
International Journal of Algebra, Vol. 5, 2011, no. 29, 1427 - 1435

On a Generalized Endomorphism

Amir Ehsani

Department of Mathematics, Mahshahr Branch
Islamic Azad University, Iran

amirehsany@yahoo.com

Abstract

In this paper we consider the concepts of entropic pair of operations
and generalized endomorphism for an algebra, and we investigated the
relationship between them. We characterize the entropic pair operations
of quasigroups. And we show that in some cases having the generalized
endomorphism is equivalent to entropic property for an algebra.
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1 Introduction

An algebra, A = (A,F ), is called entropic (or medial) if it satisfies the identity
of mediality:

g(f(x11, ..., xn1), ..., f(x1m, ..., xnm)) = (1)

f(g(x11, ..., x1m), ..., g(xn1, ..., xnm)),

for every n-ary f ∈ F and m-ary g ∈ F .

In other words, the algebra, A, is medial if it satisfies the hyperidentity of
mediality ([6-8]). Note that a groupoid is entropic iff it satisfies the identity
of mediality [4]:

xy.uv ≈ xu.yv.

Following [2], an algebra, A = (A, f), with one n-ary operation is called
mono-n-ary algebra. The mono-n-ary algebra, A = (A, f), is entropic iff it
satisfies the below identity:

f(f(x11, ..., xn1), ..., f(x1n, ..., xnn)) =

f(f(x11, ..., x1n), ..., f(xn1, ..., xnn)).
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A variety, V , is called entropic (or medial) if every algebra in V is entropic.
An algebra, A, is called idempotent (commutative), if every operation of A is
idempotent (commutative).
An n-ary operation, f , is called commutative, if

f(x1, x2, . . . , xn) = f(xα(1), xα(2), . . . , xα(n)),

for every α ∈ Sn.
The n-ary operation, f , is called idempotent if the following identity is valid:
f(x, ..., x) = x.
An idempotent entropic algebra is called a mode [9].

Definition 1.1 Let A = (A,F ) be an algebra. Let us define the concept of
m-ary term operation of the algebra, A, by induction:
1- Every m-ary trivial operation, em

i (x1, ..., xm) = xi, on the set, A, is an m-
ary term operation of the algebra, A.
2- If f ∈ F is an n-ary operation and f1, ..., fn are m-ary term operations of
the algebra, A, then

f(f1...fn)(x1, ..., xm) = f(f1(x1, ..., xm), ..., fn(x1, ..., xm))

is an m-ary term operation of A.
3- There is not another m-ary term operation of the algebra, A.

2 The Entropic Pair of Operations

Definition 2.1 Let g and f be m-ary and n-ary operations on the set, A.
We say that the pair of operations, (f, g), is entropic (or medial), if identity
(1) holds in the algebra, A = (A, f, g).

For example, following [3], a pair of binary and ternary operations, (f, g),
is entropic, iff

g(f(x11, x12), f(x21, x22), f(x31, x32)) = f(g(x11, x21, x31), g(x12, x22, x32)).

Definition of the entropic pair of operation and following characterization
of entropic pair of quasigruops operations are given by Yu. Movsisyan [5].

Theorem 2.2 Let the set, Q, forms a quasigroup under the binary opera-
tions, f and g. If the binary pair of operations, (f, g), is entropic, then there
exists a binary operation, +, under which Q forms an abelian group, and for
arbitrary elements x, y ∈ Q we have:

f(x, y) = ϕ1(x) + ψ1(y) + c1,
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g(x, y) = ϕ2(x) + ψ2(y) + c2,

where ϕi, ψi are automorphisms on the abelian group, (Q,+), for i = 1, 2, such
that:

ϕ1ϕ2 = ϕ2ϕ1, ψ1ψ2 = ψ2ψ1, ϕ1ψ2 = ψ2ϕ1, ψ1ϕ2 = ϕ2ψ1

and c1, c2 are fixed elements of Q.

Corollary 2.3 [10]. If Q(·) is an entropic (or medial) quasigroup, then
there exists an abelian group, Q(+), such that

x · y = ϕ(x) + c+ ψ(y),

where ϕ, ψ ∈ AutQ(+), such that ϕψ = ψϕ and c ∈ Q, is a fixed element.

Proof. Following the previous theorem, we put f = g = ·.

In the next section we will use the following lemma.

Lemma 2.4 Let (f, g) be the entropic pair of n-ary operations. If both f
and g are idempotent and commutative, then f = g.

Proof. Using the idempotency, entropic and commutativity properties, we
have:

f(x1, ..., xn) =

f(g(x1, ..., x1), g(x2, ..., x2), ..., g(xn, ..., xn)) =

g(f(x1, x2, ..., xn), f(x1, x2, ..., xn), ..., f(x1, x2, ..., xn)) =

g(f(x1, x2, ..., xn), f(x2, x3, ..., xn, x1), ..., f(xn, x1, ..., xn−1)) =

f(g(x1, x2, ..., xn), g(x2, x3, ..., xn, x1), ..., g(xn, x1, ..., xn−1)) =

f(g(x1, x2, ..., xn), g(x1, x2, ..., xn), ..., g(x1, x2, ..., xn)) =

g(x1, ..., xn).

