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Abstract

Let S be a quasi regular ∗-semigroup. In this paper, we discuss
that the set of partial ∗-congruence pairs for S forms a complete lattice,
which is a completely ∧-homomorphic image of C∗(S), where C∗(S) is
the complete lattice of ∗-congruences on S, and explore the relationships
between the lattice of partial projection kernel normal systems for S,
the lattice of partial ∗-congruence pairs for S and C∗(S).
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1 Introduction

Recall that a semigroup S equipped with a unary operation ∗ : x �→ x∗ is said
to be a unary semigroup which is denoted by (S, ·,∗ ) or (S, ∗). For the sake of
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brevity, we denote the set {x∗|x ∈ S} by S∗. Now, for any x ∈ (S, ∗), we write
(x∗)∗ and ((x∗)∗)∗ by x∗∗ and x∗∗∗, respectively. A equivalence ρ on (S,∗ ) is
called a ∗-congruence by Nordahl and Scheiblich [10], if it is a congruence on
a semigroup S and

(∀x, y ∈ S) (x, y) ∈ ρ ⇒ (x∗, y∗) ∈ ρ.

An idempotent e of (S,∗ ) is called a projection if e∗ = e. The set of ∗-
congruences on a ∗-semigroup S is written as C∗(S). As a generalization
of regular ∗-semigroups, we has introduced the concept of quasi regular ∗-
semigroups [1]. A unary operation ∗ on a semigroup S is called a quasi regular
involution, if it satisfies exactly the identities

x∗∗∗ = x∗, (xy)∗ = y∗x∗, x∗x∗∗x∗ = x∗.

A semigroup S with a quasi regular involution is called a quasi regular ∗-
semigroup. In particular, it is proved that every regular ∗-congruence on a
quasi regular ∗-semigroup can be uniquely determined by its projection kernel
normal systems and regular ∗-congruence pairs, see [1] and [2], respectively. In
[3], we described the lattice of ∗-congruences on a quasi regular ∗-semigroup.

It is well known that congruence pair is another effective tool for handling
congruences on semigroups, see [2, 6, 7]. In this paper, we will introduce the
concept of partial ∗-congruence pairs for a quasi regular ∗-semigroup S and
explore the relationships between the sets of ∗-congruences, partial projection
kernel normal systems and partial ∗-congruence pairs for S.

2 Preliminaries

In the following of this paper, S is always an arbitrary quasi regular ∗-semigroup.
For other terminologies and notations on semigroups and unary semigroups,
the reader is referred to Howie [9] and Petrich [8]. We now list some notations
as below:

S an arbitrary quasi regular ∗ −semigroup
ES the set of idempotents of S
PS the set of projections of S
EA the set of idempotents contained in a subset A of S
P a subset of PS which meets with each regular L− and R− class in S

C∗(S) the lattice of ∗ −congruences on S

The following concepts will play fundamental roles in this paper.

Definition 2.1 [4] A family A of subset of S is called a partial projection
kernel normal system for S if there exists a ∗-congruence ρ on S such that
A = {pρ|p ∈ P}. In this case, A is also called the partial projection kernel
normal system of ρ.
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Definition 2.2 An ordered pair (K, τ) of a subset K of S and an equivalence τ
on EK is called a partial ∗-congruence pair for S if there exists a ∗-congruence
ρ on S such that

K = {x ∈ S|(∃p ∈ P )(x, p) ∈ ρ} and τ = ρ|EK
.

In this case, (K, τ) is also called the partial ∗-congruence pair of ρ.

At this point it is worth noticing the following notations.

KNP (ρ) the partial projection kernel normal system of a ∗ −congruence ρ on S
KNP (S) the set of partial projection kernel normal systems for S
KN(ρ) the projection kernel normal system of a ∗ −congruence ρ on S
KN (S) the set of projection kernel normal systems for S
CPP (ρ) the partial ∗ −congruence pair of a ∗ −congruence ρ on S
CPP (S) the set of partial ∗ −congruence pairs for S
CP (ρ) the ∗ −congruence pair of a ∗ −congruence ρ on S
CP(S) the set of ∗ −congruence pairs for S

Lemma 2.3 [6] Let φ1 : L1 → L2, φ2 : L2 → L3 and φ3 : L1 → L3 be surjec-
tions of complete lattices such that φ1φ2 = φ3. Then the following statements
are true:

(1) if φ1 and φ2 are complete ∧-homomorphisms, then so is φ3;

(2) if φ1 and φ3 are complete ∧-homomorphisms, then so is φ2.

