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Abstract

Every (left) Leibniz algebra has a natural Lie-Yamaguti structure [
M. K. Kinyon and A. Weinstein, American J. Math., 123 (2001), 525-
550 ]. This result is revisited from a point of view of Akivis algebras.
The basic properties of (left) Leibniz algebras are shown to be conse-
quences of properties of associated Akivis algebras and it is pointed
out that the Akivis identity implies an additional property of Leibniz
algebras, which is then one of the defining identities of Lie-Yamaguti
algebras. Exploiting this natural Lie-Yamaguti structure on (left) Leib-
niz algebras, conditions for the Malcev-admissibility of such algebras
are considered.
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1 Introduction

From a given nonassociative binary algebra, it is possible to construct a binary-
ternary algebra [2] called an Akivis algebra [4]. Algebras as Lie triple systems,
Lie-Yamaguti algebras (i.e. generalized Lie triple systems or Lie triple alge-
bras) and Bol algebras are Akivis algebras with specific conditions. Interesting
candidates for examples of one or other of these binary-ternary algebras are
those nonassociative binary algebras permitting a natural structure of one of
these binary-ternary algebras (for instance, a Malcev algebra has a natural
Lie-Yamaguti structure [17], [18] and a natural Lie triple system structure
[9]).
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In [6], using an enveloping Lie algebra (g, h, f) of a given Leibniz algebra E
(h is a subalgebra of the Lie algebra g and f : E → h is a h-equivariant linear
map), M. K. Kinyon and A. Weinstein found that any (left) Leibniz algebra
has a natural Lie-Yamaguti structure.

In this note we are interested in Akivis algebras associated with (left) Leib-
niz algebras and it turns out that, in this case, the ternary operation of the
Lie-Yamaguti algebra found in [6] is expressible through the Akivis ternary
operation only (of course, the binary operation is defined by commutators in
the given Leibniz algebra).

In Section 2, using essentially the properties of Akivis algebras, the basic
properties of Leibniz algebras [6], [8] are recorded (observe that the property
in Lemma 2.6 is the specific form of the Akivis identity for Leibniz algebras).
With the ternary operation defined by (2.6), the identities of Lie-Yamaguti
algebras are directly verified in Section 3. This natural Lie-Yamaguti structure
is used to study possible relationships between Leibniz algebras and Lie triple
systems (Section 3) or Bol algebras (Section 4). Here, a condition for Malcev-
admissibility of Leibniz algebras is the main tool.

All vector spaces and algebras are assumed to be finite-dimensional and
over a ground field of characteristic 0. We use the symbol ”◦” for the skew-
symmetric binary operation of binary-ternary algebras as well as for the skew-
symmetrized operation on Leibniz algebras.

2 Leibniz algebras and associated Akivis alge-

bras

Definition 2.1. An algebra (L, ·) is called a (left) Leibniz algebra if
(LLI) x · (y · z) = (x · y) · z + y · (x · z)
for all x, y, z in L. Likewise, (L, ·) is called a (right) Leibniz algebra if
(RLI) (x · y) · z = (x · z) · y + x · (y · z)
for all x, y, z in L.

Throughout this paper, by ”Leibniz algebra” we mean ”left Leibniz alge-
bra”. Leibniz algebras were introduced by J.-L. Loday [8] and they are also
called ”Loday algebras” [7]. A Leibniz algebra is nonassociative in general
and a skew-symmetric Leibniz algebra is a Lie algebra (for, in this case, the
identities (LLI) and (RLI) are just the Jacobi identity).

Definition 2.2. A binary-ternary algebra (A, ◦, [, , ]) is called an Akivis alge-
bra if
J(x, y, z) = [x, y, z] + [y, z, x] + [z, x, y] − [y, x, z] − [x, z, y] − [z, y, x], (2.1)
for all x, y, z in A, where J(x, y, z) denotes the Jacobian, i.e. J(x, y, z) =
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(x ◦ y) ◦ z + (y ◦ z) ◦ x + (z ◦ x) ◦ y.

The identity (2.1) is known as the Akivis identity.

Generalizing to local smooth loops the construction of Lie algebras as tan-
gent algebras to local Lie groups, M. A. Akivis introduced ([1], [2]) the class
of binary-ternary algebras satisfying (2.1) which he called ”W-algebras” (the
other source of these algebras is the theory of three-webs; see [2] and references
therein). K. H. Hofmann and K. Strambach [4] introduced the term ”Akivis al-
gebras” to designate W-algebras. In the case when the considered local smooth
loop is a local Lie group (i.e. if the associativity holds), the Akivis identity is
just the Jacobi identity (the expression ”generalized Jacobi identity“ for (2.1)
is used in [2]).

