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Abstract 
 
Let N be a 2-torsion free semiprime Γ-near-ring and let D,G be two 

generalized derivations on N. In this paper, we define orthogonality of two 
generalized derivations in Γ-near-rings. If D and G are orthogonal on N then we 
prove that DG is a generalized derivation on N and either DG or GD is a left 
centralizer of N. We also prove that if D2 = 0 then D = 0.   
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1. Introduction 
 
A Γ-near-ring is a triple (N, +, Γ) where  
(i) (N, +) is a not necessarily abelian group ,  
(ii) Γ is a non-empty set of binary operations on N such that for each α∈Γ,  
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(N, +, α) is a left near-ring. 

(iii) xα(yβz) = (xαy)βz for all x, y, z∈N and α, β∈Γ. 
For a Γ-near-ring N, the set N0 = {x∈N: 0αx = 0, α∈Γ} is called the zero-

symmetric part of N. A Γ-near-ring N is said to be zero-symmetric if N = N0. In fact, 
it is a left Γ-near-ring because it satisfies the left distributive law. Throughout this 
paper, N will denote a zero-symmetric left Γ-near-ring. A Γ-near-ring N is called a 
prime Γ-near-ring if N has the property that for x, y∈N, xΓNΓy = {0} implies x = 0 or 
y = 0. A Γ-near-ring N is called a semiprime if N has the property that for x∈N, 
xΓNΓx = {0} implies x = 0. A Γ-near-ring N is said to be commutative if (N, +) is 
abelian, and 2-torsion free if for all x∈N, 2x = 0 implies x = 0. We will use the word 
Γ-near-ring to mean left Γ-near-ring. An additive map d: N → N is called a derivation 
if d(xαy) = d(x)αy + xαd(y) holds for all x, y∈N, α∈Γ. Let D: N → N be an additive 
map. If there exists a derivation d: N → N such that D(xαy) = D(x)αy + xαd(y) for all 
x, y∈N and α∈Γ, then D is said to be a generalized derivation associated with the 
derivation d. The generalized derivation D associated with the derivation d is denoted 
by uppercase letter D. Let f: N → N be additive mapping. The mapping f is said to be 
a left centralizer if f(xαy) = f(x)αy for all x, y∈N and α∈Γ. If f is a left and a right 
centralizer, then f is called a centralizer. The concept of the generalized derivation 
covers both the notions of the derivation and of the left centralizer. 

Bresar and Vukman [5] studied the notions of orthogonal derivations in rings. 
Bell and Mason [2] introduced the derivations in near-rings. Results by Sulaiman and 
Majeed in [12] concerned the orthogonal properties of derivations on nonzero ideal of 
a 2-tortion free semiprime Γ-ring.  The notion of generalized derivation has been 
initiated by Bresar [4]. Hvala [9] obtained results in rings with generalized 
derivations. Park and Jung [10] studied on orthogonal generalized derivations in 
semiprime near-rings and obtained results on orthogonal generalized derivations as a 
product form. The commutativity conditions for Γ-rings have been studied in [6]. The 
papers [7] and [8] are devoted to study of generalized derivations in prime and 
semiprime Γ-rings, respectively. 

In this paper, we define the orthogonality of two generalized derivations in Γ-
near-rings. We give characterizations of these derivations as a product of two 
derivations in 2-torsion free semiprime Γ-near-rings. 

 
 
2. Semiprime Gamma Near-Rings with Orthogonality 
 
In this section we prove a few lemmas which are made used in the next 

section to prove the main results of the paper.  
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Lemma 2.1. Suppose that N is a 2-torsion free semiprime Γ-near-ring and a, 

b∈N. Then the following conditions are equivalent: 
(i) aαxβb = 0 for all x∈N and α, β∈Γ. 
(ii) bαxβa = 0 for all x∈N and α, β∈Γ. 
(iii) aαxβb + bαxβa = 0 for all x∈N and α, β∈Γ. 
If any one of the above three conditions is true, then aΓb = bΓa = 0. 
 
Proof. Let aαxβb = 0 for every x∈N and α, β∈Γ. Then  
(bαxβa)γyδ(bαxβa) = bαxβ(aγyδb)αxβa = 0 for all x∈N and α, β, γ, δ∈Γ. 

 Since N is semiprime we get bαxβa = 0 for every x∈N and α, β∈Γ. This gives (ii). 
The proof of (ii) ⇒ (i) is similar. Therefore (ii) implies (iii). 
Now we prove that (iii) ⇒ (i). Let aαxβb + bαxβa = 0 for all x∈N and α, β∈Γ. 

