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Abstract

Let G be a finite group. A subgroup H of G is said to be SS-
quasinormal in G if H possesses a supplement B such that H permutes
with every Sylow subgroup of B. In this paper, we investigate the struc-
ture of a group G under the assumption that certain abelian subgroups
of prime power order are SS-quasinormal in G.
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1 Introduction

All groups considered in this paper will be finite. Following Kegel [10], we
say that a subgroup H of a group G is S-quasinormal in G if H permutes
with every Sylow subgroup of G. In [4], Ballester-Bolinches and Pedraza-
Aguilera have extended this concept to S-quasinormally embedded subgroups:
A subgroup H of a group G is said to be S-quasinormally embedded in G
if every Sylow subgroup of H is a Sylow subgroup of some S-quasinormal
subgroup of G. Recently, Shirong Li et al. [15] have introduced the following
definition: A subgroup H of a group G is said to be SS-quasinormal subgroup
(Supplement-Sylow-quasinormal subgroup) in G if there is a supplement B of
H to G such that H permutes with every Sylow subgroup of B. Obviously,
every S-quasinormal subgroup of G is SS-quasinormal and S-quasinormally
embedded in G. In general, the SS-quasinormal subgroups need not to be
S-quasinormally embedded. For instance, S3 is an SS-quasinormal subgroup
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of the symmetric group S4, but S3 is neither S-quasinormally embedded nor
S-quasinormal. The converse is also true, for example, a Sylow 3-subgroup of
A5 is S-quasinormally embedded but is not SS- quasinormal. In fact, there is
no inclusion-relationship between the two concepts.

If P is a finite p-group, we denote

Ω(P ) = Ω1(P ) if p > 2 and Ω(P ) = 〈Ω1(P ),Ω2(P )〉 if p = 2,

where Ωi(P ) = 〈x ∈ P | o(x) = pi〉.

Of late there has been a considerable interest to investigate the influence
of abelian subgroups of largest possible exponent of prime power order (we
call such subgroups ALPE-subgroups) on the structure of the group. In [3],
Asaad et al. proved that if G is a group such that for every prime p and every
Sylow p-subgroup P of G, the ALPE-subgroups of P are normal in G, then
G is supersolvable. In [11], the first author proved, for a normal subgroup
K of G with G/K is supersolvable and for every prime p and every Sylow
p-subgroup P of K, that if the ALPE-subgroups of P (respectively, Ω(P ))
are S-quasinormal in G, then G is supersolvable. In [2], Asaad et al. proved
the following result: Let K be a normal subgroup of G such that G/K is
supersolvable. For every prime p and every Sylow p-subgroup P of K, fix an
ALPE-subgroup A of P having maximal order. If the ALPE-subgroups of A
are S-quasinormally embedded in G, then G is supersolvable. Recently, the
first author has proved that if G is a group such that for every prime p and
every Sylow p- subgroup P of G, the ALPE-subgroups of P belong to H(G),
then G is supersolvable [12]. A subgroup H is said to be H-subgroup of G if
NG(H) ∩ Hg ≤ H for all g ∈ G. The set of all H-subgroups of G is denoted
by H(G).

In this paper, we investigate the structure of a finite group G under the as-
sumption that the ALPE-subgroups of prime power order are SS-quasinormal
in G.

2 Preliminaries

In this section, we collect some results that are needed in the sequel.

Lemma 2.1 [15, Lemma 2.1]. Suppose that H is SS-quasinormal in a group
G, K ≤ G and N be a normal subgroup of G. We have:
(i) If H ≤ K, then H is SS-quasinormal in K.
(ii) HN/N is SS-quasinormal in G/N .
(iii) If N ≤ K and K/N is SS-quasinormal in G/N , then K is SS-quasinormal
in G.
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Lemma 2.2 [13, Lemma A]. Let H be a p-subgroup of G for some prime p.
Then H is S-quasinormal in G if and only if Op(G) ≤ NG(H), where

Op(G) = 〈Q |Q is a Sylow q − subgroup of G, q �= p〉.
Lemma 2.3 Let H be a p-subgroup of G, p is a prime. Then the following
statements are equivalent:
(i) H is S-quasinormal in G;
(ii) H ≤ Op(G) and H is SS-quasinormal in G.

