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Abstract

In this paper, we exhibit that, in an incline L, the greatest element
‘1’ is the multiplicative identity for the elements of DL, the set of idem-
potent elements in L. We have discussed the invertibility of matrices
over DL and for matrices over an integral incline. We have obtained
equivalent conditions for regularity of a matrix over an incline whose
idempotent elements are linearly ordered.
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1 Introduction

Incline is an algebraic structure and is a special type of a semiring. In an
incline (L, +, ·) with the order relation “≤” defined on L as x ≤ y if and only
if x+ y = y for x,y ∈ L, the incline axioms, that is, x + xy = x and y + xy
= y, imply that xy ≤ x and xy ≤ y. Thus, inclines are additively idempotent
semirings in which products are less than (or) equal to either factor. Further,
Incline algebra is a generalization of Fuzzy algebra which is a generalization of
Boolean algebra.

The concept of slope was introduced by Cao and later Cao, Kim and Roush
[1] renamed it as incline. The notion of inclines and their applications are de-
scribed comprehensively in Cao, Kim and Roush [1]. Kim and Roush [7] have
surveyed and outlined algebraic properties of inclines and incline matrices.

In [3, 5, 6], some invertible conditions of a matrix over a commutative
incline L with additive identity “0L” and multiplicative identity “1L” are ob-
tained and also it is established that an incline L is an integral incline if and
only if the group of all invertible matrices coincides with the group of all per-
mutation matrices. Invertible matrices over an incline and Cramer’s rule are
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investigated in [6]. Invertible conditions for matrices over distributive lattice
are discussed in [12,13]. An incline matrix, that is, matrix over an incline A ∈
Ln is invertible if and only if there exists B ∈ Ln such that AB = BA = (IL)n,
the identity matrix of order n. A matrix A ∈ Lmn, the set of m × n matrices
over an incline L is regular if and only if there exists X ∈ Lnm such that AXA
= A and X is called a g-inverse of A. It is clear that, every invertible matrix
is regular. Thus regular matrices are a generalization of invertible matrices.

Von Neumann [11] has introduced the concept of regular elements in a ring.
An element a is called regular if a solution exists for the equation axa = a and
such solution is called a generalized inverse of a. A ring R is regular if and only
if every element of R is regular. Recently in [10], it is proved that an element
in an incline is regular if and only if it is idempotent, further some charac-
terization of regular elements in an incline are obtained by using the incline
axioms, and exhibited that every commutative regular incline is a distributive
lattice.

In this paper, we have discussed the relation between the greatest element
‘1’ of an incline and the multiplicative identity “1L” of an incline L. we have
discussed the invertibility for matrices over DL, the set of idempotent ele-
ments of L. We have obtained equivalent conditions for a matrix over an
incline whose idempotent elements are linearly ordered to be regular, which
include as special cases for matrices over a regular incline whose elements are
all linearly ordered and for matrices over a distributive lattice whose elements
are all linearly ordered and as a generalization of the results on matrices over
the max - min Fuzzy Algebra found in [8]. Let Rn(L),Gn(L) and Pn(L) de-
notes the set of all regular matrices, the set of all invertible matrices and the
set of all permutation matrices of order n over L respectively.

2 Preliminaries

In this section, basic definitions and results required on elements of a semir-
ing R are presented. Let R be any semiring with the least element denoted as
‘0’ and the greatest element denoted as ‘1’ with respect to an order relation
“≤”.
Definition 2.1

A subspace of Vn is a subset W of Vn such that 0 ∈ W and for v,w ∈ W,
we have v+w ∈ W. W is said to be a vector space over V if αx ∈ W, for α ∈
V and x ∈W.

Definition 2.2
A set S of vectors over a semiring R is independent if and only if each

element of S is not a linear combination of other elements of S, that is, no
element v ∈ S is a linear combination of elements in S/{v}.
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If v ∈ S is a linear combination of elements of S/{v}, then S is said to be
dependent.

