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Abstract

Let G be a finite p-group, where p is a prime number and Aut(G) be

the automorphism group of G. We prove that if Aut(G) is isomorphic

to GL(n, p) for some positive integer n, then G is an elementary abelian

group of order pn, where GL(n, p) is the group of all invertible n × n

matrices over the field of order p. Moreover we give some results for the

finite p-groups G with |Aut(G)| = |GL(d, p)|, where d is the minimal

number of generators of G.
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1 Introduction

There have been a number of studies on finite groups which can occur as
the automorphism group of a finite group, see [5], [7], [11]. In this paper we
consider general linear groups. It is well known that if G is a finite elementary
abelian p-group of order pn then Aut(G) is isomorphic to GL(n, p), see for
example [ 8, §2, Theorem 6.1]. Here we prove the inverse of the above theorem.
In Particular in Section 2 we show that if G is a finite p-group and Aut(G) ∼=
GL(n, p) for some positive integer n, then G is elementary abelian of order pn

which is an affirmative answer to a problem possed by Y. Berkovich [2, Problem
683]. Moreover there is a well known Theorem [10, Satz III. 3.17] about the
order of the automorphism group of a finite p-group which states that for a



1328 S. Fouladi and R. Orfi

finite p-group G of order pn, |Aut(G)| divides pd(n−d)|GL(d, p)|, where d is the
minimal number of generators of G.
Let d = d(G) be the minimal number of generators of a group G. In Sections
3 and 4 of this paper we consider another question due to Y. Berkovich [2,
Problem 35(b)] which states that study the finite p-groups G with |Aut(G)| =
|GL(d, p)|. In Section 3 we consider finite abelian p-groups G with |Aut(G)| =
|GL(d, p)| and we show that such groups are elementary abelian. Also we
determine finite abelian p-groups G with π(Aut(G)) = π(GL(d, p)), where
π(A) is the set of all prime divisors of the order of a group A. Finally in Section
4 we consider finite non-abelian p-groups G with π(Aut(G)) = π(GL(d, p)) and
give some properties for these groups. Furthermore we give some results for
finite non-abelian p-groups G with |Aut(G)| = |GL(d, p)|. Also we show that
the order of the automorphism group of an extraspecial p-group is not equal
to the order of GL(d, p).
Throughout this paper the following notation is used. All groups are assumed
to be finite. p denotes a prime number. We use d(G) for the minimal number
of generators of a group G. The nilpotency class of G is shown by cl(G). The
center of G is denoted by Z = Z(G). If N is a normal subgroup of a group
G, then we define AutN(G) to be the set of all automorphisms α of G such
that g−1gα ∈ N for all g in G. We write Autc(G) for the group of central
automorphisms of G. The Frattini subgroup of G is denoted by Φ = Φ(G).
A non-abelian group that has no non-trivial abelian direct factor is said to
be purely non-abelian. Zn is the cyclic group of order n. Also a homocyclic
p-group is the direct product of cyclic groups of the same order. A homocyclic
p-group of rank k and exponent pm is denoted by (Zpm)k. All unexplained
notation is standard and follows of [2].

2 p-groups G with Aut(G) isomorphic to GL(n, p)

Let G be a finite p-group and Aut(G) ∼= GL(n, p) for some positive integer n.
In this section we prove that G is elementary abelian of order pn.

First we state some basic results.

Theorem 2.1. [ 10, Satz III. 3.17] Let G be a finite p-group of order pn

and d = d(G). Then |Aut(G)| divides pd(n−d)|GL(d, p)| and |AutΦ(G)| divides

pd(n−d).

Lemma 2.2. Let G be a finite p-group. Then AutΦ(G) = 1 if and only if

G is elementary abelian.

Proof. Let G be an elementary abelian p-group, then Φ(G) = 1 and so

AutΦ(G) = 1. Now if AutΦ(G) = 1, then Inn(G) = 1 since Inn(G) ≤ AutΦ(G),
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therefore G is abelian. Assume that G = 〈x1〉×· · ·×〈xr〉, where |xi| = pmi for

1 ≤ i ≤ r and 1 ≤ m1 ≤ m2 ≤ · · · ≤ mr. We claim that mr = 1; for otherwise

1 �= xp
r ∈ Φ(G) and so the map α defined by xα

r = x1+p
r , xα

i = xi (1 ≤ i ≤ r−1)

is a non-trivial automorphism of AutΦ(G), which is a contradiction.

