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Abstract. Let R be a ring with a maximal subring, say S, and M be an
R-module. In this article we study elementary algebraic properties which are
between M as an R-module and M as an S-module. It is shown that if R is
integral over S and M is semisimple as an R-module, then M is semisimple
as an S-module. Some necessary conditions for simplicity (semisimplicity) of
M as an S-module are also given. The faithfulness of M as an S-module is
also investigated. We put a conditions on S such that ZR(M) (the singular
submodule of M) is equal to ZS(M). Finally, it is proved that, if M is prime
as an S-module, then either M has a nonzero prime R-submodule N or R is
infinite dimensional and M is not artinian R-module.
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1. Introduction

We assume throughout of this article that all rings are commutative unitary
with 1 �= 0; and all subrings are also unitary; finally all modules are unital. If
S is a proper subring of a ring R, then S is called a maximal subring of R, if
there is no subring of R properly between S and R. Unlike maximal ideals,
maximal subrings may not always exist. Recently in [1-6], maximal subrings of
commutative rings have been fully investigated. In this short note, we aim to
study modules over some commutative rings when considered also as modules
over the maximal subrings of rings and try to find some connections between
the properties of these modules when considered separately as modules over
these rings and their maximal subrings. Let us recall some standard definitions
and notations in commutative rings, which are used in the sequel. If D is an
integral domain, then the quotient field of D is denoted by Q(D). The set
of prime ideals and maximal ideals of a ring R are denoted by Spec(R) and
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Max(R), respectively. Finally, if S ⊆ R is an extension of rings, then the
conductor ideal of this extension is denoted by (S : R), that is the largest ideal
of R which is contained in S, i.e., (S : R) = {x ∈ R | Rx ⊆ S}.

The following theorem, whose proof could be found in [7] is needed. Before
presenting it, let us recall that whenever S is a maximal subring of a ring R,
then one can easily see that either R is integral over S or S is integrally closed
in R.

Theorem 1.1. Let S be a maximal subring of a ring R. Then the following
statements are true,

(1) (S : R) ∈ Spec(S).
(2) (S : R) ∈ Max(S) if and only if R is integral over S.
(3) If S is integrally closed in R, then (S : R) ∈ Spec(R).

Finally, throughout of this article (for brevity), we assume that R is a ring,
S is a maximal subring of R with conductor ideal P = (S : R); and M
is an R-module, clearly, we can consider M as an S-module, too.

2. R-modules over maximal subrings of R

Before presenting our new results, we give the following well-known fact,
whose proof is trivial.

Proposition 2.1. Let M be an R-module. Then M is semisimple as an R-
module if and only if for each x ∈ M , we have AnnR(x) =

⋂n
i=1 Ai, where

Ai ∈ Max(R), (1 ≤ i ≤ n).

Now the following is in order.

Theorem 2.2. Let R be integral over S and M be simple as an R-module.
Then for each 0 �= x ∈ M , the S-module Sx is simple; consequently M is
semisimple as an S-module.

Proof. First note that M = Rx ∼= R/AnnR(x), and therefore AnnR(x) ∈
Max(R). To show that Sx is simple as an S-module, it suffices to prove
that AnnS(x) ∈ Max(S), for each 0 �= x ∈ M . We have two cases, if A :=
AnnR(x) � S, then S + A = R by the maximality of S. Thus R/A = (S +
A)/A ∼= S/(S ∩ A) as rings isomorphism. Hence we infer that AnnS(x) =
A∩S ∈ Max(S) (note, A ∈ Max(R)). Now assume that, A ⊆ S, then clearly
AnnS(x) = A = P ∈ Max(S), by Theorem 1.1. The final part is evident.

The following corollary is now immediate.

Corollary 2.3. Let R be integral over S and M is semisimple as an R-module.
Then M is semisimple as an S-module.

Example 2.4. It is clear that maximal subrings of Q are not semisimple rings.
Hence the integrally of R over S, in the above theorem is needed. Also, note
that Q is a (semisimple) maximal subring of R = Q[x]/(x2) which is integral
over Q, but clearly R is not semisimple ring.



Modules over maximal subrings 1099

Lemma 2.5. Let M be a simple R-module which also is semisimple as an
S-module. Then either R is integral over S, or AnnS(x) ∈ Max(S), for each
x ∈ M \ {0}.
Proof. It is clear that for each 0 �= x ∈ M , we have AnnR(x) ∈ Max(R),
since M is simple as an R-module. Now if there exists a nonzero x ∈ M ,
such that AnnR(x) ⊆ S, the we infer that P = AnnR(x) = AnnS(x). Hence
P =

⋂n
i=1 Ai, for some Ai ∈ Max(S), by Proposition 2.1. Since P is prime ideal

of R, we infer that P = Aj ∈ Max(S), for some j, and therefore R is integral
over S, by Theorem 1.1. Hence assume that for each nonzero element x of M ,
AnnR(x) � S. Thus by the maximality of S we infer that S + AnnR(x) = R
and therefore S/AnnS(x) = S/(AnnR(x) ∩ S) ∼= (S + AnnR(x))/AnnR(x) =
R/AnnR(x). Hence AnnS(x) is maximal ideal of S, and we are done.