Proof .
(i) ⇒ (ii): Suppose that H is S-quasinormal in G. It follows, by [10], that

H is subnormal in G and hence by [6, Lemma 8.6(a)], that H ≤ Op(G). Since
H is S-quasinormal in G, obviously it is SS-quasinormal in G.

(ii) ⇒ (i): Since H is SS-quasinormal in G, there is a subgroup B of G
such that G = HB and HR = RH for every Sylow r-subgroup R of B. In
particular, HQ = QH, where Q is a Sylow q-subgroup of B and q �= p. Clearly,
H = Op(G) ∩HQ is normal in HQ and Q ≤ NG(H). Thus, Op(G) ≤ NG(H).
Applying Lemma 2.2, we have that H is S-quasinormal in G. �
Lemma 2.4 Let p be the smallest prime dividing |G| and P be an abelian
Sylow p-subgroup of G of exponent pe. If the subgroups of P of exponent pe are
S-quasinormal in G, then G = P ×K, where K is a p

′
-Hall subgroup of G.

Proof . Let H be a subgroup of P of exponent pe. We argue that H is normal
in G. By hypothesis, H is S-quasinormal in G and hence Op(G) ≤ NG(H) by
Lemma 2.2. Since H is normal in P , H is normal in G. Applying [3, Lemma1],
we have that G = P ×K, where K is a p

′
-Hall subgroup of G as required. �

Lemma 2.5 [15, Lemma 2.5]. Let H be a p-subgroup of a group G. If H is
SS-quasinormal in G, then H permutes with every Sylow q-subgroup of G with
q �= p.

Lemma 2.6 [15, Lemma 2.6]. Let N be a non-trivial normal subgroup of a
group. If N ∩ φ(G) = 1, then the Fitting subgroup F (N) of N is the direct
product of minimal subgroups of G that are contained in F (N).

Lemma 2.7 [17, Theorem 7.15]. Let the normal subgroup N be supersolvably
embedded in G. Then G/CG(N) is supersolvable.

Set ψ(G) = 〈x : x ∈ G, |x| is prime or 4〉.
Lemma 2.8 Let 	 be a saturated formation and let N be a normal subgroup
of a solvable group G such that G/N ∈ 	. If ψ(N) ≤ Z�(G), then G ∈ 	.

Proof . This is an immediate consequence of [18, Theorem 4].

Lemma 2.9 [7, Lemma 3.3.1]. Suppose that P is a normal Sylow p-subgroup
of G and Ω(P )K is supersolvable, where K is a p

′
-Hall subgroup of G. Then

G is supersolvable.
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3 Main results

Theorem 3.1 Let p be the smallest prime dividing the order of a group G
and let P be a Sylow p-subgroup of G. If the ALPE-subgroups of P are SS-
quasinormal in G, then G is p-nilpotent.

Proof. Suppose that the theorem is not true and let G be a counterexample
of minimal order. We have the following claims:

(1) If M is a proper subgroup of G containing P , then M is p-nilpotent.

It is clear, by Lemma 2.1, that the ALPE-subgroups of P are SS-quasinormal
in M . Thus, the minimal choice of G implies that M is p-nilpotent.

(2) NG(P ) is p-nilpotent.