Consider  
  (aαyβb)δzγ(aαyβb) = −(bαyβa)δzγaαyβb = −(bα(yβaδz)γa)αyβb  

=  aα(yβaδzγ)bαyβb = aαyβ(aδzγb)αyβb= − aαyβ(bδzγa)αyβb  
 = (aαyβb)δzγ(aαyβb), where y, z∈N and α, β, δ, γ∈Γ.  

Therefore,  2(aαyβb)δzγ(aαyβb) = 0. Since N is 2-torsion free we get 
(aαyβb)δzγ(aαyβb) = 0. The semiprimeness of N  implies aαyβb = 0 for every y∈N 
and α, β∈Γ. Let now consider  bβaαyβbβa = 0. Then due to the semiprimenes of N 
one gets bβa = 0 for all β∈Γ. The part aΓb = 0 is proved similarly. 

 
Lemma 2.2. Let N be a Γ-near-ring and  D be a generalized derivation of N. Then 

the following hold true. 
(i) (D(x)αy + xαd(y))βz= D(x)αyβz + xαd(y)βz for all x, y, z∈N and α, β∈Γ 

and 
(ii) (d(x)αy + xαd(y))βz = d(x)αyβz + xαd(y)βz for all x, y, z∈N and α, β∈Γ. 
 
Proof. (i). Consider 

D((xαy)βz) = D(xαy)βz + xαyβd(z)  
= (D(x)αy + xαd(y))βz + xαyβd(z), for all x, y, z∈N,  α, β∈Γ, 

and 
D(xα(yβz)) = D(x)αyβz + xαd(yβz)  

= D(x)αyβz + xαd(y)βz + xαyβd(z), for all x, y, z∈N,  α, β∈Γ. 
By using (xαy)βz = xα(yβz) we  derive  
(D(x)αy + xαd(y))βz = D(x)αyβz + xαd(y)βz for all x, y, z∈N and α, β∈Γ. 

The part (ii) is proved similarly. 
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          Definition 2.3. Let N be a Γ-near-ring. Two generalized derivations D and G of 
N  are called orthogonal if  D(x)ΓNΓG(y) =  G(y)ΓNΓD(x) = 0 for all x, y∈N. 

 
Lemma 2.4. Let N be a 2-torsion free semiprime Γ-near-ring and D, G be two 

generalized derivations of N. If D and G are orthogonal, then the following hold true: 
(i) D(x)ΓG(y) = G(x)ΓD(y) = 0 for all x, y∈N. 
(ii) d and G are orthogonal and d(x)ΓG(y) = G(y)Γd(x) = 0 for all x, y∈N. 
(iii) g and D are orthogonal and g(x)ΓD(y) = D(y)Γg(x) = 0 for all x, y∈N. 
(iv) d and g are orthogonal and this implies dg = 0. 
(v) dG = Gd = 0 and gD = Dg = 0. 
(vi) DG = GD = 0. 
 
Proof. (i). By the orthogonality of D and G, we have D(x)αzβG(y) = 0 for all 

x, y, z∈N and α, β∈Γ. Hence we get D(x)αG(y) = G(x)αD(y) = 0 for all x, y∈N and 
α∈Γ, by Lemma 2.2. 

(ii). Since D(x)αG(y) = 0 (part (i)) and D(x)αzβG(y) = 0 (the orthogonality) for 
all x, y, z∈N and α, β∈Γ, we have 
   0 = D(wβx)αG(y) = (D(w)βx + wβd(x))αG(y)  

= D(w)βxαG(y) + wβd(x)αG(y) = wβd(x)αG(y) for all w, x, y∈N and α, β∈Γ.  
Now consider d(x)αG(y)γwβd(x)αG(y) = 0 for all w, x, y∈N and α, β, γ∈Γ. Since N is 
semiprime we get  d(x)αG(y) = 0. Thus d(x)ΓG(y) = 0. This is the first part of  (ii).  

To show the second part we consider  
d(xβw)αG(y) = (d(x)βw + xβd(w))αG(y)  = d(x)βwαG(y) + xβd(w)αG(y) =  
d(x)αwβG(y) = 0 for all w, x, y∈N and α, β∈Γ.  

Then we get G(y)γd(x)αwβG(y)γd(x) = 0 for all w, x, y∈N and α, β, γ∈Γ. By the 
semiprimeness of N we obtain G(y)γd(x) = 0 for all x, y∈N and γ∈Γ. This implies that 
G(y)Γd(x) = 0 for every x, y∈N.  

