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Abstract

A finite group G is said to be an SCLD-group if every square of
conjugacy class lengths of elements of G divides the order |G|. In this
note, we prove that a non-abelian SCLD-group is not a simple group,
an almost simple group or a Frobenius group. For a nilpotent group
G, G is an SCLD-group if and only if each Sylow subgroup of G is an
SCLD-group. A group of order pn for the prime p and n ≤ 4 is an
SCLD-group. We also provide some other results on SCLD-groups.
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1 Introduction

Throughout the note, we only consider finite groups. It is always interesting
that using some quantities closely related to the group itself, e.g., group order,
character degrees, conjugacy class lengths, describe the group structure. Let
G be a finite group and g ∈ G, the conjugacy class of g in G is the set
gG = {x−1gx | x ∈ G}, and its cardinality |gG| is called the conjugacy class
length of g in G. Since |gG| = |G : CG(g)| where CG(g) is the centralizer of g in
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G, it easily follows that every conjugacy class length divides the group order. If
we pose a restriction on G that every square of conjugacy class lengths divides
|G|, what can be said about G? Certainly this restriction on G is not enough
to characterize G. For example, let the direct product G = A × B be such
that A and B have the same order. If A is abelian and B is an arbitrary finite
group, then each square of conjugacy class sizes of G can divides the order |G|.
But we may provide some modest and interesting results. For convenience, we
call G a SCLD-group if every square of conjugacy class lengths of elements of
G divides the order |G|. In this note, we prove the following results.

Theorem A. If G is a non-abelian SCLD-group, then G is not a simple
group, an almost simple group or a Frobenius group.

Theorem B. Suppose that G is nilpotent. Then G is a SCLD-group if and
only if every Sylow p-subgroup of G is a SCLD-group.

Theorem C. Suppose that G is a group of order pn such that p is a prime
and n ≤ 4. Then G is a SCLD-group.

We observe that the exponent 4 in Theorem C is best possible. By using
GAP[3], we know that the number of groups with order 25 is just 51. Among
them, there are 48 SCLD-groups and 3 non-SCLD-groups. For example, Small-
Group(32,2) is a SCLD-group, but SmallGroup(32, 18) is not a SCLD-group.
Indeed, SmallGroup(32, 18) is isomorphic to the dihedral group D16 of order
32, it follows that the maximal size of conjugacy classes of D16 is 8, whose
square apparently does not divide 32. And SmallGroup(32,2) is isomorphic to
(C4 × C2) : C4.

2 Preliminaries

We now list some useful facts on class sizes.

Lemma 2.1. Let N be a normal subgroup of G and Ḡ = G/N . Then

1. |xN | divides |xG| for x ∈ N ;

2. |ȳḠ| divides |yG| for y ∈ G.

Proof. Using the facts |xN | = |N : CN(x)| = |N : N ∩ CG(x)| = |NCG(x) :
CG(x)| and NCG(x) is a subgroup of G, we deduce the first claim. And the
second claim follows from Lemma 5.18 of [1].

Let n be a positive integer and p a prime number, we use np to denote the
largest p-power divisor of n.

Lemma 2.2. Let G be a non-abelian simple group and prime p divide |G|,
then there exists g ∈ G such that |G|p = |gG|p.
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Proof. This is main result of [2].

Lemma 2.3. Let G be a non-abelian simple group and write Out(G) for the
outer automorphism group of G. Then there exists a prime divisor p of |G|
such that |Out(G)|p < |G|p.
Proof. See Proposition 2.1 of [5].

For a p-group P , if the greatest class size of P is pb(P ), then the exponent
b(P ) is called the breadth of P .

Lemma 2.4. Let P be a p-group, |P ′| = pa and |P : Z(P )| = pc. Then
b(P ) ≤ a and b(P ) ≤ c − 1.

Proof. Since gx = (x−1gxg−1)g ∈ P ′g, it follows that |gG| ≤ |P ′|, and so
b(P ) ≤ a. Because |gP | = |P : CP (g)| and CP (g) > Z(P ) for the noncentral
element g, we get that b(P ) ≤ c − 1.

