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Abstract

In this note, we give an effective description of the tensor product
k[[X]] ⊗k k[[Y ]]. This latter ring is well known to be not isomorphic
to k[[X,Y ]]. The effective description we provide is given through the
identification of k[[X,Y ]] with a convolution algebra. As an application,
we prove that the group structure of A1

k does not descend to Spec k[[X]].
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1 Introduction

While tensor product of rings is compatible with many structures, it is not
compatible with the operation k 7→ k[[X]]. By this, we simply mean that,
whereas tensor product satisfy many good properties such as k[X]⊗k k[Y ] '
k[X, Y ] or (k[X]/I)⊗k R ' R[X]/(R · I), it does also, in general, satisfy:

k[[X]]⊗k k[[Y ]] 6' k[[X, Y ]].

This fact is well known. In this note, we will study more precisely the ring
k[[X]]⊗k k[[Y ]]. As a motivation, let us state the following result of K. Good-
earl:

Proposition ([3]). Let k be a countable field, for instance k = Q. Let R be
the subring of

∏
n∈N k generated by 1 and

⊕
n∈N k. Then, the natural map

R[[X]]⊗R R[[Y ]]−→R[[X, Y ]]

is not injective.
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This pathological result shows that one has to be careful with the map R[[X]]⊗
R[[Y ]] → R[[X, Y ]]. Now, let k be a field. In this note, first, we show that
k[[X]]⊗kk[[Y ]] actually injects in k[[X, Y ]]. Then, we give an effective criterion
to decide whether, given f ∈ k[[X, Y ]], it belongs or not to k[[X]] ⊗k k[[Y ]].
Quite surprinsingly, such a result does not appear in the appendix “Tensor
products and formal power series” of [2]. We give two applications to this
criterion. First, we apply it to prove that the canonical group structure of Ga,k

does not descend to Spec k[[X]]. Second, we prove that the ring k[[X]]⊗kk[[Y ]]
is not local. Actuallly, these two pathological facts are just an indication that
this setting is not the right one: instead of considering the usual tensor product
⊗, one should consider the completed tensor product ⊗̂. Equivalently, instead
of working with schemes, in this context, one should work with formal schemes
— in that case, the group structure of Ga descends.

This note is organized as follows. In section 2, we introduce the k-vector
space V I,f of sequences of finite dimension with values in V an indexed by I,
and we prove that this set is invariant by convolution. In section 3, using a
result of Bourbaki, we prove that k[[X]]⊗kk[[Y ]] injects in k[[X, Y ]]. In section
4, we give an effective description of k[[X]]⊗kk[[Y ]], with the help of sequences
of finite dimension. In section 5, we prove with this criterion that the group
structure of A1

k does not descend to the scheme Spec k[[X]]. In section 6, we
prove that k[[X]] ⊗k k[[Y ]] is not local. Finally, in section 7, we explain how
these bad phenomenas disappear when one consider formal schemes instead of
schemes. In particular, in this way, one defines Ĝa, the additive formal group.

In what follows, all rings and algebras are commutative and with unit.

2 Sequences of finite dimension and convolu-

tion

To begin with, let us recall that, for any field k and any k-algebra A, the
k-vector space AN can be endowed with a composition law (a, b) 7→ a∗ b called
the convolution product and defined by

∀ a = (ak)k, b = (bk)k ∈ AN, ∀n ∈ N, (a ∗ b)n :=
∑

k+`=n

akb`.

This law is known to be associative, commutative and distributive with respect
to addition. Hence (AN,+, ∗) is a commutative ring.

Now, let V be a k-vector space and I be a set. We define the k-vector space
of sequences of finite dimension (in V indexed by I) as

V I,f := {v ∈ V I | dimk (Span (vi)i∈I) < +∞}.
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When dimk V < +∞ this notion has no interest since, in this case, one has
V I,f = V I . When I is finite, similarly, V I,f = V I . In general, V (I) is always
included in V I,f . Indeed, if v ∈ V (I) then {vi, i ∈ I} is a finite set and therefore
generate a finite-dimensional subspace of V . With this definition, we can state
our first proposition:

Proposition 2.1. Let k be a field and A a k-algebra. Then, AN,f is a
sub-algebra of (AN, ∗).

Proof. —– We keep the notations of the proposition. We need to show that
AN,f is stable under + and ∗. First, let us prove

∀ a, b ∈ AN, a, b ∈ AN,f =⇒ a ∗ b ∈ AN,f .