Lemma 2.3. Let G be a p-group of order pn (n > 1). Then p divides

|Aut(G)|.
Proof. This is evident.

Lemma 2.4. If G is a finite p-group and |Aut(G)| = |GL(2, p)|, then G is

elementary abelian of order p2.

Proof. We see that G is abelian since |G/Z(G)| divides p. Now let |G| = pr.

Then G is not cyclic by considering the order of |Aut(G)| and so r ≥ 2.

If r �= 2, then |G| divides |Aut(G)| by [14, Lemma 1] which is impossible.

Therefore r = 2, completing the proof.

Theorem 2.5. For a finite p-group G we have Aut(G) ∼= GL(n, p), (n ≥ 1)

if and only if G is elementary abelian of order pn.

Proof. If G is an elementary abelian group of order pn, then the result follows

from [8, §2, Theorem 6.1]. Now suppose that Aut(G) ∼= GL(n, p). If n = 1,

then G ∼= Zp by Lemma 2.3 and if n = 2 then Lemma 2.4 completes the the

proof. Therefore we may assume that n > 2. We see that

AutΦ(G)

AutΦ(G) ∩ Aut(G)′
∼= AutΦ(G)Aut(G)′

Aut(G)′
≤ Aut(G)

Aut(G)′

and Aut(G)
Aut(G)′

∼= Zp−1. Since AutΦ(G) is a p-group by Theorem 2.1, we conclude

that AutΦ(G)Aut(G)′ = Aut(G)′ and so AutΦ(G)Aut(G)′. Now by [10, Auf-

gaben II.6], AutΦ(G) = Aut(G)′ or AutΦ(G) ≤ Z(Aut(G)′). This implies that

AutΦ(G) = 1 by considering the order of Aut(G)′ and Z(Aut(G)′). Now we

can complete the proof by using Lemma 2.2.

3 Abelian p-groups G with |Aut(G)| = |GL(d(G), p)|
In this section we prove that if G is a finite abelian p-group with |Aut(G)| =
|GL(d, p)|, then G is elementary abelian of order pd, where d = d(G). Moreover
we determine finite abelian p-groups G with π(Aut(G)) = π(GL(d, p)).
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First we state the following result for the order of the automorphism group
of a finite abelian p-group.

Theorem 3.1. [ 9, Theorem 4.1] Let G = Zpe1 ×· · ·×Zpen , where 1 ≤ e1 ≤
· · · ≤ en. On setting dk = max{�|e� = ek} and ck = min{�|e� = ek} we have

dk ≥ k and ck ≤ k for 1 ≤ k ≤ n. Then

|Aut(G)| =
n∏

k=1

(pdk − pk−1)
n∏

j=1

(pej)n−dj

n∏

i=1

(pei−1)n−ci+1

Corollary 3.2. If G = (Zpm)n, then |Aut(G)| = pn2(m−1)|GL(n, p)|. More-

over

(i) if mn > 1, then π(Aut(G)) = {p} ∪ π(GL(n, p)),

(ii) if mn = 1, then π(Aut(G)) = π(GL(n, p)).

Theorem 3.3. Let G be an abelian p-group of order pn and |Aut(G)| =

|GL(d, p)|, where d = d(G). Then G is elementary abelian.

Proof. We may write G = Zpe1 × · · · ×Zped , where 1 ≤ e1 ≤ · · · ≤ ed. Now by

the notation of Theorem 3.1 we have

|Aut(G)| =
d∏

k=1

(pdk − pk−1)
d∏

j=1

(pej)d−dj

d∏

i=1

(pei−1)d−ci+1.