Proposition 2.6. Let M be a semisimple S-module. Then either R is integral
over S or R/AnnR(x) is a semisimple ring for each x ∈ M \{0}. In particular,
in the latter case M is semisimple as an R-module.

Proof. First note that for each nonzero element x of M , by Proposition 2.1, we
have AnnS(x) =

⋂n
i=1 Ai, for some Ai ∈ Max(S) and n ∈ N. Now we have two

cases, either there exists a nonzero element x of M such that AnnR(x) ⊆ S.
Hence P = AnnR(x) = AnnS(x) =

⋂n
i=1 Ai, and therefore P = Aj ∈ Max(S),

for some j. Thus R is integral over S, by Theorem 1.1; or for each 0 �= x ∈ M ,
we have AnnR(x) � S, which similar to the proof of the above theorem,
immediately implies that R/AnnR(x) ∼= S/AnnS(x), and therefore we infer
that R/AnnR(x) is semisimple ring, hence AnnR(x) is an intersection of finitely
many maximal ideal of R and therefore we infer that M is semisimple as R-
module, by Proposition 2.1.

For more observations we need the following definitions.

Definition 2.7. Let S be a subring (not necessary maximal) of a ring R. We
say that S is essential in R and denoted it by S ⊆e R, if S ∩ I �= 0, for each
nonzero ideal I of R. Let us also recall that an R-submodule N of M is called
essential submodule, and denoted it by N ≤e M , if N ∩ K �= 0 for every
nonzero R-submodule K of M .

Definition 2.8. For an R-module M , the set ZR(M) = {x ∈ M |AnnR(x) ≤e

R} is an R-submodule of M , which is called the singular submodule of M . We
say that M is a singular (resp. nonsingular) module, if ZR(M) = M (resp.
ZR(M) = 0).

Remark 2.9. Let S be a subring of a ring R, not necessary maximal, and
assume that S ≤e R (i.e., S is essential in R as an S-submodule). If M
is nonsingular and injective as an S-module. Then M is injective as an R-
module, see [8, Exercises 8.10].

Now the following corollary is in order.
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Corollary 2.10. Let R be an integral domain, S is integrally closed in R and
K = Q(S). Then R is an injective S-module if and only if R = K.

Proof. First note that one can easily see that R ⊆ K (note, R is algebraic over
S and S is integrally closed in R). It is clear that if R = K, then R is an
injective S-module. Conversely, since S ≤e K, we infer that S ≤e R. But R
is a nonsingular S-module, for R is an integral domain. Thus R is injective as
an R-module by the previous remark, and therefore R = K.

We need the following lemma for more observations.

Lemma 2.11. Let S be a maximal subring of a ring R. Then either S ⊆e R
or Soc(R) �= 0 (i.e., R has a nonzero minimal ideal).

Proof. Assume that S is not essential in R. So there exists a nonzero ideal I of
R such that S ∩ I = 0 and therefore R = S ⊕ I. We show that I is a minimal
ideal of R and we are done. Let A be a nonzero ideal of R such that A ⊆ I.
Hence we have S ∩ A = 0. Thus R = S ⊕ A. But I = A + (I ∩ S) = A + 0,
i.e., I = A and we are done.

Now the following result is in order.

Proposition 2.12. Let M be faithful as an S-module, then either M is faithful
as an R-module or R is integral over S.

Proof. Assume that M is not faithful as an R-module. Hence AnnR(M) �= 0
and therefore S ∩ AnnR(M) = 0. Thus by the above lemma R has a minimal
nonzero ideal I such that I ∩ S = 0. Since either I2 = 0 or I2 = I, we infer
that there exists e ∈ I \ S such that either e2 = 0 or e2 = e. Hence in any
cases we infer that R is integral over S. Thus we are done.

Theorem 2.13. If S is integrally closed in R and S ⊆e R. Then ZS(S) ⊆
ZR(R). In particular, ZR(R) ∩ ZS(R) ⊆ ZS(S).