Suppose that P is normal in G. LetH be an ALBE-subgroup of P having
maximal order. By hypothesis, H is SS-quasinormal in G and Lemma 2.3
implies that H is S-quasinormal in G. Hence Op(G) ≤ NG(H) ≤ G by
Lemma 2.2. Clearly, HOp(G) ≤ NG(H) ≤ G. If HOp(G) ≤ NG(H) <
G, then HOp(G) is p-nilpotent by our choice of G. Thus, Op(G) is p-
nilpotent which implies that G itself is p-nilpotent; a contradiction. So
we may assume that NG(H) = G. In particular, H is normal in G.
This leads to HQ is a subgroup of G, where Q is a Sylow q-subgroup
of G with q �= p. Applying Lemma 2.4, gives HQ = H × Q. Thus
Op(G) ≤ CG(H) ≤ G. If CG(H) < G, then CG(H) is p-nilpotent and so
is G; a contradiction. Consequently, we may assume that CG(H) = G
which leads to H ≤ Z(G). Now, our choice of H implies that P ≤ Z(G).
Since P �G, G is p-nilpotent by Burnside’s theorem [9, Hauptsetz 2.6]; a
contradiction. So, we may assume that NG(P ) < G. Therefore, by (1),
NG(P ) is p-nilpotent.

(3) Op′ (G) = 1.

Consider the quotient group G/Op′(G). By Lemma 2.1, it is easy to
see that G/Op′(G) satisfies the hypothesis of the theorem. Thus, by the
minimality of G, G/Op′(G) is p-nilpotent and so is G; a contradiction.

(4) G = PQ, where Q is a Sylow q-subgroup of G with q �= p.

Since G is not p-nilpotent, there exists a subgroup H of P such that
NG(H) is not p-nilpotent, by [8, Theorem 7.4.5]. Also, as NG(P ) is p-
nilpotent, we may choose a subgroup H of P such that NG(H) is not
p-nilpotent. But NG(K) is p-nilpotent for every subgroup K of P with
H < K ≤ P . In addition, since NG(P ) ≤ NG(H) and NG(H) is not
p-nilpotent, we have NG(P ) < NG(H). Thus by (1), NG(H) = G which
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means that Op(G) �= 1 and NG(K) is p-nilpotent for every subgroup K of
P with Op(G) < K ≤ P . Now by [8, Theorem 7.4.5] again, G/Op(G) is
p-nilpotent and hence G is p-solvable. As G is p-solvable, for any prime
q divides |G| with q �= p, there exists a Sylow q-subgroup Q of G such
that PQ is a subgroup of G, by [8, Theorem 6.3.5]. If PQ < G, then PQ
is p-nilpotent by (1). Hence, Q ≤ CG(Op(G)) ≤ Op(G) by [8, Theorem
6.3.2] as Op(G) = 1; a contradiction. Therefore, G = PQ.

(5) Finishing the proof.

Let N be a minimal normal subgroup of G contained in Op(G). Let H be
an ALPE-subgroup of P having maximal order. Clearly, Z(P ) ≤ H by
the maximality of H and hence 1 �= N ∩Z(P ) ≤ N ∩H . Since H is SS-
quasinormal in G, it follows, by Lemma 2.5, that HQ ≤ G for any Sylow
q-subgroupQ ofG with q �= p. It is easy to see thatH∩N = HQ∩N�HQ
and hence Q ≤ NG(H ∩ N). So we can have Op(G) ≤ NG(H ∩ N) and
H ≤ NG(H ∩ N) as H is abelian. Thus, HOp(G) ≤ NG(H ∩ N). If
NG(H ∩ N) < G, then our choice of G and Lemma 2.1 imply that
NG(H ∩ N) is p-nilpotent. Hence Op(G) is p-nilpotent and so is G; a
contradiction. Thus NG(H ∩N) = G. By the minimality of N and since
H∩N �= 1, we have thatH∩N = N andN ≤ H . IfHQ < G, thenHQ is
p-nilpotent and NQ is p-nilpotent. Thus, NQ = N×Q and Q ≤ CG(N).
We get G/CG(N) is a p-group and, by [17, Theorem 6.3], N ≤ Z∞(G).
Since Z∞(G) ≤ Q∞(G), we have N is supersolvably embedded in G and
|N | = p, by [17, Corollary 7.9]. By Lemma 2.1, it is easy to see that the
quotient group G/N satisfies the hypothesis of our theorem. Now, by the
minimality of G, G/N is p-nilpotent. Since the class of all p-nilpotent
groups is a saturated formation, the minimal choice of G implies that
N is the unique minimal normal subgroup of G contained in Op(G) and
N �≤ φ(G). Also, as Op(G) = N is an elementary abelian p-group, we
have N = F (G), by Lemma 2.6. Hence, Q ≤ CG(N) = CG(F (G)). But
CG(F (G)) ≤ F (G) as G is solvable which is a contradiction. Thus, we
must have G = HQ. Now, let Q∗ be a Sylow q-subgroup of NG(H).
Since NG(H) is p-nilpotent which is the same argument as step (2),
we have Q∗ � NG(H) and, consequently, NG(H) = HQ∗ = H × Q∗.
Therefore, H ≤ Z(NG(H)) and G is p-nilpotent by [8, Theorem 4.3]; a
final contradiction. �

