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Abstract 

 
 In this paper we introduce the concepts of fundamental domains in groups acting on 
connected graphs with inversions, and show that if G is a group acting on a 
connected graph X with inversions, (T; Y) is a fundamental domain for the action of 
G on X, and if H is a subgroup of G, then we construct a fundamental domain, 
denoted ( HH YT , ) for the action of H on X 
/ 
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1 Introduction 
 
In [3, p. 25], H. Bass, and, J-P Serre introduced the concepts of fundamental domains 
of groups connected graphs without inversions, and in [1], M. I. Khanfar and R. M. 
S. Mahmood generalized these concepts to the case where the actions are with 
inversions. This paper is divided into 3 sections. In section 2, we introduce the 
concept of fundamental domains of groups connected graphs with inversions. In 
section 3, we show that if G is a group acting on a connected graph X with 
inversions, (T; Y) is a fundamental domain for the action of G on X, and if H is a 
subgroup of G, then we construct a fundamental domain for the action of H on X. 
  
 
 2 Fundamental domains for groups acting on connected graphs 
 
  A graph X consists of two disjoint sets V(X), (the set of vertices of X) and E(X), 
(the set of edges of X), with V(X) nonempty, together with  
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three functions 0∂ : E(X)→V(X), 1∂ : E(X)→V(X), and η :E(X)→E(X) satisfying he 
conditions that 01 ∂=∂ η , 10 ∂=∂ η , and η  is an involution  
fixing some elements of E(X). For simplicity, if e∈E(X), we write 

0∂ (e) = o(e), 1∂ (e) = t(e), and η (e) =e . This implies that o(e ) = t(e),  
t(e ) = o(e), and e = e.    
   There are obvious definitions of subgraphs, paths, circuits, trees, morphisms of 
graphs and Aut(X), the set of all automorphisms of the graph X which is a group under 
the composition of morphisms of graphs. For more details, the interested readers are 
referred to [3]. 
 
Convention. In the graph X we write x∈X to mean that x is a vertex or x is an edge of 
X.   
   We say that the group G acts on the graph X, if there is a group homomorphism φ : 
G→  Aut(X). If x∈X and g∈G, we write g(x) for (φ (g))(x). If y∈E(X) and g∈G, then 
g(o(y)) = o(g(y)), g(t(y)) = t(g(y)), and g( y ) = )y(g . The case g(y) = y  for some g∈G 
and some y∈E(X) may occur. That is, G acts on X with inversions. 
 
Definition 2.1. Let G be a group acting on the graph X with inversions. 
 For x, y∈X, define the following sets. 
(1) G(x) ={g(x): g∈G}.This set is called the orbit of x under G,  
(2) G(x→y) = {g∈G: g(x) = y}, and G(x→x) = xG , the stabilizer of x.  
Thus, G(x →y)≠ Ø if and only if x and y are in the same orbit. 
  
   It is clear that if v∈V(X), y∈E(X), and u∈{o(y), t(y)}, then G(v→y) = Ø, 

yG = yG , and yG ≤ uG . Furthermore, the following cases are equivalent. 
(i) G(x →y)≠ Ø, (ii) G(x) = G(y), (iii) g(x) = y, for g∈G. 
 
Definition 2.2. Let G be a group acting on a connected graph X with inversions, 
T be a subtree, and Y be a subgraph of X such that T⊆Y. Then. 
(1) T is called a tree of representatives for the action of G on X if T contains 
exactly one vertex from each vertex orbit. 
In symbols,  

(a) If v∈V(X), then v = g(u), where g∈G,  and u∈V(T), 
(b) If u, v∈V(T) such that G(u→v) ≠ Ø, then u = v. 

(2) Y is called a transversal for the action of G on X if each edge of Y has at least 
one end in T, and Y satisfies the conditions that Y contains exactly one edge 
y(say) from edge orbit if G(y→ y ) = Ø, and exactly one pair x, x  from each 
edge orbit if G(x→ x ) ≠ Ø.  
In symbols, 

(a) If e∈E(Y), then {o(e), t(e)}∩V(T) ≠ Ø, 
(b) If p∈E(X), then p = g(e), where g∈G, and e∈E(Y), 
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(c) If x, y∈E(Y) such that G(x→y) ≠ Ø, then x = y or x = y . 

