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Abstract

The aim of this note is to study the finite groups whose every irre-
ducible characters vanish on elements of prime power order.
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1 Introduction

A classical theorem of Burnside shows that every non-linear irreducible char-
acter of a finite group G vanishes on some element of G. Recently, Malle,
Navarro and Olsson [9] strengthened this result, by proving that every non-
linear χ ∈ Irr(G) vanishes on some element of prime power order, where Irr(G)
denotes the set of irreducible complex characters of G. Naturally, we pose the
following problem: Assume that every irreducible character of G vanishes only
on elements of prime power order, what can be said about the structure of G?

Following [3], we say that an element x of G is a vanishing element if there
exists χ ∈ Irr(G) such that χ(x) = 0. Denote Van(G) the set {g ∈ G : χ(g) = 0
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for some χ ∈ Irr(G)}, Vo(G) the set {o(g) : g ∈ Van(G)} consisting of the
orders of the elements in Van(G).

We call groups all of whose elements have prime power order CP -groups.
Generally, we say that a group G is a V CP -group if every element in Vo(G)
is of prime power order.

Remark 1.1 Heineken [5] investigated CP -groups. Recently, Zhang [13]
classified the finite non-solvable V CP -groups. Such groups are nearly CP -
groups. Bubboloni, Dolfi and Spiga [1] studied a class of V CP -groups where
all non-linear irreducible characters vanish only on p-elements, for a fixed prime
p.

Following [1], We will say that a group G belongs to the class υk, for a
positive integer k, if every irreducible character of G vanishes only on elements
of order dividing k. So, an abelian group belongs to υk for all k. Generally,
we define

Definition 1.2 A group G belongs to the class τυk, for a positive integer k,
if every irreducible character of G vanishes on some element of order dividing
k.

Denote τυprime(p
t) the V CP -groups in the class τυpt, for p prime and t ∈ N .

Clearly, υpt ⊆ τυprime(p
t).

In this paper, we first prove that the groups in τυprime(p
t) are solvable

and that, besides the obvious cases of abelian groups and p-groups, they are
essential Frobenius group. Hence, we generalize Theorem B of [1].

Theorem 1.3 Let G be a non-abelian group and p a prime. If G ∈
τυprime(p

t), then either G is a p-group or Z(G) = Op(G) and G/Op(G) is a
Frobenius group with complement P/Op(G), where P ∈ Sylp(G).

Zhang [13] completely characterized the finite groups in which every ir-
reducible character vanishes on elements of prime order, and showed that if
Vo(G) = {2, 3, 5} then G ∼= A5. The result improved Shi’ (see [12]). More
generally, we will prove the following.

Theorem 1.4 Suppose G is a finite group. If Vo(G) = {p, q, r}, where
p, q, r are distinct prime numbers, then G ∼= A5.

Remark 1.5 Qian [11] showed that the set of all prime divisors of |G| is
{p, q, r}, where p, q, r are distinct prime numbers, then G ∼= A5.
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2 On the class τυ(pt)

The following lemma is a special case of Lemma 2.1(i) of [1].

Lemma 2.1 If χ ∈ Irr(G) vanishes on a p-element, p prime, then p divides
χ(1).

Next, we prove that any group in τυ(pt) is solvable.

Theorem 2.2 Let G be non-abelian group. Then G lies in τυ(pt) if and
only if p divides χ(1) for every χ ∈ Irr1(G). In particular, any group in τυ(pt)
is solvable.

Proof. Consider χ ∈ Irr(G) a non-linear character. If G lies in τυ(pt), then
there exists a p-element g such that χ(g) = 0, therefore Lemma 2.1 implies
that p divides χ(1). Then by [6, Corollary 12.2], the group G has a normal
p-complement N . It follows by [7, Theorem D] that N is solvable and thus G
is solvable.

Conversely, assume that p divides χ(1) and hence, by a theorem of Thomp-
son (see [6, Corollary 12.2]), the group G has a normal p-complement N .