As an immediate consequence of Theorem 3.1, we have:

Corollary 3.2 Put π(G) = {p1, p2, ..., pn}, where p1 > p2 > ... > pn. Let Pi

be a Sylow pi-subgroup of G, where i = 2, 3, ..., n. If the ALPE-subgroups of Pi

are SS-quasinormal in G, then G possesses an ordered Sylow tower.
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Proof . By theorem 3.1, G is pn-nilpotent. Let Pn be a Sylow pn-subgroup of
G and K be a normal pn-complement of Pn in G. By induction, K possesses
an ordered Sylow tower. Therefore, G possesses an ordered Sylow tower. �

We need the following results:

Theorem 3.3 Let P be a normal p-subgroup of G such that G/P is super-
solvable. If the ALPE-subgroups of P are SS-quasinormal in G, then G is
supersolvable.

Proof. We prove the theorem by induction on the order of G. We treat the
following two cases:

Case 1. The ALPE-subgroups of P are normal in G. Let Hp be an ALPE-
subgroup of P of maximal order. Since Hp is abelian, 〈Hp, x〉 is abelian for
any x in CP (Hp). The maximality of Hp implies that CP (Hp) = Hp. Let
H be a cyclic subgroup of Hp of maximal exponent. Thus Hp and H are
normal in G. Clearly, every subgroup of Hp/H is normal in G/H . Hence, Hp

has a chain of subgroups 1 = R0 < R1 < · · · < Rs = Hp such that Ri � G
and |Ri : Ri−1| = p for i = 1, 2, · · · , s. This unable us to say that Hp is
supersolvably embedded in G. By Lemma 2.7, G/CG(Hp) is supersolvable, in
particular, G/Hp is suppersolvable. Since Hp is supersolvably embedded in G,
Hp ≤ Q∞(G) where the hyperquasicenter Q∞(G) is the largest supersolvably
embedded subgroup of G by [17, Theorem 10.7]. As Hp ≤ Q∞(G), we have
ψ(Hp) ≤ Q∞(G). Now applying Lemma 2.8 gives that G is supersolvable.

Case 2. There exists an ALPE-subgroup H of P that is not normal in G.
Our hypothesis implies that H is SS-quasinormal in G and so, by Lemma 2.3,
H is S-quasinormal in G. Hence, by Lemma 2.2, Op(G) ≤ NG(H) < G. Now,
if we let L = HOp(G) ≤ NG(H), then G = PL. Since G/P ∼= L/L ∩ P is
supersolvable, L is supersolvable by induction on |G|. Thus, Op(G) is a normal
supersolvable subgroup of G. Therefore, by [14, Exercise 7.2.23], POp(G) = G
is supersolvable. �

Now, we prove:

Theorem 3.4 If G is a group such that the ALPE-subgroups of every Sylow
subgroup of G are SS-quasinormal in G, then G is supersolvable.