Lemma 2.4 [5] If φ is an order isomorphism of a complete lattice L onto a
partially ordered set L′

, then L′
is also a complete lattice and φ is an isomor-

phism of complete lattices.

Theorem 2.5 [4] The set KNP (S) forms a complete lattice with respect to the
relation

(∀A,B ∈ KNP (S))A ≤KNP
B ⇐⇒ (∀A ∈ A)(∃B ∈ B)A ⊆ B.

Furthermore, the mapping

ξ
C∗(S)
KNP (S) : C∗(S) −→ KNP (S), ρ �−→ KNP (ρ) (2.1)

is a surjective complete ∧-homomorphism of complete lattices.

As a specialization of theorem 2.5, the following corollary is immediate.



838 A. Ding, Y. Song and J. Wang

Corollary 2.6 The set KN (S) forms a complete lattice with respect to the
relation

(∀A,B ∈ KN (S))A ≤KN B ⇐⇒ (∀A ∈ A)(∃B ∈ B)A ⊆ B.

Furthermore, the mapping

ξ
C∗(S)
KN (S) : C∗(S) −→ KN (S), ρ �−→ KN(ρ) (2.2)

is a surjective complete ∧-homomorphism of complete lattices such that the
inverse image of each A ∈ KN (S) is the interval [πA, πA] of C∗(S).

3 The lattice of partial ∗-congruence pairs CPP (S)

In this section, we give an abstract characterization of partial ∗-congruence
pairs for S in terms of partial projection kernel normal systems of S.

Lemma 3.1 Let ρ ∈ C∗(S). Then, for any x ∈ KNP (ρ) and p ∈ P , the
following statements are equivalent:

(1) (p, x) ∈ ρ;

(2) (p, x∗x∗∗x∗) ∈ ρ, there exists a unique x∗, x∗∗ of x such that x∗x∗∗, x∗∗x∗ ∈
PS.

Proof. (1) ⇒ (2). It is evident.
(2) ⇒ (1). Let (p, x∗x∗∗x∗) ∈ ρ. Since x ∈ KNP (ρ), there exists q ∈ P such

that (q, x) ∈ ρ. By noting that ρ ∈ C∗(S), so (q, x∗x∗∗x∗) ∈ ρ, and whence
x ρ q ρ p. �

Lemma 3.2 Let K be a subset of S containing P , and τ an equivalence on
EK . Define

A(K,τ) = {Ap|p ∈ P},
where, for any p ∈ P ,

Ap = {x ∈ K|(p, x∗x∗∗x∗) ∈ τ}.

Then the following statements are true:

(1) for any p ∈ P , EAp = {e ∈ EK | (p, e) ∈ τ};

(2) τ |E∪A(K,τ)
=

⋃
p∈P (EAp × EAp).
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Proof. For any e ∈ EK , since (p, e) ∈ τ , it follows from lemma 3.1 that
(p, e∗e∗∗e∗) ∈ τ and so that e ∈ Ap. Hence the statements (1) is true, which
guarantees that EAp is a τ -class of EK . This implies by E�A(K,τ)

=
⋃

p∈P EAp

that
τ |E∪A(K,τ)

=
⋃

p∈P

(EAp × EAp). �

Lemma 3.3 Let ρ ∈ C∗(S). Then the following statements are true:

(1) if KNP (ρ) = A, then CPP (ρ) = (
⋃A,

⋃
A∈A(EA × EA));

(2) if CPP (ρ) = (K, τ), then KNP (ρ) = A(K,τ).

Proof. It is clear that the statement (1) holds. We now prove the statements
(2). Assume that CPP (ρ) = (K, τ). Then K is a subset of S containing P ,
and τ is an equivalence on EK . For any x ∈ S and p ∈ P , by lemma 3.1
and lemma 3.2, we can easily see that x ∈ pρ precisely when x ∈ Ap. Thus
KNP (ρ) = A(K,τ) as required. �

Theorem 3.4 Let K is a subset of S containing P , and τ is an equivalence on
EK . Then (K, τ) ∈ CPP (S) if and only if A(K,τ) ∈ KNP (S) with

⋃A(K,τ) =
K.