Let a, b ∈ AN,f and let (ei)1≤i≤n and (fj)1≤j≤m be respective basis of Span (ak)k∈N
and Span (bk)k∈N. Then, the family

(eifj) 1≤i≤n
1≤j≤m

is a generating family of Span {(a ∗ b)k, k ∈ N} and so a ∗ b ∈ AN,f . Indeed,
for all ` ∈ N,

(a ∗ b)` =
∑
p+q=`

apbq =
∑
p+q=`

( n∑
i=1

αi(p)ei︸ ︷︷ ︸
ap

)
·
( m∑

j=1

βj(q)fj︸ ︷︷ ︸
bq

)

=
∑

1≤i≤n
1≤j≤m

( ∑
p+q=`

αi(p)βj(q)
)
eifj.

Now, for the stability under addition, it’s the same but, instead of considering
(eifj)i,j, one considers the family (ei)i ∪ (fj)j. This finite family generates the
k-vector space Span (ak + bk)k∈N. �

3 The injection of k[[X ]]⊗k k[[Y ]] in k[[X, Y ]]

Let k be a field. Since, the application

k[[X]]× k[[Y ]] // k[[X, Y ]]

(f, g) � // fg

is k-bilinear and compatible with product, it gives rise to a morphism of k-
algebras i : k[[X]]⊗k k[[Y ]]−→ k[[X, Y ]].
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Proposition 3.1. Let k be a field. Then, the morphism

i :
k[[X]]⊗k k[[Y ]] −→ k[[X, Y ]]

f ⊗ g 7−→ f · g

is injective.

Proof. —– It relies on the following result, which is a light version of Propo-
sition III.4.7 of [1]:

Proposition ([1]). Let k be a field, let Ω be a k-algebra and let A and B be
two sub-k-algebras of Ω. Assume there exists a k-basis (ei)i∈I of A which is
B-free. Then, the morphism

A⊗k B // Ω

a⊗ b � // a · b

is injective.

This result applies easily to our situation. We set

Ω = k[[X, Y ]] , A = k[[X]] and B = k[[Y ]].

Indeed, let us check that if (fi)1≤i≤N is a k-free family of A, then it is also a

B-free family of Ω. Let (gi)1≤i≤N ∈ BN such that

N∑
i=1

gifi = 0.

Assume that gi0 is non-zero, and denote by n0 an integer such that the coef-
ficient indexed by n0 of gi0 is non-zero. Then, by identifying in this sum the
coefficients of X iY n0 , one deduces that

N∑
i=1

gi,n0 · fi = 0.

Since, gi0,n0 6= 0 this contradicts the fact that (fi)1≤i≤N is k-free. Then, to
conclude, it suffices to consider any k-base of A. �
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4 The effective description of k[[X ]]⊗ k[[Y ]]

First, let us recall:

Proposition 4.1. Let k be a field and A a k-algebra. Then

ϕ :
(A[[Y ]], +, ·) // (AN, +, ∗)∑

i aiY
i � // (ai)i

is an A-isomorphism of A-algebras.

Proof. —– Straightforward. �

Let us use this to get a description of k[[X, Y ]]. If we apply this result for
A = k[[X]], we get an isomorphism of k-algebras

φ :
k[[X, Y ]] //

((
kN, ∗

)N
, ∗
)

∑
i,j ai,jX

iY j � // (vj)j∈N

where vj is defined by vj := (ai,j)i∈N for all j ∈ N. In other words, if f ∈
k[[X, Y ]], one can uniquely write

f =
∑
j

fj · Y j,

with the fj’s in k[[X]]. With these notations, φmaps f to the family (ϕ(fj))j∈N.

Now, we come to our description of k[[X]]⊗k k[[Y ]]:

Theorem 4.2. Let k be a field. Then, through the isomorphism

φ : k[[X, Y ]]−→
((
kN, ∗

)N
, ∗
)
,

k[[X]]⊗k k[[Y ]] is identified with (kN, ∗)N,f .

In other words, k[[X]] ⊗k k[[Y ]] equals the set of power series
∑∞

i=0 aiY
i

(with the ai’s in k[[X]]) such that the family (ai)i∈N generates a finite-dimensional
k-subspace of k[[X]].

Proof. —– We identify k[[X]] ⊗k k[[Y ]] with its image in k[[X, Y ]]. First,
let us show that φ (k[[X]]⊗k k[[Y ]]) ⊂ (kN, ∗)N,f . Since k[[X]] ⊗k k[[Y ]] is
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generated over k by the elements of the kind x := f ⊗ g, it suffices to show
that φ(x) ∈ (kN, ∗)N,f . Let us write

f =
∑
i

aiX
i and g =

∑
j

bjY
j.