For simplicity we say that (T; Y) is a fundamental domain for the action of G on X.  
   For the existence of fundamental domains in groups acting on connected graphs 
with inversions we refer the readers to [1]. 
 
   For the rest of this section G is a group acting on the connected graph X with 
inversions, and (T; Y) is a fundamental domain for the action of G on X. 
 The properties of T and Y imply the following elementary propositions. 
The proofs are clear. 
 
             Proposition 2.3. For v∈V(X), there exists a unique vertex denoted  
            v* ∈E(T) such that G(v*→ v) ≠ Ø. Moreover, the following hold. 
(1) G(v)∩T = {v*}, 
(2) If v∈V(T), then v* = v, 
(3) v** = v*, 
(4) If u∈V(X) such that G(u →v) ≠ Ø, then u* = v*. 
 
 Proposition 2.4. For each y ∈E(Y), there exists an element denoted [y],  
 (or Gy][ ) of G of the following properties.  
 (a) if o(y)∈V(T), then [y]((t(y))*) = t(y), [y] =1 in case t(y)∈V(T), and [y](y) = y  if 
G(y→ y ) ≠ Ø, 
(b) if t(y)∈V(T), then [y](o(y)) = (o(y))*, 1][][ −= yy  if  
G(y→ y ) = Ø, and ][][ yy =  if G(y→ y ) ≠Ø. 
 
           Definition 2.5. For each y∈E(Y), let –y be the edge –y = 1][ −y (y) if 
o(y)∈V(T), and –y = y if t(y)∈V(T), and let +y be the edge +y = [y](-y). 
           
           Proposition 2.6. For y∈E(Y), the following hold. 
 (a) +y = y if o(y)∈V(T), and +y = [y](y) if t(y)∈V(T), 
(b) t(-y) =(t(y))* , o(+y) = (o(y))*, ,))*(( yty GG ≤− and ))*(( yoy GG ≤+ , 
(c) if G(y→ y ) ≠ Ø, or y∈E(T), then yyy GGG == +− , 

(d) yy +=−  and yy −=+ . 
 
The main result of this secion is the following. 
 
 Lemma 2.7. Every non-trivial element of G can be written as 

nn22110 g ]y ..[ g ]y [g ]y [g , where n ≥ 0, ∈iy E(Y), for i = 1, 2, … , n 
such  that ))*((0 1yoGg ∈ , ))*(( iyti Gg ∈  , for i = 1, 2 , … , n, and  *))((*))(( 1+= ii yoyt  , 
for i = 1, 2, … , n-1.  
 



  

716                                                                                                R. M. S. Mahmood 
 
 
Moreover, if f = nn22110 g ]y ..[ g ]y [g ]y [g , ]y ..[ g ]y [g ]y [gf i22110i = for i = 1, 2, 
..., n-1 with convention that 01 gf = , and for each i =1, 2, …, n, ip = )( ii yf + , then 

npp ...,,1  is a path in X joining the vertices *))(( 1yo  and  
))*)(( nytf . 

 
Proof. Similar to the proof of Lemma 4 of [3,  p. 34] , we can show that G is 
generated by the elements of vG  and by the elements [y], where v runs over V(T) 
and y runs over E(Y).  
Now let g∈G, g ≠ 1, and u∈V(T). Then g can be written as a product of the elements 
of vG  and by the elements [e], for v∈V and e∈E(Y). Then  
g = kko ayayaya ][...][][ 221 1

, where 
iui Ga ∈ for some vertices nuuu .....,,, 10 of V(T), 

and edges kyyy .....,,, 21  of E(Y).  
Since T is a subtree of X, therefore by taking the unique reduced paths in T between 
u and the vertices nuuu .....,,, 10 , between nu and u, and the identity element we 
obtain g = nn22110 g ]y ..[ g ]y [g ]y [g . 
Now we show that npp ...,,1  is a path. This is equivalent of showing that  

)p(o 1  = *))(( 1yo , =)p(t i )( 1+ipo , and )p(t n = ))*)(( nytf . 
Since )*((0 1yoGg ∈ , therefore )p(o 1  = *))(( 1yo .  
Now =)p(t i t )( ii yf +  
        = t )]([ iii yyf −  
       = t ))(]([ iii ytyf −  
       = )*)(]([ iii ytyf  
       = )*)((][ iiii ytgyf , because ( ( ))*ii t yg G∈  
       = )*)((][ 1+iiii yogyf  
       = ))((][ 1++ iiii yogyf  
       = ))(][( 1++ iiii ygyfo  
      = )p(o 1i+ . 
Similar to above, the assumption ))*(( nytn Gg ∈ implies that  

)p(t n = ))*)(( nytf .  This completes the proof. 
 