Proof. If (K, τ) ∈ CPP (S), then (K, τ) = CPP (ρ) for some ρ ∈ C∗(S). This
implies by lemma 3.3(2) that KNP (ρ) = A(K,τ). Thus A(K,τ) ∈ KNP (S) with⋃A(K,τ) = K. Conversely, if A(K,τ) ∈ KNP (S) with

⋃A(K,τ) = K, then
A(K,τ) = KNP (ρ) for some ρ ∈ C∗(S). By lemma 3.3(1) and lemma 3.2(2), we
have

CPP (ρ) = (
⋃A(K,τ),

⋃
A∈A(K,τ)

(EA × EA))

= (K,
⋃

p∈P (EAP
× EAP

))

= (K, τ |EK
)

= (K, τ).

Therefore, (K, τ) ∈ CPP (S). �

Theorem 3.5 The set CPP (S) forms a complete lattice with respect to the
relation

(K, τ) ≤CPP
(M, π) ⇐⇒ K ⊆ M, τ ⊆ π.

Furthermore, the following mappings

ξ
KNP (S)
CPP (S) : KNP (S) −→ CPP (S),A �−→ (

⋃A,
⋃

A∈A(EA × EA)),

ξ
CPP (S)
KNP (S) : CPP (S) −→ KNP (S), (K, τ) �−→ A(K,τ) (3.1)

are mutually inverse isomorphisms of complete lattices.
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Proof. Obviously, the relation ≤CPP
on the set CPP (S) is a partial order. It

follows by lemma 3.3 that the mappings ξ
KNP (S)
CPP (S) and ξ

CPP (S)
KNP (S) are well-defined.

Let A ∈ KNP (S) and (K, τ) ∈ CPP (S). Then A = KNP (ρ) for some
ρ ∈ C∗(S) and (K, τ) = CPP (σ) for some σ ∈ C∗(S). By lemma 3.3, we have

Aξ
KNP (S)
CPP (S) ξ

CPP (S)
KNP (S) = CPP (ρ)ξ

CPP (S)
KNP (S) = KNP (ρ) = A,

(K, τ)ξ
CPP (S)
KNP (S)ξ

KNP (S)
CPP (S) = KNP (σ)ξ

KNP (S)
CPP (S) = CPP (σ) = (K, τ).

Thus, ξ
KNP (S)
CPP (S) and ξ

CPP (S)
KNP (S) are mutually inverse mappings.

Let A1,A2 ∈ KNP (S) such that

A1ξ
KNP (S)
CPP (S) = (K1, τ1) and A2ξ

KNP (S)
CPP (S) = (K2, τ2).

If A1 ≤KNP
A2, then, for any A1 ∈ A1, there exists A2 ∈ A2 such that

A1 ⊆ A2. This implies that
⋃A1 ⊆

⋃A2 and

⋃

A1∈A1

(EA1 × EA1) ⊆
⋃

A2∈A2

(EA2 × EA2),

so that (K1, τ1) ≤CPP
(K2, τ2). Conversely, if (K1, τ1) ≤CPP

(K2, τ2), then
K1 ⊆ K2 and τ1 ⊆ τ2. This implies that, for any p ∈ P , {x ∈ K1|(p, x∗x∗∗x∗) ∈
τ1} ⊆ {y ∈ K2|(p, y∗y∗∗y∗) ∈ τ2}, and so that A1 ≤KNP

A2. Now, we have

shown that ξ
KNP (S)
CPP (S) is an order isomorphism. Similarly, we have ξ

CPP (S)
KNP (S) is

also an order isomorphism. Therefore, by lemma 2.4 and theorem 2.5, The set
CPP (S) is a complete lattice. �

Corollary 3.6 The set CP(S) forms a complete lattice with respect to the
relation

(K, τ) ≤CP (M, π) ⇐⇒ K ⊆ M, τ ⊆ π.

Furthermore, the following mappings

ξ
KN (S)
CP(S) : KN (S) −→ CP(S),A �−→ (

⋃A,
⋃

A∈A(EA × EA)),

ξ
CP(S)
KN (S) : CP(S) −→ KN (S), (K, τ) �−→ A(K,τ) (3.2)

are mutually inverse isomorphisms of complete lattices.