Then, the image of f ⊗ g in k[[X, Y ]] under i is

i(x) = fg =
∑
i,j

(aibj) ·X iY j.

Let us denote by a ∈ kN the family (ai)i∈N. Then, the image of x by φ is
φ(x) = (b0 · a, b1 · a, . . .). It is clear that Span {φ(x)j, j ∈ N} is a sub-space of
k · a. Hence, its dimension is ≤ 1.

Now, reciprocally, let us prove that any element in (kN, ∗)N,f comes from an
element of k[[X]]⊗k k[[Y ]]. Let (ai,j)i,j ∈ (kN, ∗)N,f . Hence, let v(1), . . . , v(n)
be a generating family of Span {(ai,0)i, (ai,1)i, (ai,2)i, . . .} ⊂ kN. For each j ∈
N, we denote

a−,j =
n∑

`=0

λ`(j) · v(`). (1)

Now, we set

f` :=
∑
i

v(`)iX
i and g` :=

∑
j

λ`(j)Y
j

Let us check that (ai,j)i,j = φ(
∑n

`=1 f` ⊗ g`). The coefficient of index (i, j) of
f` ⊗ g` is v(`)i · λ`(j). Hence, the coefficient of index (i, j) of

∑
` f` ⊗ g` is

n∑
`=1

v(`)i · λ`(j).

By (1), it equals ai,j, what we wanted to prove. �

5 The group structure of A1
k does not descend

to Spec k[[X ]]

Let k be a field. The affine line above k, ie the scheme A1
k := Spec k[X], has

a natural group structure. Indeed, for any k-algebra R, the set A1
k(R) of the

R-points of A1
k can be endowed with a functorial law of group :

A1
k(R) = R, and we endow R with its additive law.
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One can see this fact in a different way: there is a map

m : A1
k ×A1

k−→A1
k

such that on R-points, m coindices with the addition of R. This map is defined
by

ϕadd :
k[X] // k[X]⊗k k[Y ]

X � // X ⊗ 1 + 1⊗ Y
.

But, the k-algebra k[X]⊗k k[Y ] is known to be isomorphic to k[X, Y ]. Under
this identification, ϕadd is the morphism that maps X on X + Y .

Now, consider Â1
k, 0 := Spec k[[X]]. This scheme can be viewed as the

formal neighborhood of 0 in A1
k. One would like to descend the group structure

of A1
k to Â1

k, 0. This means to find a morphism

m̂ : Â1
k, 0× Â1

k, 0−→ Â1
k, 0,

compatible with m. This is equivalent to find a morphism

ϕ̂add :
k[[X]] // k[[X]]⊗k k[[Y ]]

X � // X ⊗ 1 + 1⊗ Y
.

With the precise description of the k-algebra k[[X]]⊗k k[[Y ]] of Theorem 4.2,
we are able to prove that such a morphism cannot exist.

Proposition 5.1. Let k be a field. The morphism

ϕ̂add :
k[[X]] −→ k[[X, Y ]]

X 7−→ X + Y

cannot be factorized through i : k[[X]]⊗k k[[Y ]]−→ k[[X, Y ]].

Proof. —– Let us denote f0 =
∑

iX
i. We will show that ϕ̂add(f0) ∈ k[[X, Y ]]

does not belong to k[[X]]⊗k k[[Y ]]. First, we compute

ϕ̂add(f0) =
+∞∑
i=0

(X + Y )i =
∑
i,j≥0

(
i+ j

i

)
·X iY j.

Let us assume that ϕ̂add(f0) does belong to k[[X]]⊗kk[[Y ]]. Then, by Theorem
4.2, it follows that the columns

(
0
0

)(
1
1

)(
2
2

)(
3
3

)(
4
4

)
...


,



(
0+1
0

)(
1+1
1

)(
2+1
2

)(
3+1
3

)(
4+1
4

)
...


,



(
0+2
0

)(
1+2
1

)(
2+2
2

)(
3+2
3

)(
4+2
4

)
...


, · · · ,



(
0+j
0

)(
1+j
1

)(
2+j
2

)(
3+j
3

)(
4+j
4

)
...