 
3 Fundamental domains for subgroups of groups acting on  
   connected graphs with inversions 
 
   Throughout this section G is a group acting on the connected graph X with 
inversions, (T; Y) is a fundamental domain for the action of G on X, and H is a  
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subgroup of G. The aim of this section is to construct a fundamental domain for the 
action of H on X.  
First we introduce the following notations. 
 Let 0v be a fixed vertex of V(T).  
For g∈G, v∈V(T), and y∈E(Y) define the following.  
(1) W(v) is the set of all elements nn22110 g ]y ..[ g ]y [g ]y [g defined in Lemma 2.7 
such that (o( 1y ))* = 0v , and (t( ny )*) = v, 
(2) g

yD  is any double coset representative system for  

))*(( yoG  mod ( HggG yo
1

))*((
−∩ , yG+ ) containing 1, but otherwise arbitrary, 

(3) vD  is a double coset representative system for G mod (H, vG ) satisfying the 
conditions that if f∈ vD , f ∈W(v), f = nn22110 g ]y ..[ g ]y [g ]y [g , then if ∈ ))*(( 1+iyoD , 

i

i

f
yi Dg

1+
∈ where ]y ..[ g ]y [g ]y [gf i22110i = for 

 i = 1, 2, ..., n-1, and iiii yyyg −≠+++ )]([ 111 . 
 
 Lemma 3.1. For each v∈V(T), and each  y∈E(Y), let HT  be the set consists of all 
vertices d(v) for d∈ vD , and all edges of the following forms. 
(1) de(+y), for d∈ ))*(( yoD , and e∈ d

yD  such that de[y]∈ ))*(( ytD , 

(2) de(-y), for d∈ ))*(( ytD , and e∈ d
yD  such that de[ y ]∈ ))*(( yoD . 

Then HT  is a subtree of X. 
 
Proof. First we show that HT is a subgraph of X. This equivalent of showing that the 
terminals and inverses of the edges of forms (1) and (2) are in HT . Proposition 2.6, 
implies the following. 
(a)  t(de(+y)) = t(de[y](-y)) = de[y](t(-y)) = de[y]((t(y))*)∈V( HT ), because  
de[y]∈ ))*(( ytD , 

(b) o(de(+y)) = de(o(+y)) = de((o(y))*) = d((o(y))*) ∈V( HT ) because  
e∈ ))*(( yoD , 

(c) )( yde +  = )( yde + = ))(( yde − . 
Since ∈− ))(( yde E( HT ), (it is of form (2)), therefore ∈+ )( yde  E( HT ). Hence HT is 
a subgraph of X. Now we show that HT  is connected. Let v∈V(T) and d∈ vD . We 
need to find a path in HT  joining 0v  and d(v), where 0v  is a fixed vertex of T. By 
the choice of vD , there exists an element   
d = nn22110 g ]y ..[ g ]y [g ]y [g in W(v) such that iiii yyyg −≠+++ )]([ 111 , if ∈ ))*(( 1+iyoD , 

and i

i

f
yi Dg

1+
∈ where ]y ..[ g ]y [g ]y [gf i22110i = for 
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 i = 1, 2, ..., n-1 with convention that 01 gf = . 
For each i =1, 2, …, n, let ip be the edge ip = )( ii yf + . Then by Lemma 2.7  

npp ...,,1  is a path in HT  joining the vertices 0v  and d(v). Then HT  is a connected 
subgraph of X. If the path npp ...,,1 is not reduced, then for some i = 1, 2, …, n-1, we 

have ii pp =+1 . This implies that iiiii yyyyg −=+=+++ )]([ 111 . This contradicts the 
structure of vD . This implies that HT  is a subtree of X. This completes the proof. 
 