Definition 2.3
The row space R(A) of an m × n matrix A is the subspace of Vn

generated by its rows. The row rank ρr(A) is the smallest possible size of
a spanning set for the row space. The column space C(A) and column rank
ρc(A) are defined in dual fashion. If row rank equals column rank, then it is
called the rank of A and is denoted as ρ(A).

Definition 2.4
A matrix A ∈ Lmn is regular if and only if there exists a matrix X ∈ Lnm

such that AXA = A, X ∈ A{1} and A {1} denotes the set of all g-inverses of
A.

Lemma 2.5
Let R be any semiring. For A,B ∈ Rmn, we have the following :
(i) R(B) ⊆ R(A) ⇔ B = XA for some X ∈ Lm.
(ii) C(B) ⊆ C(A) ⇔ B=AY for some Y ∈ Ln.

Lemma 2.6
Let R be any semiring. For A,B ∈ Rmn, we have the following :
(i) R(AB) ⊆ R(A) B ⊆ R(B)
(ii) C(AB) ⊆ C(A)

Lemma 2.7
Let R be any semiring and A,B ∈ Rmn. If A is a regular matrix then the
following hold:
(i) R(B) ⊆ R(A) ⇔ B = BA−A for each A− ∈ A {1}
(ii) C(B) ⊆ C(A) ⇔ B = AA−B for each A− ∈ A {1}

Definition 2.8
A nonempty set L with two binary operations + and · is called an incline

if it satisfy the following conditions (We usually suppress the ‘dot’ in x·y and
write as xy)
(i) (L, +) is a semilattice.
(ii) (L,·) is a semigroup.
(iii) x(y+z) = xy+xz for all x,y,z ∈ L.
(iv) x+xy = x and y + xy = y for all x,y ∈ L.

Since an incline L is a special type of a semiring and a generalization of
the Boolean and Fuzzy algebra, the above definitions and results on a semiring
remain valid for matrices over an incline L.
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Definition 2.9
For x,y ∈ L, the order relation “≤” is defined as x ≤ y ⇔ x+y = y.
From the incline axiom (iv), the order relation “≤” has the following prop-

erties; which are called as Incline Properties.
(P.1) x+y ≥ x and x+y ≥ y for x,y ∈ L
(P.2) xy ≤ x and xy ≤ y for x,y ∈ L

Definition 2.10
The multiplicative identity 1L on L, is defined as x1L = 1L x = x, for all x

∈ L.
The zero element denoted as “0L” of L defined as

(i) x + 0L= x = 0L + x, for all x ∈ L.
(ii) 0Lx = x0L = 0L, for all x ∈ L

Definition 2.11[5]
An incline L with additive identity 0L and multiplicative identity 1L is

called an integral incline if there do not exist non zero elements x and y in L
such that xy = 0L and x+y = 1L.

Definition 2.12
a ∈ L is said to be regular if there exists an element x ∈ L such that axa

= a. Then x is called a g-inverse of a and a{1} denotes the set of all g-inverses
of a.
Proposition 2.13 [10]

An element a ∈ L is regular if and only if a is idempotent if and only if
a2=a.

Proposition 2.14 [10]
An incline L is regular if and only if each element of L is regular if and

only if DL = L.

Proposition 2.15 [10]
A commutative incline L is regular if and only if L is a distributive lattice.

Lemma 2.16 [10]
Let a ∈ L be regular. Then a = ax = xa for all x ∈ a {1}.

Proposition 2.17 [10]
For a regular element a ∈ L, a is the smallest g - inverse of a, that is, a ≤

x for all x ∈ a {1} and a {1,2} = a.
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Definition 2.18
A subspace W of Ln is a retract of Ln if there exists an idempotent matrix

X ∈ Ln such that (Ln) X = W.

Proposition 2.19
For an idempotent matrix E,R(E) = (Ln)E

Definition 2.20 [5]
A matrix A ∈ Ln is invertible AX = XA = (IL)n for some X ∈ Ln.