Assume that χN ∈ Irr(N). Then, by [6, Theorem 3.11], χ(1) divides the
order of N . Note that p divides χ(1) and (p, |N |) = 1, so we obtain a contra-
diction. Hence χN is not irreducible.

Let � be a chief series of G such that N appears as a term of �. Since χ
is irreducible and χN is not irreducible, there exists two terms M and R next
to each other in the chief series � such that N ≤ M < R, χR is irreducible
and χM is not irreducible. Let θ = χR ∈ Irr(M). Note that G/N is solvable,
then by [6, Theorem 6.18], there is λ ∈ Irr(M) such that either θM = eλ where
e2 = |R/M |, or θ = λG. Thus both θ and χ vanish on R −M . Note that
R−M contains elements of p-power order; thus G lies in τυ(pt).

3 On the class τυprime(p
t)

We now state an easy lemma, which we are going to use repeatedly.

Lemma 3.1 Let G lie in τυprime(p
t). LetM be a normal subgroup of G and

χ ∈ Irr(G/M). If χ vanishes on x ∈ G and (|M |, o(x)) = 1, then CM(x) = 1.

Proof. By the hypothesis, for every y ∈M we have χ(xy) = 0 and thus xy
is an element of prime power order. For y ∈ CM(x), we have o(xy) = o(x)o(y)
and hence CM(x) = 1 since (|M |, o(x)) = 1, and we are done.

We will also make use of the following result, which is Theorem 4.3 of [8].
As usual, we denote by F (G) the Fitting subgroup of a group G.
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Lemma 3.2 Let G be a solvable group and let x be an element of G such
that χ(x) �= 0 for every χ ∈ Irr(G). Then the image of x modulo F (G) has
2-power order.

Proof of Theorem 1.3. Let G be a non-abelian group in τυprime(p
t) and

let P be a Sylow p-subgroup of G. As G lies in τυprime(p
t), Burnside’s theorem

yields P �= 1. We can assume that G �= P and prove, by induction on |G|,
that G/Op(G) is a Frobenius group with complement P/Op(G).

By Theorem 2.2, the group G is solvable and G has a normal p-complement
K, K �= 1. We first claim:

CK(x) = 1 for every x ∈ P − Z(P ) (+)

Namely, if x ∈ P − Z(P ) (if any), then by [1, Lemma 2.9] there exists χ ∈
Irr(G) such that χ(x) = 0, since G/K ∼= P . Thus, by Lemma 3.1, we see that
CK(x) = 1.

Assume first that Op(G) �= 1 and write G = G/Op(G). Then G ∈
τυprime(p

t) and G is not a p-group. If G is abelian, then P is normal in G
and G = K×P . Now, (+) implies that P is abelian. As K ∼= G, we have that
K is abelian. It follows that G is abelian, against our assumption. Thus G is
non-abelian. Now, since Op(G) is trivial, by induction we get that G/Op(G)
is a Frobenius group with complement P/Op(G).

We can hence assume that Op(G) = 1. We will prove that G is a Frobenius
group with complement P . Consider a minimal normal subgroup M of G.
Since G is solvable and Op(G) = 1, we have M ≤ K.

If Op(G/M) = 1, then G/M is non-abelian and is not a p-group. Hence, by
induction, G/M is a Frobenius group with complement PM/M . By Lemma
3.1, every non-trivial x ∈ P is a zero of some ψ ∈ Irr(G/M). Hence, by
Lemma 3.1, it follows that CM(x) = 1. Since CK/M(xM) is trivial, we get
CK(x) = CK(x) ∩M = CM(x) = 1, for every non-trivial x ∈ P . Thus, G is
Frobenius group with complement P .

If M = K, then K is a faithful irreducible P -module. Let x be a non-
identity element in Z(P ). By Clifford’s theorem K is a faithful homogeneous
〈x〉-module and hence CK(x) = 1. Now, recalling (+), we have CK(x) = 1 for
every non-trivial x ∈ P . Hence G is a Frobenius group with complement P .