Since dk ≥ k, we have pk−1|(pdk − pk−1) for 1 ≤ k ≤ d. Hence p
d(d−1)

2 divides
∏d

k=1(p
dk − pk−1). Moreover |Aut(G)| = |GL(d, p)| and the greatest power of

p in |GL(d, p)| is d(d−1)
2

. This yields that
∏d

j=1(p
ej )d−dj = 1 or equivalently

d = dj for 1 ≤ j ≤ d. Therefore e1 = · · · = ed and so ck = 1 for 1 ≤ k ≤ d.

Furthermore
∏d

i=1(p
ei−1)d−ci+1 = 1, which implies that ei = 1 for 1 ≤ i ≤ d as

desired.

The following result is a special case of Zsigmondy’s Theorem [3, Chapter
30, Appendix B] in number theory, that is needed for the main results of the
paper.

Lemma 3.4. Let p be a prime number and d be a natural number greater

than one. Then there exists a prime number q such that q �= p, q|(pd − 1) and

q � (pk − 1) for k < d, unless (d, p) = (6, 2) or d = 2 and p + 1 is a power of

two.



General linear groups as automorphism groups 1331

Theorem 3.5. Let G be an abelian p-group of order pn and π(Aut(G)) =

π(GL(d, p)), where d = d(G).

(i) If d > 2 and (d, p) �= (6, 2), then G ∼= (Zpn/d)d.

(ii) If (d, p) = (6, 2), then G ∼= (Z2m)5 × Z2n−5m for some m ≥ 1.

(iii) If d = 2 then G ∼= Zpm1 × Zpm2 , where m1 ≥ m2. Moreover if m1 > m2,

then p + 1 is a power of two.

(iv) If d = 1 then G ∼= Zp.

Proof. We may write G = H1 × · · · × Ht, where Hi = (Zpmi )di for 1 ≤ i ≤ t,

t ≥ 1, m1 > · · · > mt ≥ 1 and d1 + · · · + dt = d. Since d ≥ 2 we see that

|H1| > p and so by Lemma 2.3, p divides |Aut(H1)|. Therefore we have

π(Aut(G)) = π(Aut(H1)) ∪ · · · ∪ π(Aut(Ht))

according to the [4, Theorem 3.2] and by the fact that Hi and Hj have no

common direct factor for i �= j, 1 ≤ i, j ≤ t. So

π(Aut(G)) = {p} ∪ π(GL(d1, p)) ∪ · · · ∪ π(GL(dt, p))

by Lemma 3.2. On setting dr = max{d1, . . . , dt}, we see that π(Aut(G)) =

{p} ∪ π(GL(dr, p)) since π(GL(di, p)) ⊆ π(GL(dr, p)) for 1 ≤ i ≤ t. This

means that π(GL(d, p)) = {p} ∪ π(GL(dr, p)). Now to proof (i), if dr < d,

then by Lemma 3.4, there exists a prime q �= p such that q /∈ π(GL(dr, p))

and q ∈ π(GL(d, p)), which is a contradiction. Therefore dr = d, completing

the proof of (i). To proof (ii), we have π(GL(5, 2)) = π(GL(6, 2)) = {2} ∪
π(GL(dr, 2)). So by Lemma 3.4, dr ≥ 5 as desired. To proof (iii) if m1 > m2

then π(Aut(G)) = {p} ∪ π(p − 1) since d1 = d2 = 1. Now by considering

π(Aut(G)) = π(GL(2, p)), we see that π(p − 1) ⊆ π(p + 1) and so for any

q ∈ π(p + 1), we have q divides p − 1. This yields that q = 2, completing the

proof. (iv) is evident.
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4 Non-abelian p-groups G with |Aut(G)| = |GL(d(G), p)|
In this section we consider non-abelian p-groups G with π(Aut(G)) = π(GL(d, p))
and give some properties for G, where d = d(G). Also we give some results for
finite non-abelian p-groups G with |Aut(G)| = |GL(d, p)| and then we show
that the order of the automorphism group of an extraspesial p-group G is not
equal to the order of GL(d, p).

Lemma 4.1. Let G be a non-abelian group of order pn and π(Aut(G)) =

π(GL(d, p)), where d = d(G) and (d, p) �= (6, 2). Then G is purely non-abelian.

