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Abstract

In this paper, we investigate some properties of inverse limits of
linear algebraic groups. For example, we show that if G = lim←−Gi,
where (Gi, πji)i,j∈I is an inverse system of algebraic groups over an
algebraically closed field. Then each canonical projection πi : G → Gi

maps closed subgroups of G onto closed subgroups of Gi. Furthermore,
we prove directly that the inverse limit of an inverse system of linear
algebraic groups, which may fail to be compact, is always linearly com-
pact. We introduce also two types of categories: ΣN and ΣC and we
generalize our results to the new larger categories.
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1 Introduction

This paper starts with an introduction to some of the basic facts needed from
the theory of inverse limits that includes definitions, examples, and some basic
theorems of the theory of inverse limits. Other introductions can be found
in [1], [2], [3], [7], [8], [12]. Section 3 contains new results concerning inverse
limits of linear algebraic groups and vector spaces. Inverse limits of linear
algebraic groups arise naturally in the representation theory of many types of
groups: If G is a complex Lie group, then every finite dimensional complex
analytic representation gi: G →Gl(n, C) of G yield a linear algebraic group
Gi by taking the Zariski closure of the image of G in Gl(n, C). The groups
(Gi) with their transition maps form an inverse system of linear algebraic
groups whose limiting group plays a central role in the representation theory
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of G as does the universal covering group of a Lie group. However, inverse
systems of linear algebraic groups have not been studied in full generality. In
the literature, we find the notion of pro-affine algebraic groups which were
introduced by Hochschild and Mostow as well as the notion of pro- algebraic
groups which is the limiting group of a surjective inverse system of linear
algebraic groups with a countable index set. For more information on this topic
the reader is referred to [4], [6], [9], [10], [11]. In this paper, we solve some
important problems concerning inverse limits of linear algebraic groups and
vector spaces over algebraically closed field of characteristic 0. For example,
we show that if (gi) : (Gi) → (Hi) is a mapping of inverse systems of linear
algebraic groups such that each gi is surjective and (Kergi) is a G-compact
inverse system, then the limiting map lim←−gi : lim←−Gi → lim←−Hi is surjective,
and from this theorem important corollaries follow. We also prove that if
G = lim←−Gi, is an inverse system of algebraic groups, then each canonical
projection πi : G → Gi maps closed subgroups of G onto closed subgroups
of Gi. Furthermore, we prove directly that the inverse limit of an inverse
system of linear algebraic groups, which may fail to be compact, is always
linearly compact. Finally, in Section 4, we introduce two types of categories:
the category ΣN of Noetherian T1 semi-topological groups whose morphisms
are the continuous homomorphisms which send closed subgroups onto closed
subgroups and the category ΣC of compact T1 semi-topological groups whose
morphisms are the continuous homomorphisms which are closed maps. Then
we generalize our results to the new larger categories.

2 Preliminary Notes

Definition 2.1 Let I be a set with a partial ordering ≤. Suppose I is
directed upwards, i.e., for every i, j ∈ I there exists k ∈ I such that i ≤ k
and j ≤ k. Let S = {Si : i ∈ I} be a family of sets such that for every pair
(i, j) ∈ I × I with j ≥ i, there is a map πji : Sj → Si satisfying the following
two conditions:

1. πii is the identity map for every i ∈ I;

2. if i ≤ j ≤ k, then πki = πji ◦ πkj.

Let π = {πji, i, j ∈ I, j ≥ i : πji : Sj → Si}
Then (S, π) or (Si, πji)i,j∈I or simply (Si) is called an inverse system and

the maps πji : Sj → Si are called the transition maps of the inverse system.
The inverse limit of this system, denoted by lim←−Si , is the subset of the

Cartesian product
∏

i∈I Si consisting of all elements s = (si)i∈I such that
πji(sj) = si for every j ≥ i. In other words, lim←−Si is the set of all families of
elements (si)i∈I which are compatible with the transition maps πji : Sj → Si.
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Remark 2.2 If (Si) is an inverse system, let πi : lim←−Si → Si be the canon-
ical projection sending (si) to si. Then πi = πji ◦ πj for every j ≥ i.

Remark 2.3 A surjective inverse system is an inverse system whose tran-
sition maps are surjective.