4 The relationships of several lattices

In this section, we explore the relationships between the complete lattices
C∗(S),KNP (S),KN (S), CPP (S) and CP(S).
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Theorem 4.1 let ξ
C∗(S)
KNP (S), ξ

C∗(S)
KN (S), ξ

KNP (S)
CPP (S) , ξ

CPP (S)
KNP (S), ξ

KN (S)
CP(S) and ξ

CP(S)
KN (S) be the

mappings defined by (2.1), (2.2), (3.1), (3.2), respectively. For any (K, τ) ∈
CP(S), let

(KP , τP ) = ({x ∈ K|x∗x∗∗x∗ ∩ (
⋃

p∈P

pτ) �= φ}, τ |E�
p∈P pτ

).

Then the following mappings

ξ
KN (S)
KNP (S) : KN (S) −→ KNP (S),A �−→ {A ∈ A|A ∩ P �= φ},

ξ
CP(S)
CPP (S) : CP(S) −→ CPP (S), (K, τ) �−→ (KP , τP ),

ξ
C∗(S)
CPP (S) : C∗(S) −→ CPP (S), ρ �−→ CPP (ρ),

ξ
C∗(S)
CP(S) : C∗(S) −→ CP(S), ρ �−→ CP (ρ)

are all surjective complete ∧-homomorphisms of complete lattices such that the
following graph commutes:

KN (S)

ξ
KN (S)
CP(S)

��

ξ
KN (S)
KNP (S) �� KNP (S)

ξ
KNP (S)

CPP (S)

��

C∗(S)

ξ
C∗(S)
KN (S)

�����������

ξ
C∗(S)
KNP (S)

������������

ξ
C∗(S)
CP(S)

�����������

ξ
C∗(S)
CPP (S)

������������

CP(S)

ξ
CP(S)
KN (S)

��

ξ
CP(S)
CPP (S)

�� CPP (S)

ξ
CPP (S)

KNP (S)

��

Proof. From theorem 2.5, lemma 3.3 and theorem 3.5, it follows that

ξ
C∗(S)
CPP (S) = ξ

C∗(S)
KNP (S)ξ

KNP (S)
CPP (S) , ξ

C∗(S)
CP(S) = ξ

C∗(S)
KN (S)ξ

KN (S)
CP(S) . (4.1)

For any A ∈ KN (S), we can easily have that, for any ρ, σ ∈ C∗(S),

KN(ρ) = KN(σ) = A =⇒ KNP (ρ) = KNP (σ) = Aξ
KN (S)
KNP (S),

so that
ξ

C∗(S)
KN (S)ξ

KN (S)
KNP (S) = ξ

C∗(S)
KNP (S). (4.2)

Since the mappings ξ
C∗(S)
KNP (S), ξ

KNP (S)
CPP (S) , ξ

C∗(S)
KN (S) and ξ

KN (S)
CP(S) are surjective complete

∧-homomorphisms, by virtue of (4.1), (4.2) and lemma 2.3, we claim that the

mappings ξ
C∗(S)
CPP (S), ξ

C∗(S)
CP(S) and ξ

KN (S)
KNP (S) are well-defined surjective complete ∧-

homomorphisms.
Let (K, τ) be arbitrary ∗-congruence pair for S. Recall that, for any e ∈ ES,

Ae = {x ∈ K|(e, x∗x∗∗x∗) ∈ τ}.
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Then, for any x ∈ K, we have

x ∈ KP ⇐⇒ x∗x∗∗x∗ ∈ ⋃
p∈P pτ

⇐⇒ (∃p ∈ P )(p, x∗x∗∗x∗) ∈ τ
⇐⇒ (∃p ∈ P )x ∈ Ap.

It follows that KP =
⋃

p∈P Ap. Furthermore, in view of lemma 3.2, we can see
that

τ |EKP
= τ |E∪p∈P pτ =

⋃

p∈P

(EAp × EAp).

This implies that

(K, τ)ξ
CP(S)
KN (S)ξ

KN (S)
KNP (S)ξ

KNP (S)
CPP (S) = {Ae|e ∈ ES}ξKN (S)

KNP (S)ξ
KNP (S)
CPP (S)

= {Ap|p ∈ P}ξKNP (S)
CPP (S)

= (
⋃

p∈P Ap,
⋃

p∈P (EAp × EAp))

= (KP , τP ),

and so
ξ
CP(S)
CPP (S) = ξ

CP(S)
KN (S)ξ

KN (S)
KNP (S)ξ

KNP (S)
CPP (S) . (4.3)

Thus, ξ
CP(S)
CPP (S) is a well-defined surjective complete ∧-homomorphism. By using

(4.1) − (4.3), theorem 3.5 and corollary 3.6, we can routinely check that the
given graph commutes. We omit the details. �
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