Definition 2.21 [5]
Let L be an incline with the additive identity “0L” and a multiplicative

identity “1L”. A matrix P ∈ Ln is called a permutation matrix if it has ex-
actly one entry equals “1L” in each row and each column of P and all other
entries are “0L”.

3 Invertible Incline Matrices

In this section, we shall discuss the relation between the greatest element
and the multiplicative identity of L and the invertibility of matrices over DL,
the set of idempotent elements in L.

Definition 3.1
Let x,y ∈ L, if x ≤ y for all y ∈ L then x is called the least element and

denoted as ‘0’. If x ≥y for all y ∈ L then x is called the greatest element and
denoted as ‘1’.

Proposition 3.2
In an incline L, the zero element of L coincides with least element of L.

Proof
0 is the least element of L
⇔ 0 ≤ x for all x ∈ L (by Definition (3.1))
⇔ 0x = x0=0 for all x ∈ L and
0 + x = x + 0 = x (by Incline Property (P.1) and (P.2)
⇔ 0 is the zero element of L. (By Definition (2.10))

Proposition 3.3
If an incline L has the multiplicative identity 1L then 1L is the greatest

element of L.

Proof
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By Definition (2.10) of 1L, 1Lx = x1L = x, for all x ∈ L.
By Incline property (P.2), x ≤ 1L, for all x ∈ L and by Definition (3.1),
1L is the greatest element of L.

Remark 3.4
The converse of Proposition (3.3) need not be true. This can be seen from

the following example:

Example 3.5
Let us consider the incline L = {0,a,b,c,d,1}, lattice ordered by the follow-

ing Hasse graph.

Define L X L → L as follows

xy =

{
d if x, y ∈ {1,b,c,d}
0 otherwise

In this finite incline, the only idempotent elements are 0 and d and they
are comparable. For L, 1 is the greatest element and L has no multiplicative
identity.

Lemma 3.6
In an incline L with greatest element 1and least element 0 under the order

relation “≤”, the greatest element ‘1’ is the multiplicative identity for elements
of DL. In particular, for a regular incline L, ‘1’ coincides with the multiplica-
tive identity “1L” of L.

Proof
Let a be an arbitrary element of DL, then a is idempotent. By Incline

Property (P.2)
a = a2 = aa ≤ a1 ≤ a ⇒ a = a1.

Similarly, a =a2 = aa ≤ 1a ≤ a ⇒ a = 1a.
Thus, a1 = 1a = a for all a ∈ DL. 1 is the multiplicative identity for the
elements of DL.
For a regular incline, by Proposition (2.14) DL = L, 1 is the multiplicative
identity of L.

Remark 3.7
We observe that, in general, 1 is the multiplicative identity of DL need not

imply DL = L and 1 ∈ DL. This can be seen by the following example:

Example 3.8
For the incline L in Example (3.5), 0 is the least element and 1 is the
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greatest element of L, DL = {0, d}. Therefore, L is not a regular incline and
L has no multiplicative identity. 1 is the multiplicative identity for DL and 1
/∈ DL.

Remark 3.9
The existence of the multiplicative identity “1L”, in an incline has no re-

lation with the regularity of that incline. This can be seen from the following
examples:

Example 3.10
Consider the incline L = {[0,1], +, ·}, where the addition is maximum

and usual multiplication. Here, ‘1’ is the multiplicative identity as well as the
greatest element. But, L is not regular.

Example 3.11
Consider the incline L = {[0,1], sup(x, y), min(x, y)}. In this incline 1 is

the multiplicative identity as well as the greatest element, that is, 1L = 1 and
L is regular.

Proposition 3.12
If L be a regular incline whose elements are all linearly ordered then L is

commutative.

Proof
For x, y ∈ L, either x ≤ y (or) y ≤ x. If x ≤ y then by Proposition (2.17),

y ∈ x {1} and by Lemma (2.16), xy = yx =x (or) if y ≤ x, then in the same
manner, we get yx = xy = y. Thus in either case, L is commutative.