Remark 2.4 An inverse sequence is an inverse system whose index set is
I = N (directed by its natural order).

Definition 2.5 A collection of sets (Ai) is called a subinverse system of an
inverse system (Gi), and we write (Ai) ⊂ (Gi) if Ai ⊂ Gi for all i ∈ I and
πji(Aj) ⊆ Ai for all j ≥ i.

Remark 2.6 Let (G, π) be an inverse system of groups where each πji is a
group homomorphism. Then

1. lim←− Gi is a group

2. each projection map πi : lim←− Gi →Gi is a group homomorphism

A similar remark holds for rings, modules and vector spaces.

Remark 2.7 Let (S, π) be a surjective inverse sequence. Then lim←− Si 
= φ
and each projection πi : lim←− Si →Si is surjective.

Definition 2.8 Inverse limit topology Let (Si, πji) be an inverse system
where each set Si is a topological space and each transition map is continuous.
Then the inverse limit topology on lim←− Si is the induced topology inherited from
the product topology on

∏
S
i∈Ii

which has a basis consisting of the sets of the

form
∏

U
i∈Ii

, with Ui is an open subset of Si for every i ∈ I and Ui = Si for all

but a finitely many i ∈ I.

Remark 2.9 Let A be a subset of lim←− Si and let Ai be the image of A under
the canonical projection πi : lim←− Si →Si. Then the closure of A is given by

A = lim←− Ai. In particular, if A is closed in lim←− Si, then A = A = lim←− Ai =
lim←− Ai = ∩(A + Ker πi). Moreover, if A =lim←−Ci where (Ci) is a closed inverse
subsystem of (Si), then A is closed in lim←−Si. If each Si is given the discrete
topology, the resulting inverse limit topology on lim←−Si is called the prodiscrete
topology. Let (Si, πji) and (Si, π′ji)be two inverse systems over the same index
set I. If for every i ∈ I, the map fi: Si →S′i is continuous, then lim←− fi:
lim←− Si → lim←− S′i is also continuous. Moreover, if each Si is a topological
group and each transition map is a continuous homomorphism, then lim←− Si is
a topological group.
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Definition 2.10 (The Coset Topology on Algebraic Groups) Let G be an
algebraic group(over an algebraically closed field). The closed sets in the coset
topology are the subsets of G that are finite unions of cosets xH, where x ranges
over G and H ranges over the set of closed algebraic subgroups of G.

Definition 2.11 (The Coset Topology on Vector Spaces) Let V be a finite
dimensional vector space over an arbitrary field F. There is a topology on V
whose closed sets are the finite unions of sets of the form x +W, where x ranges
over V and W ranges over the subspaces of V.

Theorem 2.12 (The standard limit theorem) Let (S, π) be an inverse sys-
tem (over any directed set I) of non-empty compact Hausdorff spaces with
continuous transition maps πji. Then

1. S = lim←− Si is a non-empty compact space

2. if each πji is surjective, then each πi: lim←− Si →Si is surjective

3. if si ∈ Si is an essential element, then si is super essential

Corollary 2.13 Let (S, π) be an inverse system over any directed set I of
non-empty finite sets. Then lim←− Si is not empty, and if each πji is surjective,
then each πi: lim←− Si →Si is surjective.

Definition 2.14 (Hochschild-Mostow inverse system) An inverse system
(X, π) of non-empty sets is called a super inverse system, or a Hochschild-
Mostow inverse system, or a compact system if each Xi can be equipped with a
compact T1 topology such that each transition map is a closed continuous map.

Definition 2.15 An inverse system (G, π) of groups is called G-compact if

1. (Gi) is a compact inverse system

2. the left transition maps in each Gi are continuous

Example 2.16 Every inverse system of finite groups is G-compact.

Example 2.17 Every inverse system of compact Hausdorff topological groups
(whose transition maps are continuous homomorphisms) is a G-compact in-
verse system.

Example 2.18 Every inverse system of linear algebraic groups (over a fixed
algebraically closed field)(whose transition maps are rational homomorphisms)
is a G-compact inverse system provided we give each algebraic group its coset
topology.
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Example 2.19 Every inverse system of finite dimensional vector spaces
over any field with linear transition maps is a G-compact inverse system pro-
vided we give each vector space its coset topology.