The proof of (iii) is similar. 
(iv). Consider  
0 = D(xβz)αG(yδw) = (D(x)βz + xβd(z))α(G(y)δw + yδg(w))  

= D(x)βzαG(y)δw + D(x)βzαyδg(w) + xβd(z)αG(y)δw + xβd(z)αyδg(w)  
= xβd(z)αyδg(w) for all w, x, y, z∈N and α, β, δ∈Γ.   
This implies that d(z)αyδg(w)γxβd(z)αyδg(w) = 0 for all w, x, y, z∈N and α, β, δ, γ∈Γ.  
By the semiprimeness of N, we get d(z)αyδg(w) = 0 for all w, y, z∈N, α, δ∈Γ, that is, 
d and g are orthogonal. Replacing w by z and δ by β we get, d(x)αyβg(z) = 0 for all x, 
y, z∈N, α, β∈Γ. Hence  
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0 = d(d(x)αyβg(z)) = d2(x)αyβg(z) + d(x)αd(y)βg(z) + d(x)αyβ(dg)(z),x, y, z∈N, α,β∈Γ. 
The first two terms are zero since d and g are orthogonal. Therefore this relation 
reduces to d(x)αyβ(dg)(z) = 0 for all x, y, z∈N, α, β∈Γ. Replacing x by g(z) in the 
former equation we get (dg)(z)ΓNΓ(dg)(z) = 0 for all z∈N. Hence due to the 
semiprimeness of N we get (dg)(z) = 0 i.e., dg = 0. 

Here is the proof of (v) and (vi). Use (ii) and (iv) to obtain  
0 = G(d(x)αzβG(y)) = G(d(x))αzβG(y) + d(x)αg(zβG(y))  

= G(d(x))αzβG(y) for all x, y, z∈N, α, β∈Γ.  
Replacing y by d(x) in the above relation and by using the semiprimeness of N we get 
Gd = 0 . Similarly, by using d(G(x)αzβd(y)) = 0, D(g(x)αzβD(y)) = 0, g(D(x)αzβg(y)) 
= 0 and G(D(x)αzβG(y)) = 0, it is easy to see that from (i), (ii) and (iii) we obtain dG 
= Dg = gD = DG = GD = 0, respectively. The proof is completed. 

 
 
3. Properties of Orthogonal generalized derivations 
 
This section contains main results of the paper.  
 
Theorem 3.5. Let N be a 2-torsion free semiprime Γ-near-ring. Let D and G 

be two generalized derivations of N. Then the following statements are equivalent: 
(i) D and G are orthogonal. 
(ii) D(x)ΓG(y) = d(x)ΓG(y) = 0 for all x, y∈N. 
(iii) D(x)ΓG(y) = d(x)Γg(y) = 0 for all x, y∈N and dG = dg  = 0. 
(iv) DG is a generalized derivation of N associated with a derivation dg of N 

and D(x)ΓG(y) = 0 for all x, y∈N. 
 
Proof. The parts (i) ⇒ (ii) and (i) ⇒ (iii) are due to Lemma 2.4(i). 
The part (i) ⇒ (iii) is immediate from Lemma 2.4(i). 

 The part (i) ⇒ (iv) is due to Lemma 2.4. 
Let us prove (ii) ⇒ (i). Take xβz instead of x in the relation D(x)ΓG(y) = 0. 

Then by using Lemma 2.3(i) we get  
0 = (D(x)βz + xβd(z))αG(y) = (D(x)βzαG(y) + xβd(z)αG(y) = D(x)βzαG(y) 
for all x, y, z∈N and α, β∈Γ and this along with Lemma 2.4  gives the required result. 

(iii) ⇒ (i). From dg = 0 we get  
0 = (dG)(xαy) = d(G(xαy)) = d(G(x)αy + xαg(y)) 

= (dG)(x)αy + G(x)αd(y) + d(x)αg(y) + xα(dg)(y) = G(x)αd(y)  
for all x, y∈N and α∈Γ. Replacing x by xβz in this relation and by using Lemma 
2.4(i), we get  
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0 = G(xβz)αd(y) = G(x)βzαd(y) + xβg(z)αd(y) = G(x)βzαd(y) 
for all x, y, z∈N and α, β∈Γ. Hence d(y)αG(x) = 0 for all x, y∈N and α∈Γ, by Lemma 
2.3. Now (i) is a consequence of (ii). 