Lemma 3.13
Let L be a regular incline whose elements are all linearly ordered. For α,

β ∈ L, α ≤ β ⇔ α + β = β ⇔ αβ = α.

Proof
For α, β ∈ L, by incline order relation, α ≤ β ⇔ α + β = β. Multiplying by

α, on both sides yields, α2 + αβ = αβ which implies by Proposition (2.13) that
α + αβ = αβ, again by incline order relation
it follows that α ≤ αβ. By incline Property (P.2), αβ ≤ α, hence we get
αβ = α.

Henceforth, let us consider the incline with zero element denoted as ‘0’ and
greatest element denoted as ‘1’ and which has no multiplicative identity.
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Definition 3.14
A matrix P ∈ Ln is called a generalized permutation matrix if it has exactly

one entry equals the greatest element ‘1’, in each row and each column of P
and the remaining entries are the least element ‘0’.

Remark 3.15
We observe that from Proposition (3.3) the Definition (3.14)

coincides with Definition (2.21) for any incline with multiplicative identity
1L. Further, Generalized permutation matrix 	=> permutation matrix, this
can be seen from the following example:

Example 3.16
In Example(3.5), L has no multiplicative identity but it has the greatest

element ‘1’.

P =

(
1 0
0 1

)
is a generalized permutation matrix. By Definition (2.21), P is

not a permutation matrix,

since, PPT =

(
1 0
0 1

)(
1 0
0 1

)
=

(
d 0
0 d

)
	=(IL)2.

Definition 3.17
Let L be an incline with 0 and 1. A ∈ DLn is invertible over DL if and

only if there exists X ∈ DLn such that AX= XA= In, the diagonal matrix
whose entries are all the greatest element ‘1’.

Remark 3.18
In particular for a regular incline ‘1’ by Lemma (3.6) the above Definition

(3.17) reduces to the Definition (2.20), invertible over L.

Example 3.19
In Example (3.5), 1 is not the multiplicative identity for L and Ln has no

permutation matrix.

For instance, P1 =

(
1 0
0 1

)
∈L2 and P2 =

(
0 1
1 0

)
∈L2

Here, P1P1
T = P1

T P1 =

(
d 0
0 d

)
	=I2 and P2P2

T = P2
T P2 =

(
d 0
0 d

)
	=I2.

P1 and P2 are generalized permutation matrices but not permutation ma-
trices in L2. P1 and P2 are not invertible matrices over DL as well as over L
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Theorem 3.20
Let L be an incline with 0 and 1. Then A ∈ DLn is invertible over DL

⇔ AAT = AT A = In, where In is the matrix whose diagonal entries are the
greatest element ’1’ and the remaining elements are all zeros.

Proof
Since A ∈ DLn is invertible by Definition (2.20), AX = XA = I, for some

X ∈ DLn. Let A = (aij) and X =(xij). By AX = I, for any s,i,j (i	=j),it is easy
to see that ais xsj ≤ ∑n

k=1aik xkj = 0, that is, ais xsj = 0. By XA=I, for any
i(1≤i≤n),

∑n
k=1aki ≥ ∑n

k=1xki aki = 1 and
∑n

k=1xik ≥ ∑n
k=1xik aki = 1, that is,∑n

k=1aki =
∑n

k=1xik=1, since aij and xji are idempotent.
Now, by using Lemma (3.6), we get

aij = aij1 = aij(
∑n

k=1xjk) =
∑n

k=1aij xjk = aij xjk +
∑n

k=1aij xjk = aij xij +
0= aij xji = 0+aij xji =

∑n
k=1k �= j akjxji + aij xji =

∑n
k=1akj xji = (

∑n
k=1akj)

xji = 1 xji = xji.
Hence X=AT and AAT = AT A = In. Converse is trivial.

Remark 3.21
In particular, for a regular incline, DL = L and Theorem (3.20) reduces to

the following:

Corollary 3.22
Let L be a regular incline. Then A ∈ Ln is invertible ⇔ AAT = AT A =In.