Thus, f = g.

3 The Generalized Endomorphism

Definition 3.1 Let A = (A,F ) be an algebra, then the mapping, w : An →
A, is called the generalized endomorphism on the algebra, A, if for every m-
ary basic operation, ϕ ∈ F , there exist n-ary term operations, t1, ..., tm, of the
algebra, A, such that:

w(ϕ(x1, ..., xm)) = ϕ(t1(x1), ..., tm(xm)),
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where x1, ..., xm ∈ An.

In the special case if n = 1 and t1 = ... = tm = w, then

w(ϕ(x1, ..., xm)) = ϕ(w(x1), ..., w(xm))

means that the mapping, w : A→ A, is an endomorphism on the algebra, A.

If the algebra, A, is entropic algebra, then every operation of A, is a gen-
eralized endomorphism.

Theorem 3.2 Let A = (A, f) be an idempotent and commutative mono-n-
ary algebra. If f is the generalized endomorphism of the algebra A, then f is
an entropic operation.

Proof. By definition of the generalized endomorphism, we have:

f(f(x1, ..., xn)) = f(t1(x1), ..., tn(xn)),

where, x1, ..., xn ∈ An and t1, ..., tn are n-ary term operations of the algebra A.
Now, let x1 = (x11, ..., x1n), ..., xn = (xn1, ..., xnn), then by definition of direct
product we have:
f(f((x11, ..., x1n), ..., (xn1, ..., xnn))) = f(f(x11, ..., xn1), ..., f(x1n, ..., xnn))
So,

f(f(x11, ..., xn1), ..., f(x1n, ..., xnn)) = f(t1(x11, ..., x1n), ..., tn(xn1, ..., xnn)),

since f is the generalized endomorphism.
Using idempotency and commutativity of the algebra A, we obtain:

f(t1(x11, ..., x1n), x21, ..., xn1) =

f(f(x11, x21, ..., xn1), f(x12, x21, ..., xn1), ..., f(x1n, x21, ..., xn1)) =

f(f(x21, ..., xn1, x11), f(x21, ..., xn1, x12), ..., f(x21, ..., xn1, x1n)) =

f(x21, ..., xn1, tn(x11, ..., x1n)) =

f(tn(x11, ..., x1n), x21, ..., xn1).

By the same manner, we can show that:

f(t1(x11, ..., x1n), x21, ..., xn1) =

f(xn1, t2(x11, ..., x1n), x21, ..., x(n−1)1) = ... =

f(x21, ..., xn1, tn(x11, ..., x1n)).
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Now, by idempotency and the above identities, we have:

t1(x11, ..., x1n) =

f(t1(x11, ..., x1n), ..., t1(x11, ..., x1n)) =

f(t1(x11, ..., x1n), t2(x11, ..., x1n), t1(x11, ..., x1n), ..., t1(x11, ..., x1n)) = ... =

f(t1(x11, ..., x1n), t2(x11, ..., x1n), ..., tn(x11, ..., x1n)) =

f(x11, ..., x1n).

Similarly, for t2, ..., tn, we have:

t2(x21, ..., x2n) = f(x21, ..., x2n),
...

tn(xn1, ..., xnn) = f(xn1, ..., xnn).

Thus, from the generalized endomorphism definition and the above identities,
we have:

f(f(x11, ..., xn1), ..., f(x1n, ..., xnn)) =

f(t1(x11, ..., x1n), ..., tn(xn1, ..., xnn)) =

f(f(x11, ..., x1n), ..., f(xn1, ..., xnn)).

Definition 3.3 Let A = (A,F ) be an algebra and f, g ∈ F . We say that
the element, e, is the unit for the operation, f ∈ F , if:

f(x, e, ..., e) ≈ f(e, x, e, ..., e) ≈ ... ≈ f(e, ..., e, x) ≈ x

, for every x ∈ A.
We say that e is a unit for an algebra A = (A,F ), if it is a unit for every
operation f ∈ F .

Theorem 3.4 Let A = (A,F ) be an algebra with the unit element, e, then
for every generalized endomorphism, w : An → A, the pair of operations,
(w, ϕ), is entropic. (where ϕ ∈ F , is the m-ary basic operation, which we used
in definition of the generalized endomorphism).

Proof. Let w : An → A, be a generalized endomorphism on the algebra A,
then for every m-ary basic operation, ϕ ∈ F , there exist n-ary term operations,
t1, ..., tm, of the algebra, A, such that:

w(ϕ(x1, ..., xm)) = ϕ(t1(x1), ..., tm(xm)),
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where x1, ..., xm ∈ An.
Therefore, by definition of the unit element and the generalized endomorphism,
for every 1 ≤ i ≤ n, we have:

ti(x) =

ϕ(e, ...e, ti(x), e, ..., e) =

ϕ(t1(e), ..., ti−1(e), ti(x), ti+1(e), ..., tm(e)) =

w(ϕ(e, ..., e, x, e, ..., e)) =

w(x)

, where e = (e, ..., e). Hence,

w(ϕ(x1, ..., xm)) = ϕ(w(x1), ..., w(xm))

It means that, w is a entropic operation of the algebra A.

