
Finally, Remark 2.1 allows Theorem 3.2 and Theorem 3.5 to pass to odd

prime cases.
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