We hence assume, working towards a contradiction, thatK is not a minimal
normal subgroup of G and that, fore very minimal normal subgroup M of G,
G/M is not a p-group and Op(G/M) �= 1. Let Φ(G) denote the Frattini
subgroup of G.

If M is a minimal normal subgroup of G contained in G, then the Frat-
tini argument yields Op(G/M) = Op(G)M/M . Since Op(G) = 1, we get
Op(G/M) = 1, a contradiction. Therefore, Φ(G) = 1.

If G/M is abelian for every minimal normal subgroup M of G, then G′

would be the only minimal normal subgroup of G. Thus, by Lemma 12.3 of
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[6], we obtain that G is a Frobenius group with kernel G′. So, K = G′ is
minimal normal in G, a contradiction.

Thus, we may assume that there exists a minimal normal subgroup M of
G such that G/M is non-abelian. Write L/M = Op(G/M) and L = MU ,
where 1 �= U ≤ P . By induction, G/L is a Frobeniuis group with complement
PL/L. Take x ∈ U−{1} and y ∈ K−M . Note that, because L/M centralizes
K/M , the element xy is not an element of prime power order modulo M . So,
xy is not an element of prime power order of G. As G ∈ τυprime(p

t), we have
χ(xy) �= 0 for every χ ∈ Irr(G). Therefore, Lemma 3.2 implies that xy is a
2-element modulo F (G). Since p divides |xy| and F (G) is a p′-group, it follows
that p = 2 and that y ∈ F (G). Since y is an arbitrary element of K −M and
since M ≤ F (G), we get K = F (G).

Recalling that Φ(G) = 1, we have that K is the product of the minimal
normal subgroups of G. In particular, K is abelian. Since G/L is a Frobenius
group with complement PL/L, by Lemma 3.1 every x ∈ P − U is a zero of
some χ ∈ Irr(G/L) . Thus, by Lemma 4.2 it follows that CM(x) = 1 for every
x ∈ P −U . Let now x ∈ U , x �= 1. By coprimality, CK(x)M/M = CK/M(x) =
K/M . In particular, CK(x) �= 1 and by (+) we get x ∈ Z(P ). Now, since K
is abelian and x lies in the center of P , we have CK(x) is normal in G. Note
that CM(x) �= M , since otherwise x centralizes K, a contradiction because
K = CG(K). By minimality of M , it follows that CM(x) = 1 , for every
1 �= x ∈ U . Summing up, CM(x) = 1 for every 1 �= x ∈ P . Therefore MP
is a Frobenius group with complement P . In particular, from the structure of
Frobenius complements, it follows that P has a unique subgroup C of order p.

As Φ(G) = 1 and K = F (G) is not a minimal normal subgroup of G,
there exist two distinct minimal normal subgroups M1, M2 of G. Now, the
assumption Op(G/M) �= 1 implies that C centralizes both K/M1 and K/M2.
Hence,[K,C] ⊆ M1 ∩M2 = 1. So, C centralizes K. Therefore, Op(G) �= 1, a
contradiction. This final contradiction yields that G is a Frobenius group with
complement P .

We have hence proved, so far, that G/Op(G) is a Frobenius group with com-
plement P/Op(G). It remains to show that Z(G) = Op(G). Now, Z(G/Op(G) =
1, which implies Z(G) ≤ Op(G). Since Op(G) centralizes K, from (+) it follows
Op(G) ≤ Z(P ) and hence Op(G) ≤ Z(G). Therefore, Z(G) = Op(G).

In the following, we continue to discuss the τυprime(p). We will also make
use of the following result, which is Theorem B of [13].

Theorem 3.3 Let G be a finite non-abelian and solvable group. If every
irreducible character of G vanishes only on elements of prime order, then one
of the following holds.

(1) G is a p-group of exponent p.
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(2) G = E×F , where E is an elementary abelian p−group (possibly E = 1)
and F is a Frobenius group with complement of order p.