Lemma 3.5 Let (f, g) be an entropic pair of n-ary operations with unit
element, e, then f = g.

Proof. By definition of the unit element, e, for the pair of operations and
the entropic property for the pair of operations, we have:

g(x1, ..., xn) =

g(f(x1, e, ..., e), f(e, x2, e, ..., e), ..., f(e, ..., e, xn)) =

f(g(x1, e, ..., e), g(e, x2, e, ..., e), ..., g(e, ..., e, xn)) =

f(x1, ..., xn),

for every x1, ..., xn ∈ A.

Corollary 3.6 Let A = (A,F ) be a n-ary algebra with the unit element,
e. If the algebra, A, has a generalized endomorphism, w, then the algebra,
A = (A,w), is the mono-n-ary entropic algebra.

Proof. Let e be the unit element of the algebra A, then e is the unit
element of every operations of the algebra A. So, by the theorem ??, every
generalized endomorphism of the algebra, A, is entropic operation.
But in this case, by the previous lemma for every pair of entropic operations,
(f, g), we have f = g. Thus A is an entropic mono-n-ary algebra.

Theorem 3.7 Let A = (A,F ) be an idempotent algebra. If w : An → A,
be a generalized endomorphism on the algebra A, then for every commutative
m-ary operation, ϕ, the pair of operations, (w, ϕ), is entropic.
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Proof. Since w is a generalized endomorphism, for some n-ary term oper-
ations, t1, ..., tm, of the algebra, A, we have:

w(ϕ(x1, ..., xm)) = ϕ(t1(x1), ..., tm(xm)),

where x1, ..., xm ∈ An.
Let x1 = (x11, ..., x1n), ..., xm = (xm1, ..., xmn), then by definition of direct
product we have:

w(ϕ(x1, ..., xm)) =

w(ϕ((x11, ..., x1n), ..., (xm1, ..., xmn))) =

w(ϕ(x11, ..., xm1), ..., ϕ(x1n, ..., xmn)).

So by definition of generalized endomorphism we obtain:

w(ϕ(x11, ..., xm1), ..., ϕ(x1n, ..., xmn)) = (2)

ϕ(t1(x11, ..., x1n), ..., tm(xm1, ..., xmn)).

Using the idempotency and the commutativity of g, we obtain:

ϕ(t1(x11, ..., x1n), x21, ..., xm1) =

w(ϕ(x11, x21, ..., xm1), ϕ(x12, x21, ..., xm1), ..., ϕ(x1n, x21..., xm1)) =

w(ϕ(x21, ..., xm1, x11), ϕ(x21, ..., xm1, x12), ..., ϕ(x21..., xm1, x1n)) =

ϕ(x21, ..., xm1, tm(x11, ..., x1n)).

Similarly, we can show that:

ϕ(t1(x11, ..., x1n), x21, ..., xm1) =

ϕ(xm1, t2(x11, ..., x1n), x21, ..., x(m−1)1) = · · · =

ϕ(x21, ..., xm1, tm(x11, ..., x1n)).

By idempotency and the above identities, we have:

t1(x11, ..., x1n) =

ϕ(t1(x11, ..., x1n), ..., t1(x11, ..., x1n)) =

ϕ(t1(x11, ..., x1n), t2(x11, ..., x1n), t1(x11, ..., x1n), ..., t1(x11, ..., x1n)) = · · · =

ϕ(t1(x11, ..., x1n), t2(x11, ..., x1n), ..., tm(x11, ..., x1n)) =

w(ϕ(x11, ..., x11), ϕ(x12, ..., x12), ..., ϕ(x1n, ..., x1n)) =

w(x11, ..., x1n).

In the same manner, we have:

t2(x21, ..., x2n) = w(x21, ..., x2n),
...

tm(xm1, ..., xmn) = w(xm1, ..., xmn).
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Thus, from the equation (2) and the above identities, we have:

w(ϕ(x11, ..., xm1), ..., ϕ(x1n, ..., xmn)) =

ϕ(t1(x11, ..., x1n), ..., tm(xm1, ..., xmn)) =

ϕ(w(x11, ..., x1n), ..., w(xm1, ..., xmn)).

Corollary 3.8 Let A = (A,F ) be an idempotent and commutative algebra.
If the algebra A has one generalized endomorphism, then A is an entropic
algebra.

Proof. Let w : An → A, be a generalized endomorphism on the algebra,
A, then by theorem (3.7), every pair of operations, (w, ϕ), is entropic. Also,
in this case by theorem (3.2), w and ϕ are entropic operations. So, every
operations of the algebra, A, are entropic.

Corollary 3.9 Every idempotent and commutative n-ary algebra with a
generalized endomorphism is a mono-n-ary entropic algebra.

Proof. Following the previous corollary and lemma (2.5).

References

[1] J. Aczél, V.D. Belousov, M. Hosszú, Generalized Associativity and Bisym-
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