Remark 3.23
Since for a regular incline L whose elements are all linearly ordered by

Lemma (3.13) the incline operations reduces to max-min composition, Theo-
rem (3.20) reduces to the result of Zhao [12] (p.32, [9]).

Corollary 3.24
A be a matrix over the max - min Fuzzy algebra, then A is invertible ⇔ A

is a permutation matrix that is, Gn(L) = Pn (L).

Definition 3.25
A pair of non zero elements x,y ∈ L is called an integral pair if

xy = 0 and x+y = 1, where 0 and 1 are the least and greatest element of
L respectively.

Definition 3.26
An incline L with 0 and 1 is called an integral incline if there do not exist an

integral pair, where 0 and 1 are the least and greatest
element of L respectively.
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Remark 3.27
From Lemma (3.6), it follows that for a regular incline, the

Definition (3.26) coincides with Definition (2.11).

Lemma 3.28
If idempotent elements a,b ∈ L are comparable then (a,b) is not an integral

pair.

Proof
Since a,b ∈ L are comparable idempotent elements, either

a ≤ b (or)b ≤ a. Hence a+b = b (or) a+b = a. →(3.1)
we claim that (a,b) is not an integral pair, for if a and b forms an integral

pair then a 	= 0 and b 	= 0 such that a+b = 1 and ab = 0. Hence by (3.1)
it follows that either b=1 (or) a=1, since a and b are idempotents by Lemma
(3.6), a1 = a and 1b = b. Substitute b = 1 (or) a =1 in ab = 0, then we get
0=ab = a1 =a ⇒ a=0 (or) 0=ab = 1b=b ⇒ b=0. Which is a contradiction.
Hence the Lemma.

Theorem 3.29
LetL be an incline whose idempotent elements are all linearly ordered.

Then DL is an integral incline.
Proof

Since the idempotent elements are all linearly ordered, by Lemma (3.28),
DL has no integral pair. Hence DL is an integral incline.

Corollary 3.30
Let L be a regular incline whose elements are all linearly ordered. Then L

is an integral incline.

Proof
This follows from Theorem (3.29) using proposition (2.14).

Remark 3.31
We observe that L need not be an integral incline under the condition that

the idempotent elements are linearly ordered. This is illustrated in the follow-
ing example:

Example 3.32
Let us consider the incline L = {0, a, b, c, d, 1} in Example (3.5). Consider

a,d ∈ L.
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Then ad=0 and a+d = 1. By Definition (3.25), it forms an integral pair. Hence
L is not an integral incline. However, the subincline DL = {0,d} is an integral
incline as it has no integral pair.

Remark 3.33
In the above Corollary (3.30), the converse need not be true. This is illus-

trated in the following example:

Example 3.34
Let us consider the incline L = {[0,1], +, ·} in Example(3.10). Since xy	=0,

for any non zero elements x and y, L has no integral pair. Thus L is an integral
incline and elements of L are linearly ordered but it is not regular.

Theorem 3.35 (Theorem (4.1) of [5])
Let L be a commutative incline with additive identity 0 and multiplicative

identity 1L. Then L is an integral incline if and only if
Gn(L) = Pn (L) for any n (n≥2).

Corollary 3.36
Let L be an incline whose idempotent elements are linearly ordered. Then

DL is an integral incline and Gn(DL) = Pn(DL).

Proof
Since idempotent elements of L are linearly ordered and by Lemma (3.6), 1

is the multiplicative identity for DL, and the rest follows from Theorem (3.35).

Remark 3.37
For a regular incline, Corollary (3.36), reduces to the following result.

Corollary 3.38
If L is a regular incline whose elements are all linearly ordered then L is

an integral incline and Gn(L) = Pn (L) for any n (n≥2).

Remark 3.39
In Corollary (3.38) the condition that the elements are to be linearly or-

dered cannot be relaxed. This is illustrated in the following:

Example 3.40
Let us consider the incline L = (P(D),∪,∩), D = {a,b,c}

under the set inclusion “⊆” as the order relation.
In this incline the elements are all idempotent but not linearly ordered.