Lemma 3.2. For each y∈E(Y), let HY be the set consists of the edges of the following 
forms, and their terminals: 
(1) de(+y), for d∈ ))*(( yoD , and e∈ d

yD  , 

(2) de(-y), for d∈ ))*(( ytD , and e∈ d
yD . 

Then HY  is a connected subgraph of X. 
 
Proof. It is clear that HT ⊆ HY , and the edges of form (2) are the inverses of the edges 
of form (1). Now we show that each edge of HY  has at least on end in HT . Consider 
the edge de(+y) of form (1). Then 
 t(de(+y)) = de[y]((t(y))*). If de[y]∈ ))*(( ytD , then t(de(+y))∈V( HT ). Otherwise, 

o(de(+y)) = d((o(y))*). Since d∈ ))*(( yoD , therefore o(de(+y))∈V( HT ). Thus, each 

edge of form (1) has at least on end in HT . Similarly we can show that each edge of 
form (2) has at least on end in HT . This implies that HY  is a connected subgraph of 
X.  
This completes the proof. 
 
The main result of this section is the following theorem. 
 
Theorem 3. 3. ( HT ; HY ) is a fundamental domain for the action of H on X. 
 
Proof. First we show that HT  is a tree of representatives for the action  
of H on X. Let v∈V(X). The structure of T implies that v = g(v*), where g∈G, and 
v*∈V(T). Furthermore, g = hd, where h∈H and d∈ *vD . Hence 
 v = hd(v*). Since d(v*)∈V( HT ), therefore V( HT ) contains a vertex  from each 
vertex orbit of the action of H on X. If u and v are two vertices of T, 
 u ≠ v, a∈ uD , and b∈ vD  such that H(a(u)→b(v)) ≠ ∅, then G(u→v) ≠ ∅. Then the 
structure of T implies that u = v. Contradiction. Hence HT  is a tree of representatives 
for the action of H on X. Let p∈E(X). Then the structure of Y implies that p = g(q), 
where g∈G, and q∈E(Y). Let qD  be a double coset representative system for G  
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mod(H, qG ). If o(q)∈V(T), then by Lemma 4.7 of [2, p. 239],  g = hdea, where h∈H, 

d∈ )(qoD , e∈ d
qD , and a∈ qG . We take z = dea(q) = de(q). It is clear that z∈E( HY ). 

The case t(q)∈V(T) is similar, because qG = qG . Therefore E( HY ) contains an edge 
from each edge orbit of the action of H on X. Let 1p  and 2p  be two edges of 

HY such that H( 1p → 2p ) ≠ ∅. We need to show that 1p = 2p  or 1p = 2p . From 
above, there exist edges 1q  and 2q of E(Y) such that )( iiii qedp = , where 

iui Dd ∈ , 
i

i

d
qi De ∈ , )}(),({ iii qtqou ∈ for i = 1, 2. This implies that G( 1q → 2q ) ≠ ∅. Then 

1q = 2q , or 1q = 2q .We consider four cases. 
Case 1. 1q and 2q are in T. Then 1q = 2q . Therefore )( 111 qed = h )( 222 qed , h∈H. By 
This implies that 11ed = 22ed . So 1p = 2p . 
Case 2. 1q ∈E(T), and 2q ∉E(T). Then 1q = 2q , and 2q ∉E(T). This case is 
impossible. 
 Case 3. 1q ∉E(T), and 2q ∈E(T). 
This case is similar to case 2. 
Case 4. 1q and 2q are not  in T. Then 1q and 2q  are not in T.  
If G( 1q → 1q ) = ∅, then 1q ≠ 2q . So 1q = 2q . Consequently 1p = 2p . 
If G( 1q → 1q ) ≠ ∅, then 1q = 2q , or 1q = 2q .  
If 1q = 2q , then 1p = 2p .  
If 1q = 2q , then by Proposition 2.6,  we have  1q = [ 2q ]( 2q ).  
Then 1p = )( 111 qed = ( 11ed [ 2q ])( 2q ). This implies that 
 H(( 11ed [ 2q ])( 2q )→ )( 222 qed ) ≠ ∅. The structure of the edges of HY implies that 

11ed = 22ed . This implies that 1p = 2p , and ( HT ; HY ) is a fundamental domain for the 
action of H on X. This completes the proof. 
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