Remark 2.20 Let (Vi, πji) be a compact inverse system and let (Ai) be a
subinverse system of (Vi) such that each Ai is a non-empty closed subset of Vi.
Then (Ai) is also a compact inverse system.

Theorem 2.21 (The Projective Limit Theorem) Let (Vi, πji) be a super in-
verse system consisting of non-empty compact T1 spaces and continuous closed
maps πji: Vj → Vi. Then

1. lim←− Vi 
= ∅
2. if each πji is surjective, then each canonical map projection πi: lim←− Vi

→Vi is surjective

3. if vi ∈ Vi is an essential element, then vi is super essential

Proposition 2.22 Let f: X →Y be a continuous map of topological spaces.
If X is compact, Y is a T1 space, {Ai} is a chain of closed subsets of X, then
f(∩i∈IAi) = ∩i∈I f(Ai).

Proof. It is obvious that f(∩i∈IAi) ⊆ ∩i∈I f(Ai). On the other hand, let y ∈
∩i∈I f(Ai) so y = f(xi) with xi ∈ Ai for all i ∈ I. Then, y = f(x), where x ∈ Ai

for all i ∈ I. Consider the collection {f−1(y) ∩ Ai}i∈I ; Since {y} is closed in
the T1 space Y and f is continuous then f−1(y) is closed in X. Hence f−1(y) ∩
Ai is closed in X for all i ∈ I. Also, xi ∈ f−1(y) ∩ Ai for all i ∈ I. Since {Ai}
is a chain, {f−1(y) ∩ Ai} is a chain of non-empty closed subsets of X. Take a
finite subset {f−1(y) ∩ Aij}j=1,2,..,n of {f−1(y) ∩ Ai}. Because we have a chain,
all elements are comparable, so there exists a smallest f−1(y) ∩ Ail for some l

∈ {1, 2,.., n}. So
n∩

j=1
(f−1(y) ∩ Aij) = f−1(y) ∩ Ail is non-empty, so the finite

intersection property holds for the collection {f−1(y) ∩ Ai}, but X is compact,
then the intersection of the whole collection is non-empty, i.e. there exists x
∈ f−1(y) ∩ Ai for all i ∈ I such that y = f(x) and x ∈ ∩i∈IAi. Thus f(x) ∈
f(∩i∈IAi) which implies that y ∈ f(∩i∈IAi) and ∩i∈I f(Ai) ⊆ f(∩i∈IAi).

3 Inverse Limits of Linear Algebraic Groups

and Vector Spaces

Proposition 3.1 Let G = lim←−Gi, where (Gi, πji)i,j∈I is an inverse system
of algebraic groups such that each πji : Gj → Gi, for j ≥ i is a rational
homomorphism of algebraic groups, and let πi : G → Gi be the canonical
projection. Then
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1. if each πji is surjective, then so is each πi

2. if (Ai)i∈I is a subinverse system of (Gi)i∈I , where each Ai is a closed
non-empty subset of Gi, then lim←−Ai is non-empty.

Proof. This follows directly from the Projective limit Theorem and from
Remark 2.20.

Theorem 3.2 Let G = lim←−Gi, where (Gi, πji)i,j∈I is an inverse system of
algebraic groups over an algebraically closed field(whose transition maps are
rational homomorphisms). Then each canonical projection πi : G → Gi maps
closed subgroups of G onto closed subgroups of Gi.

Proof. Let A be a closed subgroup of G, so A = lim←−Ai = lim←− Ai , where

Ai = πi(A). Because our base field K is algebraically closed, πji( A j) is a
closed subgroup of Gi. Thus, πji( A j) = A i. Hence, ( A i) is a surjective
subinverse system of (Gi). Therefore, each projection πi : lim←− Ai → Ai

is surjective by Proposition 3.1, hence πi(A) = Ai = Ai and πi is closed as
desired.

Theorem 3.3 Let (Vi, πji) be a super inverse system and let V = lim←− Vi

(with its inverse limit topology). Then each projection πi : V → Vi is a closed
map.