Nontrivial part of the proof is (iv) ⇒ (i). Here are steps of the proving. Due to 
(iv), we have (DG)(xαy) = (DG)(x)αy + xα(dg)(y) for all x, y∈N and α∈Γ and we also 
obtain 

 (DG)(xαy) = D(G(xαy)) = D(G(x)αy + xαg(y)) 
= (DG)(x)αy + G(x)αd(y) + D(x)αg(y) + xα(dg)(y) for all x, y∈N, α∈Γ.  
Comparing the above two results for (DG)(xαy), we get G(x)αd(y) + D(x)αg(y) = 0 for 
all x, y∈N, α∈Γ. The codition  D(x)αG(y) = 0 for all x, y∈N, α∈Γ gives  
0 = D(x)αG(yβz) = D(x)αG(y)βz + D(x)αyβg(z) = D(x)αyβg(z) for all x, y∈N and α, 
β∈Γ. Hence g(z)αD(x)αyβg(z)αD(x) = 0 for all x, z∈N, α, β∈Γ. By the semiprimeness 
of N, we conclude that g(z)αD(x) = 0 for all x, z∈N, α, β∈Γ.  Replacing z by yβz in 
the last relation, we get  
g(yβz)αD(x) = g(y)βzαD(x) + yβg(z)αD(x) = g(y)βzαD(x) = 0 for all x, y, z∈N, α, β∈Γ. 
As a result we derive D(x)αg(y)βzαD(x)αg(y) = 0 for all x, y, z∈N, α, β∈Γ.  By the 
semiprimeness of N, we have D(x)αg(y) = 0 for all x, y∈N, α∈Γ. Now from the 
relation G(x)αd(y) + D(x)αg(y) = 0 for all x, y∈N, α∈Γ we obtain G(x)αd(y) = 0 for 
all x, y∈N, α∈Γ. Putting y = yβz in the last relation we get  
G(x)αd(yβz) = G(x)αd(y)βz + G(x)αyβd(z) = G(x)αyβd(z) = 0 for all x, y, z∈N, α, β∈Γ. 
Then d(z)αG(x)αyβd(z)αG(x) = 0 for all x, z∈N, α∈Γ. By the semiprimeness of N, 
again we get, d(z)αG(x) = 0. Therefore with the help of (ii), we obtain the required 
result.  
 

Theorem 3.6. Suppose that N is a 2-torsion free semiprime Γ-near-ring. Let D 
and G be two generalized derivations of N. Suppose D and G are orthogonal to g and 
d, respectively. Then  

(i) dg = 0 and DG is a left centralizer of N. 
(ii) gd = 0 and GD is a left centralizer of N. 
 
Proof. (i). Since D and g are orthogonal, we get D(x)αyβg(y) = 0 for all x, y, 

z∈N, α, β∈Γ.  Substituting wδx for x in this relation, by using Lemma 2.4(i), we get 
0 = D(wδx)αyβg(z) = D(w)δ(xαy)βg(z) + wδd(x)αyβg(z) = wδd(x)αyβg(z) 
for all w, x, y, z∈N, α, β, δ∈Γ. Then d(x)αyβg(z)γwδd(x)αyβg(z) = 0 for all x, y, z∈N, 
α, β∈Γ. Hence d(x)αyβg(z) = 0 for all x, y, z∈N, α, β∈Γ, by the semiprimeness of N. 
Thus d and g are orthogonal. Now by using Theorem 3.5 we conclude that dg = 0. 
The proof of the second part of (i) is as follows. Since D is orthogonal to g and G is  
 



Orthogonal generalized derivations                                                                       1133 
 
 
 
orthogonal to d, we get D(x)αg(y) = 0 and G(x)αd(y) = 0 for all x, y∈N, α∈Γ, 
respectively by Lemma 2.4. This implies 

(DG)(xαy) = D(G(xαy)) = D(G(x)αy + xαg(y))  
= (DG)(x)αy + G(x)αd(y) + D(x)αg(y) + xα(dg)(y) = (DG)(x)αy.  
That is, DG is a left centralizer of N. 

The proof of (ii) is similar to that of (i). 
 
Theorem 3.7. Suppose that N is a 2-torsion free semiprime Γ-near-ring. Let D 

be a generalized derivation of N. If D(x)ΓD(y) = 0 for all x, y∈N, then D = d = 0. 
 
Proof. From D(x)ΓD(y) = 0 for all x, y∈N,  we have,  
0 = D(x)αD(yβz) = D(x)α(D(y)βz + yβd(z)) = D(x)αD(y)βz + D(x)αyβd(z) 

 = D(x)αyβd(z) for all x, y, z∈N, α, β∈Γ.  
By Lemma 2.4 we obtain d(z)αD(x) = 0 for all x, z∈N, α∈Γ. Replacing x by xβz in the 
last relation, we get 0 = d(z)αD(x)βz + d(z)αxβd(z) = d(z)αxβd(z) for all x, z∈N, α, 
β∈Γ. The semiprimeness of N gives d = 0. To get D=0 first we make use Lemma 
2.4(i) and then the hypothesis to obtain  
0 = D(xαy)βD(y) = (D(x)αy + xαd(y))βD(y) = D(x)αyβD(y) + xαd(y)βD(y) = 
D(x)αyβD(y) 
 for all x, y∈N, α, β∈Γ. Then by the semiprimeness of N we derive D = 0.  
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