3 Results

Proof of Theorem A If G is a non-abelian simple group and p is prime
divisor of |G|, then the application of Lemma 2.2 yields that there exists an
element x ∈ G with |xG|p = |G|p, and so it is impossible that |xG|2 divides |G|.
Hence G is not a non-abelian simple group. If G is an almost simple group,
then there exists a simple group S such that S ≤ G ≤ Aut(S). By Lemma
2.3, there exists prime p so that |Out(S)|p < |S|p. For the prime p, Lemma
2.2 yields that there is an x ∈ S so that |xS|p = |S|p. Since G is an SCLD-
group, we see that |xG|2 divides |G| and so does |Aut(S)|. Thus we get |xS|2
divides |Aut(S)|. It is known that |Aut(S)| = |Inn(S)||Out(S)| = |S||Out(S)|.
We have |Aut(S)|p = |S|p|Out(S)|p < |S|2p, and thus |xS|2p does not divides
|Aut(S)|p, and so |xS|2 does not divides |Aut(S)|. This is a contradiction,
which shows that G is not an almost simple group. If G is a Frobenius group,
then G = N � H with (|N |, |H |) = 1. For a non-trivial element n ∈ N , CG(n)
is contained in N (by [4]), thus |nG|2 = |G : CG(n)|2 can not be a divisor of |G|
because (|N |, |H |) = 1. This contradiction implies that G is not a Frobenius
group. The proof is finished.
Proof of Theorem B Because G is nilpotent, G is the direct product of all
of its Sylow subgroups. Suppose that G is a SCLD-group and P ∈ Sylp(G). Let
1 �= x ∈ P , then xG = xP . Considering |xG|2 is a divisor of |G|, it follows that
|xP |2 is a divisor of |P |, and hence P is also a SCLD-group. Conversely, suppose
that all of Sylow subgroups are SCLD-groups. Since G is nilpotent, any x ∈ G
can be uniquely factored into the product x1x2 · · ·xn for the xi are pi elements,
where the primes pi are the different divisors of |G|. Note that [xi, xj] = 1 for
all i �= j, 1 ≤ i, j ≤ n. Since xG = (x1x2 · · ·xn)G = (xP1

1 )(xP2
2 ) · · · (xPn

n ), it
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follows that |xG| = |xP1
1 ||xP2

2 | · · · |xPn
n |. By hypothesis, |xPi

i |2 divides |Pi| for all
i, and thus we conclude that |xG|2 divides |G|, as desired.

Theorem 3.1. If G is a SCLD-group and P is a normal Sylow p-subgroup of
G, then P is also a SCLD-group.

Proof. For any x ∈ P , we have

|xP | = |P : CP (x)| = |P : CG(x) ∩ P | = |PCG(x) : CG(x)|.

Also P is normal, we get that PCG(x) is a subgroup of G and so |PCG(x)|
divides |G|. Hence |xP | divides |xG|. Since |xP | is a p-number, it follows that
|xP |2 | |P |.
Proof of Theorem C When n ≤ 2, G is abelian, the desired result is
obvious. Now we may assume that G is non-abelina and n ≥ 3. In the case
where n = 3, take the non-central element x ∈ G, then |xG| = p or p2. In order
to prove the result, it suffices to prove |xG| �= p2. If otherwise, |CG(x)| = p
and so Z(G) = CG(x), which implies that x ∈ Z(G), a contradiction. In the
case where n = 4, pick the non-central element x ∈ G, then |xG| = p, p2 or p3.
As before, it is enough to prove |xG| �= p3. If otherwise, then Z(G) = CG(x),
again a contradiction. The proof is complete.

Theorem 3.2. The special p-groups are SCLD-groups.

Proof. Abelian groups are obvious SCLD-groups. Let P be a non-abelian
special p-group, then P ′ = Z(P ). Let |P | = pn and |Z(P )| = pk. Applying
Lemma 2.4, we get b(P ) ≤ k and b(P ) ≤ (n − k) − 1, and so 2b(P ) ≤ n − 1,
thus P is a SCLD-group, as wanted.

In the process of proving the results above, we strongly feel that the fol-
lowing claim should be true, however we are not able to provide the proof.

Assertion 3.3. Suppose that G is a finite group and each square of conjugacy
class length divides |G : Z(G)|. Then G is nilpotent.

Evidently, the converse of Assertion 3.3 is not valid in general. For instance,
the dihedral group G = D16 of order 32 has maximal conjugacy length 8, but
|G : Z(G)| is not divisible by 64. The 2-group D16 is obviously nilpotent.
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