, · · ·
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generate a finite-dimensional subspace of kN. We denote by Cj ∈ kN the j-th
such column. Hence, there is a linear relation

Cj =

j−1∑
i=0

λiCi

for some j and some λi’s. This means that for all n one has(
n+ j

n

)
=

j−1∑
i=0

λi

(
n+ i

n

)
. (2)

But,
(
n+j
n

)
is equivalent to nj/j! when n → ∞. It follows that (2) is absurd.

�

6 The ring k[[X ]]⊗k k[[Y ]] is not local

Proposition 6.1. The ring k[[X]]⊗k k[[Y ]] is not local.

Proof. —– Indeed, the set of invertible elements is not stable under addition.
We consider k[[X]]⊗k k[[Y ]] as a sub-k-algebra of k[[X, Y ]] and k[[X, Y ]] as a
sub-k-algebra of k((X, Y )):

k[[X]]⊗k k[[Y ]] ⊂ k((X, Y )).

In particular, one has

(k[[X]]⊗k k[[Y ]])× ⊂ (k[[X, Y ]])× = {f ∈ k[[X, Y ]] | f(0, 0) 6= 0} .

First, XY is not invertible in k[[X]] ⊗k k[[Y ]] since it is not invertible in
k[[X, Y ]], since its constant coefficient is zero. Second, 1−XY is not invertible
in k[[X]]⊗k k[[Y ]]. Indeed, this time, it is invertible in k[[X, Y ]] and its inverse
is

(1−XY )−1 =
∑
i≥0

X iY i.

If we view this latter as an element of k[[X]][[Y ]] written
∑

n fn(X) · Y n,
with fn(X) = Xn, the fn’s generate an infinite-dimentional space. So, by
Theorem 4.2, the inverse of 1 − XY does not belong to k[[X]] ⊗k k[[Y ]]. So,
neither XY or 1−XY are invertible, but their sum is. �
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7 Final remarks

To conclude, let us explain how one can fix these issues. Let k be a field and
let A and B be two k-algebras. Then, the k-algebra A⊗k B is the coproduct
of A and B over k. More precisely, it is the coproduct in the category Rng
of rings. These latter can be embedded in a larger category: the category
of admissible topological rings (see [4], chapter 0 §(7.1) for the definition),
denoted by AdmTopRng. The inclusion functor associates to a ring R the
topological ring R endowed with the discrete topology — indeed, this discrete
topology makes R an admissible topological ring.

Now, the k-algebra k[[X]] has a natural structure of admissible topological
ring. Better, one can endow this ring with a “norm”: we set

||f || = 2−v0(f)

where v0(f) denotes the greatest integer i such that ai 6= 0, when one writes
f =

∑
i aiX

i. In this setting, one finds that k[[X, Y ]], endowed with a similar
norm, is the coproduct of k[[X]] by itself over k, in AdmTopRng:

k[[X]] ⊗̂k k[[X]] ' k[[X, Y ]].

This latter is a local ring (whose maximal ideal is (X, Y )).

Similarly, if one wants to get an appropriate object describing the formal
neighbourhood of 0 in A1

k, it is needed to embed the category of schemes in
the category of formal schemes, as explained in [4], §10. In this category, the

object Â1
k, 0 is the formal spectrum of the admissible topological k-algebra

k[[X]]. One writes Specf k[[X]]. One can show that Specf k[[X]] has a natural
group structure coming from the group structure or A1

k. It is a formal group,

denoted by Ĝa : the additive formal group. Let us give three descriptions of
Ĝa:

1) As just said, Ĝa is the formal spectrum of k[[X]]. The additive law

Ĝa×Ĝa−→ Ĝa is given by the map k[[X]]−→ k[[X]]⊗̂kk[[Y ]] that maps
X to X + Y .

2) The category of formal schemes can be embedded is the category of

locally ringed space. Under this embedding, Ĝa is a topological space p
with one point, and whose structure sheaf is given by Op(p) = k[[X]].

3) As for shemes, the Yoneda functor gives an fully faithful embedding of
the category of formal schemes into the category Fun(Rng,Set). Under

this point of view, Ĝa can be seen as the functor

Ĝa(−) :
Algk

//Rng

R � // Nil(R) := {x ∈ R | x is nilpotent}
.
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For every R, Nil(R) is a subgroup of (R,+): hence, the group law of Ĝa

comes from Ga. In other words, Ĝa ⊂ Ga is a homomorphism of formal
group schemes. This inclusion, corresponds to the canonical inclusion
k[X] ⊂ k[[X]] via the functor Specf.
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