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Abstract. Let R be a ring. An unital left R - module RM is said to have
property (S), if every surjective endomorphism of RM is an automorphism.
The ring R is called left (right) SCS-ring if every left (right) R-module with
property (S) is finitely cogenerated. In this note we will prove the following
result: let R be a left SCS-ring and B a regular subring of R contained in
the center Z(R) of R such that R is a finitely generated B-module. Then
B is a SCS-ring.
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Introduction

Let R be an associative ring with unity 1 �= 0. A left R-module M is said
to have property (I) (resp.property (S)), if every injective (resp. surjective)
endomorphism of M is an automorphism of M. It is well known that an
Artinian (resp. Noetherian) left module satisfies property (I) (resp. (S)) and
the converse is not true. A ring R is called a left I-ring (resp. S-ring) if
every left R-module with property (I) (resp. property (S)) is Artinian (resp.
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Noetherian). If R is a commutative ring (resp. commutative ring whose prime
ideals are maximal) every finitely generated module satisfies property (S) (
[11]) (resp. (I) ([12])) and the converse is not true. A ring R is called a
left FGI-ring (resp. left FGS-ring) if every left R-module with property (I)
(resp.property (S)) is finitely generated. A module M is finitely cogenerated
if its socle is essential and finitely generated. A ring R is called left SCI-ring
(resp. left SCS-ring) if every left R-module with property (I) (resp.property
(S)) is finitely cogenerated. It has been proved that if R is a commutative ring,
then the classes of S-rings, I-rings, FGS-rings, SCI-rings and SCS-rings are
exactly the class of Artinian principal ideal rings ([3], [4], [7], [8] and [9]). On
the other hand it is clear that if R is a left semisimple Artinian ring, then R is
at the same time a left S-ring, a left I-ring, a left FGS-ring, a left FGI-ring,
a left SCI-ring and SCS-ring.
A subring B of a left SCS - ring is not in general a left SCS-ring even R
is a finitely generated B - module. For example the ring M3(K) of 3 × 3
matrices over a field is a left SCS - ring whereas its subring

B =

{ ⎛
⎝ α 0 0

β α 0
γ 0 α

⎞
⎠ /α, β, γ ∈ R

}

which is a commutative ring with a non principal Jacobson radical

J(B) = K

⎛
⎝ 0 0 0

1 0 0
0 0 0

⎞
⎠ + K

⎛
⎝ 0 0 0

0 0 0
1 0 0

⎞
⎠

is not a SCS-ring ([9] theorem 2.5).
A ring R is said to be a ring with polynomial identity (PI-ring) if there exists
a polynomial f(X1, ..., Xn), n ≥ 2 in the non commutating indeterminates
X1, ..., Xn over the center Z(R) of R such that one of the monomials of
f of the highest total degree has coefficient 1, and f(a1, ..., an) = 0 for all
a1, ..., an in R.
Throughout this paper all rings considered are associative with unity, and by a
module M over a ring R we always understand an unitary left R - module.
We use RM to emphasize that M is an unitary left R-module. The main
result of this note is the following theorem : Let R be a left SCS-ring and
B be a regular subring of R contained in the center Z(R) of R. such that
R is a finitely generated B-module.Then B is a SCS-ring.

1. Preliminary Results

Lemma 1.1. Every homomorphic image of a left SCS-ring is a left SCS-
ring.

Proof. The proof is straightforward and will be omitted.

Lemma 1.2. [1]10.8
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For each ring R the following statements are equivalent:

1. R is left Artinian;
2. Every finitely generated left R-module is finitely cogenerated.

Lemma 1.3. [2] Corollaire 7 p.27
Let R be a regular ring with a polynomial identity and RM a finitely generated
R-module. Then RM satisfies property (S).

Proposition 1.4. Let R be a regular ring with a polynomial identity. Then
the following statements are equivalent:

1. R is a left SCS-ring;
2. R is left semisimple Artinian

Proof. It is obvious that (2) ⇒ (1).
Now assume (1). Let RM be a finitely generated R-module. By lemma 1.3,

RM satisfies property (S) and since R is a SCS-ring, then RM is finitely co-
generated. Thus, R is Artinian by lemma 1.2 and consequently R is semisimple
Artinian by the hypothesis of the regularity made on R.

Proposition 1.5. [2] theorem 2 p.24
Let R be a finitely generated algebra over a regular ring. Then the following
statements are equivalent:

1. R is semiprime;
2. R is regular.

Lemma 1.6. [13] proposition 2.2
let B a regular ring and G be a finitely generated B-algebra. Then the Jacobson
radical J(G) of G is nilpotent and finitely generated.

2. The Main Results

Theorem 2.1. Let R be a ring with Jacobson radical J(R). Then the
following statements are equivalent:

1. R is left Artinian;
2. R/J(R) is left Artinian and J(R) is nilpotent and finitely generated.

Proof. (1) ⇒ (2):If R is left Artinian, then following Hopkin’s theorem, R/J(R)
is Artinian and J(R) nilpotent and finitely generated (see [1] theorem 15.20
p.172).
(2) ⇒ (1):We assume that R/J(R) is left Artinian and J(R) is nilpotent and
finitely generated. Then for any natural number n, J(R)n/J(R)n+1 is a finitely
generated R/J(R)-module and consequently a left Artinian R/J(R)-module.
Therefore J(R)n/J(R)n+1 is a left Artinian R-module. Let m be the mini-
mal natural number with the condition J(R)m = 0. Since J(R)m−1 (which
is isomorph to J(R)m−1/J(R)m) and J(R)m−2/J(R)m−1 are left Artinian R-
modules, then J(R)m−2 is left Artinian R-module. Thus, step by step we show
that J(R)m−3,J(R)m−2,...,J(R)2 and J(R) are left Artinian R-modules. From
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the fact that J(R) and R/J(R) are left Artinian R-modules it follows that R
is left Artinian R-module.

Theorem 2.2. Let R be a left SCS-ring and B a regular subring of R
contained in the center Z(R) of R such that R is a fintely generated B-module.
Then B is a SCS-ring.

Proof. Since R/rad(R) is a finitely generated Algebra over the commutative
ring B, then R/rad(R) is a semiprime ring with polynomial identity. More-
over, by lemma 1.1 R/rad(R) is a SCS-ring as an homomorphic image of
R. Therefore, R/rad(R) is a semiprime SCS-ring with polynomial identity.
On the other hand, since B is regular, then by proposition 1.4, R/rad(R) is
a regular SCS-ring with polynomial identity and consequently, by proposi-
tion 1.4, R/rad(R) is semisimple Artinian. This implies that R is semiperfect
and consequently rad(R) = J(R). Thus R/J(R) is left semisimple Artinian.
Moreover, by lemma 1.6 J(R) is nilpotent and finitely generated. Then, by
theorem 2.1 R is left Artinian which implies that B is Artinian ([5]). From the
assumption of regularity made on R we deduce that R is semisimple Artinian
and consequently B is a SCS-ring.

The following example shows that the converse of theorem 2.2 is not true. Let
K be a field. Then the commutative Artinian ring

R = K[X,Y ] /(X2, XY, Y 2)

is not a SCS-ring because its Jacobson radical J = KX̄+KȲ is not principal.
On the other hand K is a SCS-ring and R is a finite dimensional K-vector
space.
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