Proof . By Corollary 3.2, G possesses an ordered Sylow tower. Hence, G has
a normal Sylow p-subgroup P , where p is the largest prime dividing |G|. Our
hypothesis carries over to G/P by Lemma 2.1. Thus, G/P is supersolvable by
induction on the order of G. Therefore, by Lemma 3.3, G is supersolvable. �
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Remark 3.5 The converse of Theorem 3.4 is not true. For example: Set
G = S2 × Z3, where S3 = 〈x, y : x3 = y2 = 1, yx = x2y〉 and Z3 = 〈z : z3 = 1〉.
Then G is supersolvable. But there exists a subgroup 〈xz〉 of order 3 which is
not SS-quasinormal in G.

As an immediate consequence of Theorem 3.4, we have:

Corollary 3.6 [10, Theorem 2.6]. If G is a group such that the ALPE-
subgroups of every Sylow subgroup of G are S-quasinormal in G, then G is
supersolvable.

Corollary 3.7 Let K be a normal subgroup of a group G such that G/K is
supersolvable. If the ALPE-subgroups of every Sylow subgroups of K are SS-
quasinormal in G, then G is supersolvable.

Proof . We prove the corollary by induction on |G|. Theorem 3.4 implies that
K is supersolvable and K has a normal Sylow p-subgroup P , where p is the
largest prime dividing |K|. Clearly, P is normal in G. Since G/P

/
K/P ∼=

G/K is supersolvable, we conclude that G/P is supersolvable by induction on
|G|. Thus, the supersolvability of G follows by Lemma 3.3. �

As an immediate consequence of Corollary 3.7, we have:

Corollary 3.8 [10, Corollary 2.8]. Let K be a normal subgroup of a group
G such that G/K is supersolvable. If the ALPE-subgroups of every Sylow
subgroups of K are S-quasinormal in G, then G is supersolvable.

4 Similar results

The following theorem has a similar argument as that of Theorem 3.1:

Theorem 4.1 Let p be the smallest prime dividing the order of G and P be
a Sylow p-subgroup of G. If the ALPE-subgroups of Ω(P ) are SS-quasinormal
in G, then G is p-nilpotent.

As an immediate consequence of Theorem 4.1, we have:

Corollary 4.2 Put π(G) = {p1, p2, ..., pn}, where p1 > p2 > ... > pn. Let Pi

be a Sylow pi-subgroup of G, where i = 2, 3, ..., n. If the ALPE-subgroups of
Ω(Pi) are SS-quasinormal in G, then G possesses an ordered Sylow tower.

Lemma 4.3 Let P be a normal p-subgroup of G such that G/P is supersolv-
able. If the ALPE-subgroups of Ω(P ) are SS-quasinormal in G, then G is
supersolvable.
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Proof . The lemma is proved by induction on |G|. Let P be a Sylow p-
subgroup of G. We treat the following two cases:

Case 1. Let P = P1. Then by Schur-Zassenhaus’ theorem, G possesses a
p
′
-Hall subgroup K which is a complement to P in G. So we have G/P ∼= K is

supersolvable. Since Ω(P ) char P and P is normal in G, it follows that Ω(P )
is normal in G. If Ω(P )K = G, then G/Ω(P ) is supersolvable. Hence, G is
supersolvable by Lemma 3.3. Thus, we may assume that Ω(P )K < G. Since
Ω(P )K/Ω(P ) ∼= K is supersolvable, it follows that Ω(P )K is supersolvable,
by Lemma 3.3. Applying Lemma 2.9 yields the supersolvability of G.

Case 2. Let P < P1. Put π(G) = {p1, p2, ..., pn}, where p1 > p2 > ... >
pn. Since G/P is supersolvable, it follows that G/P possesses supersolvable
subgroups H/P and K/P such that |G/P : H/P | = p1 and |G/P : K/P | = pn,
by [1, Theorem 5]. Since H/P and K/P are supersolvable, it follows that H
and K are supersolvable by induction on |G|. Since |G : H| = |G/P : H/P | =
p1 and |G : K| = |G/P : K/P | = pn, it follows again by [1, Theorem 5] that
G is supersolvable. �

As an immediate consequence of Corollary 4.2 and Lemma 4.3, we have:

Theorem 4.4 Let G be a group such that, for every prime p and every Sylow
p-subgroup P of G, the ALPE-subgroups of Ω(P ) are SS-quasinormal in G.
Then G is supersolvable.