Proof. First note that by [8, (7.2)Lemma], we have ZS(S) = S ∩ZS(R). Now
assume that x ∈ ZS(S), but AnnR(x) ≤e R. Hence there exists a nonzero ideal
I of R such that I ∩AnnR(x) = 0. Since S ⊆e R, we infer that I ∩ S �= 0 and
therefore AnnS(x) ∩ (I ∩ S) = 0, which is a contradiction. For the final part,
let x ∈ ZR(R)∩ZS(R). We have two cases, either x ∈ S and therefore by the
first comment x ∈ ZS(S), or x /∈ S. Hence x /∈ P and since x ∈ ZS(R), we also
have AnnS(x) ≤e S. In this case we show that P ≤e S. For otherwise there
exists a nonzero ideal I of S such that I ∩P = 0. But I ∩AnnS(x) �= 0, hence
there exists a nonzero element a ∈ I, such that 0 = ax. Since S is integrally
closed in R, we infer that P is prime ideal of R, by Theorem 1.1, and therefore
a ∈ P or x ∈ P , which is a contradiction. Hence we are done.

Proposition 2.14. Let S be an integral domain and S ⊆e R. Then ZS(M) =
ZR(M).
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Proof. First note that similar to the proof of the above theorem on can easily
see that ZS(M) ⊆ ZR(M). Now assume that x ∈ ZR(M) but x /∈ ZS(M).
Hence we infer that there exists a nonzero ideal I of S such that I∩AnnS(x) =
0. But since S ⊆e R, we have AnnS(x) �= 0, therefore I ∩ AnnS(x) �= 0, for S
is an integral domain, which is absurd and hence we are done.

We conclude this article by some observations about prime modules. First
we need the following definition and lemma, see [8, (3.54)Lemma].

Definition 2.15. The nonzero R-module M is called prime, if AnnR(N) =
AnnR(M) for each nonzero R-submodule N of M .

Lemma 2.16. Let M be a prime R-module. Then AnnR(M) ∈ Spec(R).

Now the following result is in order.

Theorem 2.17. Let M be faithful as an S-module, then at least one of the
following holds:

1. M is a faithful R-module.
2. M is a prime R-module.
3. There exists a nonzero R-submodule N of M such that annS(N) �= 0,

R/annR(N) ∼= S/annS(N) as rings.

Proof. Assume that M is not faithful as an R-module. Since M is faithful as an
S-module, we infer that S ∩ AnnR(M) = 0, and therefore I = AnnR(M) �= 0
is a minimal ideal of R, by Lemma 2.11. Now for any nonzero R-submodule
N of M , we clearly have AnnR(M) ⊆ AnnR(N) and AnnS(M) ⊆ AnnS(N).
Let us now consider two cases. First, if AnnS(N) = 0, for any R-submodule
N of M , then S ∩ AnnR(N) = 0, hence AnnR(N) is a minimal ideal of R,
by Lemma 2.11, and therefore AnnR(N) = AnnR(M), i.e., M is a prime R-
module. Second, if AnnS(N) �= 0, for some nonzero R-submodule N of M .
Since M is a faithful S-module which is not faithful as an R-module, we infer
that AnnR(N) � S (for otherwise, 0 �= AnnR(M) ⊆ AnnR(N) ⊆ S, which
implies that AnnS(M) �= 0, which is absurd). Hence S + AnnR(N) = R, by
the maximality of S and therefore (3) holds.

Finally, we conclude this article with the following interesting result.

Theorem 2.18. Let M be prime as an S-module, then either M contains a
nonzero prime R-module or R is not finite dimensional (i.e., R does not have
finite classical Krull’s dimension) and M is not artinian R-module.

Proof. Assume that M is not a prime R-module, hence there exists a nonzero
R-submodule N1 of M such that AnnR(M) � AnnR(N1). Let x ∈ AnnR(N1)
but x /∈ AnnR(M). Now we show that x /∈ S. Assume that x ∈ S, then
x ∈ S ∩ AnnR(N1) = AnnS(N1) = AnnS(M) = AnnR(M) ∩ S, i.e., x ∈
AnnR(M) which is a contradiction. Hence x /∈ S, therefore AnnR(N1) � S.
Now by the maximality of S we infer that AnnR(N1) + S = R and therefore
R/AnnR(N1) ∼= S/AnnS(M) as rings isomorphism. Hence AnnR(N1) is a
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prime ideal of R, by Lemma 2.16. If N1 is a prime R-module, we are done.
Hence assume that N1 is not a prime R-module, hence by a similar argument,
there exists a nonzero proper R-submodule N2 of N1 such that AnnR(N1) �
AnnR(N2) and AnnR(N2) ∈ Spec(R). Hence we infer that either M contains a
nonzero prime R-submodule or R is infinite dimensional and M is not artinian
R-module.
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