Proof. Let A be a closed subset of V . Then A = lim←− Ai = lim←− Ai where

Ai = πi(A). Because the πji are continuous, πji( Aj) ⊂ πji(Aj) = Ai for all
j ≥ i, but the πji are also closed, so πji(Aj) = Ai and consequently (Ai) is
a surjective super subinverse system of (Vi). Now, by the Projective limit
theorem, each projection πi : lim←− Ai → Ai is surjective.

But lim←− Ai = A hence πi(A) = πi(lim←−Ai) = Ai. Thus, πi is a closed map.

Theorem 3.4 Let G = lim←−Gi where (Gi, πji)i,j∈I is an inverse system of
algebraic groups over an algebraically closed field (whose transition maps are
rational homomorphisms). Then G is linearly compact in the sense that any
family of left cosets of closed subgroups of G with the finite intersection property
has non-empty intersection (where G is given the inverse limit topology of the
spaces Gi each with its own Zariski topology).

Proof. This Theorem was proved by A. Magid and N.Nahlus in [9]. But
here we give a different direct proof: Let {St}t∈T be a family of closed left cosets
of G with the finite intersection property. By theorem 3.3 the projections πi

map closed subgroups to closed subgroups. {πi(S
t) = (St)i} is a family of

closed left cosets with the finite intersection property. Let Xi = ∩t(S
t)i. Since
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Gi is compact, Xi is a non-empty closed subset of Gi. Thus, (Xi)i∈I is a sub-
inverse system of closed subsets of (Gi)i∈I . Hence, X = lim←−Xi is non-empty
by Proposition 3.1. Let x ∈ X. For a given t, πi(x) = xi ∈ (St)i for every
i ∈ I and hence x ∈ lim←−(St)i. Since St is closed in G, St = lim←−(St)i. Thus,
for every t ∈ T x ∈ St, thus ∩t(S

t)i is non-empty.

Theorem 3.5 Let V = lim←−Vi where (Vi, πji)i,j∈I is an inverse system of
finite-dimensional vector spaces over an arbitrary field (with linear transition
maps). Then V is linearly compact in the sense that any family of left cosets
of closed subspaces of V with the finite intersection property has non-empty
intersection (where V is given the pro-discrete topology).

Proof. This follows in a way similar to the proof of Theorem 3.4.

4 Semi-Topological Groups

Linear algebraic groups are not topological groups ; however, they are semi-
topological groups in the following sense:

Definition 4.1 A semi-topological group is a group G with a topology T
such that T is invariant under translations and inversions.

Definition 4.2 Let ΣN be the category of Noetherian T1 semi-topological
groups whose morphisms are the continuous homomorphisms which send closed
subgroups onto closed subgroups.

Definition 4.3 Let ΣC be the category of compact T1 semi-topological groups
whose morphisms are the continuous homomorphisms which are closed maps.

Note 4.4 Subcategories of ΣN and ΣC :

1. The usual category ALG of linear algebraic groups (over a fixed alge-
braically closed field ) is a subcategory of the category ΣN .

2. The modified category ALG∗ of linear algebraic groups with the coset
topology on each algebraic group is a subcategory of the category ΣC .

3. The category of compact Hausdorff topological groups is a subcategory of
the category ΣC.

Remark 4.5 Every inverse system in the category ΣC is obviously G-compact.
Moreover, every inverse system in the category ΣN is G-compact provided we
modify the topology on each object by taking the coset topology as done for
algebraic groups.
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Remark 4.6 Let A be subgroup of a semi-topological group G. Then, its
closure in G is a subgroup. The proof is identical with the case for linear
algebraic groups, see [5].

In view of Remarks 4.5 and 4.6, one may easily generalize the results of
this paper to inverse systems in the categories ΣN and ΣC .

Conclusion 1 The results in Proposition 3.1, Theorem 3.2 and Theorem 3.4
hold for every inverse system in the category ΣC of compact T1 semi-topological
groups (whose morphisms are closed maps).

Conclusion 2 The results in in Proposition 3.1, Theorem 3.2 and Theorem
3.4 hold for every inverse system in the category ΣN of Noetherian T1 semi-
topological groups (whose morphisms send closed subgroups onto closed sub-
groups).
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