Since by Proposition (2.14), L is regular incline and hence a distributive lattice
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whose elements are not comparable. For instance the non zero elements a,c are
not comparable, but forms an integral pair, since
{a,c}∩ {b} = φ and {a,c}∪b = {a,b,c} = D. Hence L is not an integral
incline.

Let A =

⎛
⎜⎝

{a} {b} {c}
{b} {c} {a}
{c} {a} {b}

⎞
⎟⎠ ∈ L3

Then AAT = AT A =

⎛
⎜⎝

D φ φ
φ D φ
φ φ D

⎞
⎟⎠ = I3 ∈ L3

A is invertible matrix of order 3 but not a permutation matrix,
G3(L)	= P3 (L).

Thus Corollary (3.38) fails.

4 Regular Matrices Over an Incline

In this section, we derive some equivalent conditions for a matrix over an
incline whose idempotent elements are linearly ordered to be regular. In [8],
it is proved that a matrix over the max-min Fuzzy algebra F =[0,1] is regular
if and only if it is a retract of Fn. Here we shall extend this for a matrix over
an incline.

Definition 4.1
A matrix A ∈ Lmn is regular if and only if there exists a matrix X ∈ Lnm

such that AXA = A, X ∈ A{1} and A {1} denotes the set of all g-inverses of
A.

Theorem 4.2
Let L be an incline whose idempotent elements are all linearly ordered and

forms a vector space over an incline L. For A ∈ DLmn, the following conditions
are equivalent: (i) A is regular
(ii) There exists an idempotent matrix E ∈ Ln such that

R(E) = R(A) = (DLn)E
(iii)R(A) is a retract of Ln

(iv) There exists an idempotent matrix F ∈ Lm such that
C(A) = C(F)= (DLn)F. In either case, ρr(A) = ρc(A).

Proof
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(i)⇒(ii) Since A is regular by Definition (3.1), A = AXA for some X ∈ Lnm.
By Lemma (2.6), we have R(A) = R(AXA) ⊆ R(XA) ⊆R(E)⊆R(A). There-
fore, R(A) = R(E), where E=XA ∈ Ln is an idempotent matrix. Under the
condition that the idempotent elements are linearly ordered, for any x,y ∈
DLn, x+y ∈ DLnand 0 ∈ DLn. Therefore DLn is a subspace of Ln. Since A
∈ DLmn, each row of A ∈ DLn and DL forms a vector space over L hence
R(A), the space spanned by the rows of A is the subspace of DLn. Therefore,
R(E)=R(A) ⊆ DLn for the idempotent matrix E. Further, by Lemma (2.6),
we have R(E)= R(E2)= R(E)E = R(A)E ⊆ (DLn)E ⊆ (Ln)E= R(E). Hence
R(A)= R(E) = (DLn)E. Thus (ii) holds.

(ii) ⇒ (iii) From (ii) we get, R(A)= R(E) = (DLn)E = (Ln)E. Then, R(A) is
a retract of Ln follows from the Definition (2.18). Thus (iii) holds.

(iii)⇒(i) Since R(A) is a retract of Ln, by Definition (2.18), R(A)=(Ln) E
= R(E). By Lemma (2.5), R(E) ⊆ R(A) implies E=XA for some X ∈ Lm.
Since E is regular being idempotent, E itself is one choice of g-inverse of A.
Therefore, by Lemma (2.7), R(A) ⊆ R(E) ⇒ A = AE−E = AE = AXA, hence
A is regular. Thus (i) holds.

(ii) ⇔ (iv) This equivalence can be proved in the same manner by
choosing the idempotent matrix F=AX in the regularity equation A=AXA.

For A ∈ DLmn is regular then ρr(A) = ρc(A) follows from the fact that ele-
ments of DL are linearly ordered [7].