Proof . The theorem is proved by induction on |G|. By Corollary 4.2, G
possesses an ordered Sylow tower. Thus, G has a normal Sylow p-subgroup P ,
where p is the largest prime dividing |G|. By Schur-Zassenhaus’ theorem, G
possesses a p

′
- Hall subgroup K which is a complement to P in G. Therefore,

by Lemma 4.3, G is supersolvable. �

Remark 4.5 Theorem 4.4 is not true when the smallest prime dividing the
order of G is even and Ω(P ) = Ω1(P ), where P is a Sylow p-subgroup of G.
For example, if Q is the quaternion group 〈a, b : a4 = 1, b2 = a2, b−1ab = a−1〉,
Cq is a cyclic group of order q with generator c and the action of Cq on Q is
given by ac = b, bc = ab, then the semi-direct product of Q by Cq is a group of
even order in which every subgroup of prime order is SS-quasinormal. Clearly,
the semi-direct product of Q by Cq is not supersolvable (see [5]).

As an immediate consequence of Theorem 4.4, we have:

Corollary 4.6 [3]. Let G be a group such that, for every prime p and every
Sylow p-subgroup P , the ALPE- subgroups of Ω(P ) are normal in G. Then G
is supersolvable.
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Corollary 4.7 [11]. Let G be a group such that, for every prime p and every
Sylow p-subgroup P , the ALPE-subgroups of Ω(P ) are S-quasinormal in G.
Then G is supersolvable.

Corollary 4.8 [5]. Suppose that G is a group of odd order and that every
subgroup of G of prime order is normal in G. Then G is supersolvable.

Proof. Put π(G) = {p1, p2, · · · , pn}, where p1 > p2 > · · · > pn. Let H be a
subgroup of G of order pi for each i = 1, 2, · · · , n. By hypothesis, H is a normal
subgroup of Pi, where Pi is a Sylow pi-subgroup of G. Clearly H ∩ Z(Pi) �= 1
and H ≤ Z(Pi). Thus Ω1(Pi) is elementary abilian and expΩ1(Pi) = pi, for
each i = 1, 2, · · · , n which implies that the ALPE-subgroups of Ω1(Pi) are SS-
quasinormal in G. Therefore, G is supersolvable by Corollary 4.4. �

Now we can prove:

Corollary 4.9 Let K be a normal subgroup of G such that G/K is supersolv-
able. For every prime p dividing |K|, let P be a Sylow p-subgroup of K. If the
ALPE-subgroups of Ω(P ) are SS-quasinormal in G, then G is supersolvable.

Proof . We prove the corollary by induction on |G|. Theorem 4.4 implies
that K is supersolvable and hence K has a normal Sylow p-subgroup of K,
where p is the largest prime dividing |K|. Clearly, P is normal in G. Thus,
G/P/K/P ∼= G/K is supersolvable and G/P is supersolvable by induction on
|G|. Therefore, G is supersolvable by Lemma 4.3. �

As an immediate consequence of Corollary 4.9, we have:

Corollary 4.10 [16]. Suppose that every subgroup of G of prime order is
normal in G. Then the following statements are equivalent:

(i) G is supersolvable.
(ii) G is 2-nilpotent.

Proof. We only prove the direction (ii)⇒(i) as the other one is obvious. Let
G = PK, where P is a Sylow 2-subgroup of G and K is a normal 2′-Hall
subgroup of G. Clearly, G/K ∼= P is supersolvable. Thus, G is supersolvable
by Corollary 4.8. �
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