By Theorem 3.3, we get the following result.

Corollary 3.4 Let G be a non-abelian group and p a prime. If G ∈
τυprime(p), then one of the following holds.

(1) G is a p-group of exponent p.
(2) G = E×F , where E is an elementary abelian p-group (possibly E = 1)

and F is a Frobenius group with complement of order p.

For p = 2, Corollary 3.4 can be inverted. Now we discuss the case when
p = 3. We need use the following result.

Lemma 3.5 Let G be a Frobenius group with complement of order 3 and
non-abelian Kernel. If G lies in τυprime(3), then the kernel is of prime power
order.

Proof. Let C be a complement of G and Q the kernel. Assume that the
order of Q is of non-prime power.

Let M be a normal subgroup of Q maximal with respect to Q/M being
non-abelian. Then Q/M is a q-group for prime q and N/M = (Q/M)′ is
the unique minimal normal subgroup of Q/M . Consider ψ ∈ Irr(Q/M) with
ψ(1) = qn > 1. Then, by [6, Corollary 2.30 and Theorem 2.31], we have ψ
vanishes on Q−N .

Now, χ = ψG is an irreducible character of G vanishing on Q−⋃
y∈C N

y. If
Q =

⋃
y∈C N

y, then |Q| ≤ 3|N | and hence q2n = |Q/N | ≤ 3. This contradiction
implies that Q − ⋃

y∈C N
y is not empty. Observe that Q − ⋃

y∈C N
y contain

elements of non-prime power order. Then we obtain a contradiction. Hence,
Q is of prime power order.

Then applying Corollary 3.4 and Lemma 3.5, We have the following easy
result.

Proposition 3.6 Let G be a non-abelian group. Then G ∈ τυprime(3) if
and only if G is one of the following groups.

(1) G is a 3-group of exponent 3.
(2) G = E × F , where E is an elementary abelian 3-group and F is a

Frobenius group with complement of order 3 and abelian kernel.
(3) G = E × F , where E is an elementary abelian 3-group and F is a

Frobenius group with complement of order 3 and non-abelian kernel of prime
power order.
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Remark 3.7 Note that the groups satisfying (3) of Proposition 3.6 does
not lies in υ3. Therefor, Proposition 3.6 improves the result of Theorem 4.3 of
[1].

In following example, we give such group described in Proposition 3.6(3).

Example 3.8 Let G = 〈qrt | [r, q] = p, q7 = r7 = p7 = t3 = 1, qt =
tq2p, rt = tr2, pq = qp, rt = tp4, pr = rp〉. It is easy to check that G is a
Frobenius group of order 3 · 73 with nona-belian kernel of order 73.

4 A new characterization of A5

We will also make use of the following result, which is Proposition 2.1 of [4].
As usual, we denote by F (G) the Fitting subgroup of a group G.

Lemma 4.1 Let G be a group, and assume that F (G) contains an element
of Van(G). Then there exists g ∈ F (G)∩Van(G) such that π(o(g)) = π(F (G)).

Proof of Theorem 1.4. First, we claim that G is non-solvable. As-
sume that G is solvable. It follows from the hypothesis that G satisfies (2) of
Theorem 3.3.

If E > 1, then we easily conclude from the hypothesis that G belongs to
the class υp, a contradiction. So we may assume that E = 1 and thus G is a
Frobenius group with kernel K and complement of order p. The hypothesis
implies that K contains an element of Van(G) and that π(K) consists of at
least two primes. Then applying Lemma 4.1, there exists g ∈ K∩Van(G) such
that π(o(g)) = π(K), a contradiction. Hence G is non-solvable.

Since G is a non-solvable V CP -group, it follows by [13, Theorem A] and
[2] that G/Sol(G) is isomorphic to L2(5). Obviously, G − Sol(G) ⊆ Van(G).
Hence G− Sol(G) consists of elements of prime order. Then by [10, Theorem
1], we obtain that G ∼= A5. The proof is complete.
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