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Abstract

Let A,B and C be finite dimensional algebras. In this paper, we
prove that if A is a Gorenstein algebra such that Db(A) has a recollement
relative to Db(B) and Db(C), then B and C are Gorenstein algebras.
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1 Introduction

The recollements of triangulated categories were introduced by Beilinson, Bern-
stein and Deligne [2] on perverse sheaves, by using derived version of Grothendieck’s
six functors. Cline, Parshall and Scott [4] also studied recollement of algebraic
setting. Today they play an important role in geometry and representation
theory.

As is known, Gorenstein algebras is an invariant under derived equivalences.
And recolloments of derived categories of algebras are as a generalization of
derived equivalences of algebras. So, it is a natural question to study the
relationship between Gorenstein algerba and recolloments of derived categories
of algebras. In this note, we prove that, if A is a finite dimensional Gorenstein
algebra such that Db(A) has a recollement relative to Db(B) and Db(C), then
B and C are Gorenstein algebras.
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The paper is organized as follows. In Section 2, we review some basic facts
on recollements of triangulated categories. In Section 3, we state and prove
our main result.

2 Preliminaries

Let us recall the definitions of recollement of triangulated categories.

Definition 2.1. [2] Let D, D′ and D′′ be triangulated categories. We say that
D admits a recollement relative to D′ and D′′, if there exist six triangulated
functors as in the following diagram

D′ i∗ �� D
i!

��

i∗��
j∗ �� D′′
j∗

��

j!��
.

such that
(1)(i∗, i∗), (i∗, i!), (j!, j

∗), (j∗, j∗) are adjoint pairs.
(2)i∗, j∗, j! are full embeddings.
(3) j∗i∗ = 0.
(4) for each X ∈ D, there are distinguished triangles

i∗i!(X) → X → j∗j∗(X) → i∗i!(X)[1]
j!j

∗(X) → X → i∗i∗(X) → j!j
∗(X)[1].

3 Recollement and Gorenstein algebras

Let k be a field and let A be a finite dimensional k-algebra. Let A-mod be the
category consisting of finitely generated left A-modules. Denote by A-proj and
A-inj the subcategories of A-mod consisting of projective A-modules and injec-
tive A-modules, respectively. Let Kb(A) and Db(A) denote by the homotopy
category and derived category of A-mod, respectively. By a Hom A(−, X)-
exact sequence Y • = (Y i, di), we mean that the sequence Y • itself is exact,
and that Hom A(Y •, X) remains to be exact. An A-module X is said to be
Gorenstein projective if there is a Hom A(−, Q)-exact sequence

· · · → P−1 d−1→ P 0 d0→ P 1 d1→ · · ·
such that X � Imd0, where P i (for each i) and Q are projective A-modules.
Denote by A-Gproj the subcategory of A-mod consisting of Gorenstein pro-
jective A-modules, and denote by A-Gproj its stable category. We call a fi-
nite dimensional algebra A is a Gorenstein algebra if inj.dim AA < ∞ and
inj.dim AA < ∞.

Now we state our main result as follows:
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Theorem 3.1. Let A, B and C be finite dimensional k-algebras. Assume that
Db(A) has a recollement relative to Db(B) and Db(C), that is,

Db(B) i∗ �� Db(A)
i!

��

i∗��
j! �� Db(C)
j∗

��

j!��
.

If A is a Gorenstein algebra, then B and C are Gorenstein algebras.

Proof. By Rickard and Happel’s characterization of Kb(A-proj) [7, 11], we
see that

Kb(A-proj) = {X ∈ Db(A)|∀Y ∈ Db(A), ∃i0 ∈ Z such that Hom (X, Y [i]) = 0∀i > i0}
and

Kb(A-inj) = {X ∈ Db(A)|∀Y ∈ Db(A), ∃i0 ∈ Z such that Hom (Y, X[i]) = 0∀i > i0}.
Assume that inj.dim AA < ∞. For any B-module X, we have

Exti
B(X, B) = Hom Db(B)(X, B[i]) � Hom Db(A)(i∗(X), i∗(B)[i]).

We see that i∗(B) ∈ Kb(A-proj) by the characterization of Kb(A-proj). There-
fore, i∗(B) has the following form

0 → P−t → · · · → P t′ → 0.

Since i∗(X) ∈ Db(A), there is j0 ∈ Z such that i∗(X)j = 0 for j ≤ j0. Since
Exti

A(Y, A) = 0 for i > inj.dim AA and Y ∈ A-mod, it follows from [10,
lemma 2.1] that Hom Db(A)(i∗(X), i∗(B)[i]) = 0 for i > inj.dim AA + t′ − j0.

Consequently, Exti
B(X, B) = 0 for i > inj.dim AA + t′ − j0. Thus we get

inj.dim BB < ∞. Similarly, we show that inj.dim CC < ∞. For the conve-
nience of the reader we give the details. Let Y be any C-module. Then

Exti
C(Y, C) = Hom Db(C)(Y, C[i]) � Hom Db(A)(j!(Y ), j!(C)[i]).

We see that j!(C) ∈ Kb(A-proj) by the characterization of Kb(A-proj). So,
j!(C) has the following form

0 → P−s → · · · → P s′ → 0.

Since j!(Y ) ∈ Db(A), there is j0 ∈ Z such that j!(Y )j = 0 for j ≤ j0. It follows
from [10, lemma 2.1] that Hom Db(A)(j!(Y ), j!(C)[i]) = 0 for i > inj.dim AA +

s′ − j0. Consequently, Exti
C(Y, C) = 0 for i > inj.dim AA + t′ − j0. Thus we

get inj.dim CC < ∞. The same proof works for inj.dimAA, inj.dimBB and
inj.dim CC . This finishes the proof. �
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