Proof. Assume by the way of contradiction that G = A × B, where A is a

non-trivial abelian subgroup of G and B is a purely non-abelian subgroup of

G. Then π(Aut(G)) = π(Aut(A)) ∪ π(Aut(B)) by [4, Theorem 3.2] and the

fact that p ∈ π(Aut(B)). On setting |A| = pn1 , |B| = pn2, |A/Φ(A)| = pd1 and

|B/Φ(B)| = pd2 , we see that d = d1 + d2 and 1 ≤ d1, d2 < d. Furthermore by

Theorem 2.1, π(Aut(A)) ⊆ π(GL(d1, p))∪{p} and π(Aut(B)) ⊆ π(GL(d2, p))∪
{p}. Therefore π(GL(d, p)) ⊆ π(GL(d1, p)) ∪ π(GL(d2, p)) since d2 > 1. This

is impossible according to Lemma 3.4 and the fact that d = d1 + d2 ≥ 3.

Lemma 4.2. Let G be a non-abelian group of order pn and π(Aut(G)) =

π(GL(d, p)), where d = d(G) > 2 and (d, p) �= (6, 2). Then

(i) G/G′ ∼= (Zpm)d for some m ≥ 1,

(ii) d(G/Z(G)) = d,

(iii) Z(G) ≤ Φ(G).

Proof. (i) On setting H = G/G′, we see that |H/Φ(H)| = pd. Therefore by

Theorem 2.1, π(Aut(H)) ⊆ π(GL(d, p)). Moreover Aut(G)/AutG′
(G) ↪→

Aut(H) since G′ is characteristic in G. This implies that π(Aut(G)) − {p} ⊆
π(Aut(H)) by the fact that AutG′

(G) ≤ AutΦ(G) and AutΦ(G) is a p-group.

Also p divides Aut(H) by Lemma 2.3. Hence π(Aut(H)) = π(GL(d, p)) which

completes the proof by applying Theorem 3.5 (i) for H .

(ii) By Lemma 4.1, G is purely non-abelian and so Autc(G) is a p-group

according to [1, Theorem 1]. Moreover Aut(G)/Autc(G) ↪→ Aut(G/Z(G)),

which yields that π(Aut(G)) − {p} ⊆ π(Aut(G/Z(G))). Since G/Z(G) is
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not cyclic, we conclude that π(Aut(G)) ⊆ π(Aut(G/Z(G))) by Lemma 2.3.

So π(GL(d, p)) ⊆ π(Aut(G/Z(G))). Now let d(G/Z(G)) = d′. We have

1 < d′ ≤ d. Then by Theorem 2.1, π(Aut(G/Z(G)) ⊆ π(GL(d′, p)) since

d′ > 1. Therefore π(GL(d, p)) ⊆ π(GL(d′, p)) which implies that d = d′ by

Lemma 3.4.

(iii) We have pd divides |G : Φ(G)Z(G)| since Φ(G)Z(G)/Z(G) ≤ Φ(G/Z(G))

and d(G/Z(G)) = d. Moreover |G : Φ(G)| = |G : Φ(G)Z(G)||Φ(G)Z(G) :

Φ(G)|. Therefore |Φ(G)Z(G) : Φ(G)| = 1 or equivalently Z(G) ≤ Φ(G).

Theorem 4.3. Let G be a non-abelian group of order pn and |(Aut(G))| =

|GL(d, p)|, where d = d(G) and (d, p) �= (6, 2). Then Z(G) ≤ G′.

Proof. First we see that d > 2 by Lemma 2.4. By the assumption we have

π(Aut(G)) = π(GL(d, p)). Now in the light of the proof of Lemma 4.2 (ii),

we see that π(Aut(G/Z(G))) = π(GL(d, p)). We have ( G
Z(G)

)′ = G′Z(G)
Z(G)

and

so G/Z(G)
(G/Z(G))′

∼= G
G′Z(G)

is homocyclic of rank d by Lemma 4.2(i) when G/Z(G)

is not abelian and by Theorem 3.5(i) when G/Z(G) is abelian. Also G/G′

is homocyclic of rank d by Lemma 4.2 (i). We claim that G′Z(G)
G′ = 1, for

otherwise G′Z(G)
G′ is a homocyclic group of rank d since G

G′Z(G)
∼= G/G′

G′Z(G)/G′ .