Remark 4.3
In the above Theorem (4.2), the conditions that A∈DLmn and DL forms

a vector space over L are essential. These are illustrated in the following ex-
amples:

Example 4.4
Let us consider the incline L = {0, a, b, c, d, 1} in Example (3.5).
L is a commutative incline which is not a distributive lattice. In this in-

cline, for x,y ∈L, xy=0 (or) d. Here 0 and d are the only idempotent elements,
that is, DL = {0,d}; 0 and d are comparable. For α ∈ L, x ∈ DL, α x ∈DL.
Hence DL forms a vector space over L.

Let A=

(
b 1
0 c

)
∈L2 then for any X=

(
x y
u v

)
∈L2

(11)th entry of A X A is (bx + 1u) b 	= b.
Therefore, A X A 	= A, A is not regular.
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Now, let us take X=

(
1 b
a d

)
∈L2 then XA=

(
d d
0 d

)
= E.

E2=

(
d d
0 d

)
=E ∈ DL2 and

R(E)=R(A)={(0,0), (0,d), (d,0),(d,d)}=DL2. Thus (ii) and (iii) hold. Here
A /∈ DL2 and A is not regular.
Hence the Theorem (4.2) fails.

Example 4.5
Consider the incline L = {[0,1],+,·} in Example (3.10). Here, the idempo-

tent elements are 0 and 1, that is, DL = {0,1} and they are comparable. In
this incline,1 is the multiplicative identity as well as the greatest element. For
1 ∈ DL, 0 	= α ∈ L, α1 /∈ DL, Therefore DL is not a vector space over the
incline L.

Let A =

(
1 1
0 1

)
∈ DL2

A is regular being idempotent and R(A) = {λ(1,1)+ μ(0,1)/λ ,
μ ∈ [0,1]} = {(a,b)/0 ≤ a ≤ b ≤ 1}. But (DL2) E 	= R(A), for any idempotent
matrix E ∈ L2. Thus (ii) fails.

Now we deduce the result of the Theorem (4.2) for the following special
types of incline such as regular incline, distributive lattice.

Corollary 4.6
Let L be a regular incline whose elements are all linearly ordered and A ∈

Ln then the following are equivalent:
(i) A is regular
(ii) There exists an idempotent matrix E ∈ Ln such that

R(E) = R(A)= (Ln)E
(iii)R(A) is a retract of Ln

(iv) There exists an idempotent matrix F ∈ Lm such that
C(A) = C(F)= (Lm)F. In either case, ρr(A) = ρc(A).

Proof
Since L is regular incline by Proposition (2.14), each element of L is idem-

potent and therefore DL = L. Then the rest follows from Theorem (4.2) under
the condition that all elements are linearly ordered.

Remark 4.7
Since by Proposition (2.15), a commutative regular incline is a distributive

lattice and DL = L, Corollary (4.6) remains valid for a distributive lattice
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whose elements are all linearly ordered. Further, for a regular incline whose
elements are all linearly ordered by Lemma (3.13) incline operations reduces to
the max - min composition. Corollary (4.6) reduces to the result on regularity
of fuzzy matrix due to Kim and Roush [8].

Remark 4.8
The linearity condition on elements of L in Corollary (4.6) cannot be re-

laxed. This is illustrated in the following example:

Example 4.9

Let us consider the incline L = (P(D),∪ ,∩) in Example (3.40).

Let A =

⎛
⎜⎝

{a} {b} φ
{a} {b} φ
{a} {b} {c}

⎞
⎟⎠ ∈ L3

and X =

⎛
⎜⎝ {a} {b} φ

{b} {a} φ
φ φ {c}

⎞
⎟⎠ ∈ L3

On computation we get A X A = A. Therefore A is a regular matrix. Here,
L is commutative regular incline whose elements are all idempotent under the
set intersection as the multiplication operation. For A,
A1∗ = A2∗ = {a,b} A3∗ . ρr(A)= 1. All the columns are linearly indepen-
dent, hence ρc(A) = 3. Therefore, ρr(A) 	= ρc(A). The equality condition of
row rank and column rank for a regular matrix in Corollary (4.6) fails.
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