Thus d = d(G′Z(G)
G′ ) = d( Z(G)

G′∩Z(G)
) ≤ d(Z(G)). This implies that |Autc(G)| =

|Hom(G/G′, Z(G))| ≥ pd2
by [1, Theorem 1] and Lemma 4.1, which is a con-

tradiction by considering the order of Aut(G). Consequently Z(G) ≤ G′.

Now we prove that if G is an extraspecial p-group, then the order of Aut(G)
is not equal to |GL(d, p)|, where d = d(G). We use the following Theorem for
the order of the automorphism group of an extraspecial p-group, which is an
immediate consequence of [15].

Theorem 4.4. Let G be an extraspecial p-group of order p2n+1.

(i) If p is an odd prime and exp(G) = p, then

|Aut(G)| = (p − 1)p2n+n2
Πn

i=1(p
2i − 1).

(ii) If p is an odd prime and exp(G) = p2, then

|Aut(G)| = (p − 1)p2n+n2
Πn−1

i=1 (p2i − 1).

(ii) If p = 2, then |Aut(G)| = 2n2+n+1(2n − ε)Πn−1
i=1 (22i −1), where ε ∈ {±1}.
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Lemma 4.5. If G is an extraspecial p-group and d = d(G), then |Aut(G)| �=
|GL(d, p)|.
Proof. Suppose to contrary that |Aut(G)| = |GL(d, p)|. Since G is an ex-

traspecial p-group, we may assume that |G| = p2n+1. Therefore d = 2n and so

|Aut(G)| = pn(2n−1)Π2n
i=1(p

i−1). Now the result follows from Theorem 4.4.

Lemma 4.6. Let G be a non-abelian p-group with d = d(G) and |Aut(G)| =

|GL(d, p)|. Then d ≥ 4.

Proof. Since G is not abelian, we have d ≥ 2. The case d = 2 is evident by

Lemma 2.4. Now if d = 3, then |GL(3, p)| = p3(p3 − 1)(p2 − 1)(p − 1). On

setting |G| = pr we see that r ≥ 3, since |G/Φ(G)| = p3. We have |G/Z(G)|
divides p3. If |G/Z(G)| = p2, then cl(G) = 2 and so |G| divides |Aut(G)| by [6].

Therefore r = 3 and so Φ(G) = 1 which is a contradiction. If |G/Z(G)| = p3,

then Inn(G) = AutΦ(G) since Inn(G) ≤ AutΦ(G) and AutΦ(G) is a p-group.

Therefore G is an extraspecial p-group by [13], which is impossible by Lemma

4.5.

Corollary 4.7. Let G be a p-group and cl(G) = 2 with |Aut(G)| = |GL(d, p)|,
where d = d(G). Then d ≥ 5.

Proof. By Lemma 4.6 it is enough to consider d = 4. We have |Aut(G)| =

|GL(4, p)| = p6Π4
i=1(p

i − 1) and so |G/Z(G)| divides p6. Moreover G′ = Z(G)

by Theorem 4.3 and so G/Z(G) is homocyclic of rank 4 by Lemma 4.2 (i).

Therefore G/Z(G) is elementary abelian group of order p4. Hence Φ(G) ≤
Z(G). This implies that G′ = Z(G) = Φ(G). Also p = exp(G/Z(G)) =

exp(G′), by [12, Lemma 04]. Furthermore |Autc(G)| = |Hom(G/G′, Z(G))|,
by using Lemma 4.1 and [1, Theorem 1]. This yields that Z(G) is cyclic since

|Autc(G)| divides p6. On the other hand G is extraspecial , which is impossible

by Lemma 4.5.

Corollary 4.8. If G is a non-abelian group of order pn and |Aut(G)| =

|GL(d, p)|, where d = d(G), then n ≥ 6.

Proof. By Lemma 4.6, we see that n ≥ 5 since d < n. If n = 5 then d = 4 by

Lemma 4.6 and so G′ = Φ(G) is of order p. This implies that cl(G) = 2 which

is a contradiction by considering Corollary 4.7. Therefore n ≥ 6.
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