Theorem 2.3. ([2]). Any nonassociative algebra with bilinear product (x, y) �→
x · y is an Akivis algebra with respect to the operation of commutation (i.e.
skew-symmetrization)
x ◦ y = x · y − y · x (2.2)
and association
[x, y, z] = (x · y) · z − x · (y · z). (2.3)

The construction of an Akivis algebra from a given nonassociative algebra
described in Theorem 2.3 is similar to the one of the Malcev construction of
a Malcev algebra from a given alternative algebra (see [14]) and thus, as for
Malcev algebras, an Akivis algebra derived from a given nonassociative algebra
A by Theorem 2.3 is said associated with A [4].

We will be interested in Akivis algebras associated with Leibniz algebras.
With the definition (2.3), the identity (LLI) reads

[x, y, z] = −y · (x · z).

In an Akivis algebra (A, ◦, [, , ]) we may consider the ternary product

{z; x, y} = [y, x, z] − [x, y, z]. (2.4)

Then {z; x, y} = −{z; y, x} and the Akivis identity looks as

J(x, y, z) + σ{z; x, y} = 0, (2.5)

where, here and in the rest of the paper, σ denotes the sum over cyclic per-
mutation of x, y, z. In case of a Leibniz algebra (L, ·), the product (2.4) reads

{z; x, y} = −(x · y) · z (2.6)
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and we have the following instrumental lemmas.

Lemma 2.4. Let (L, ·) be a Leibniz algebra. Then
(i) (x · y + y · x) · z = 0,
(ii) x · (y ◦ z) = (x · y) ◦ z + y ◦ (x · z),
for all x, y, z in L .

Proof. (i): The skew-symmetry in (2.4) and (2.6) gives (i).
(ii): We have

(x · y) ◦ z + y ◦ (x · z) = (x · y) · z − z · (x · y)

+ y · (x · z) − (x · z) · y (by (2.2))

= x · (y · z) − z · (x · y) − (x · z) · y (by (LLI))

= x · (y · z) − (z · x) · y
− x · (z · y) − (x · z) · y (by (LLI))

= x · (y · z) − x · (z · y) (by (i))

= x · (y ◦ z).

�

Remark 2.5. The property (i) in Lemma 2.4 above was already pointed out in
[6] by considering the two-sided ideal of (L, ·) generated by all squares (see also
[8]). The property (ii) is essentially a consequence of (i) in Leibniz algebras
[6].

Lemma 2.6. Let x, y, z be any elements of a Leibniz algebra (L, ·). Then
J(x, y, z) = σ(x · y) · z .

Proof. We get the result from (2.5) and (2.6). �

An algebra (A, ·) is said Lie-admissible if its commutator algebra (A−, ◦) is
a Lie algebra. The following characterization is immediate from Lemma 2.6.

Lemma 2.7. A Leibniz algebra (L, ·) is Lie-admissible if and only if
σ(x · y) · z = 0, for all x, y, z in L. �
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3 Leibniz algebras, Lie triple systems, Lie-Yamaguti

algebras

In this section we point out that the product (2.6) along with the skew-
symmetrization (2.2) provide the Leibniz algebra with a natural Lie-Yamaguti
structure. (Starting from other considerations, this Lie-Yamaguti structure of
a given Leibniz algebra was already found in [6] (Proposition 5.2)). Further,
we make some observations about a possible relationship between Leibniz al-
gebras and Lie triple systems (see also Section 4).

Definition 3.1. A Lie-Yamaguti algebra (i.e. a generalized Lie triple system
or a Lie triple algebra) (V, ◦, {; , }) is a vector space V equipped with a bilinear
operation (x, y) �→ x◦y and a trilinear operation (x, y, z) �→ {z; x, y} such that

(A1) x ◦ y = −y ◦ x,
(A2) {z; x, y} = −{z; y, x},
(A3) J(x, y, z) + σ{z; x, y} = 0,
(A4) σ{u; x ◦ y, z} = 0,
(A5) {u ◦ v; x, y} = {u; x, y} ◦ v + u ◦ {v; x, y},
(A6) {{w; u, v}; x, y} = {{w; x, y}; u, v}+ {w; {u; x, y}, v}
+{w; u, {v; x, y},

for all u, v, w, x, y, z in V .

Observe that if x ◦ y = 0 for all x, y in V , then we get a Lie triple system
(L.t.s.) (V, {; , }), i.e. an algebra such that

(A2) {z; x, y} = −{z; y, x},
(A3)’ σ{z; x, y} = 0,
(A6) {{w; u, v}; x, y} = {{w; x, y}; u, v}+ {w; {u; x, y}, v}
+{w; u, {v; x, y},

for all u, v, w, x, y, z in V .

K. Yamaguti considered L.t.s. in [15] and their generalization (”general
Lie triple systems”) in [16]. Later, M. Kikkawa [5] used the term ”Lie triple
algebras” for general Lie triple systems and, recently, M. K. Kinyon and A.
Weinstein [6] call these objects ”Lie-Yamaguti algebras”. As in [3], we will
write LY-algebra for Lie-Yamaguti algebra.

In case of a Leibniz algebra (L, ·), the ternary product (2.4) derived from
the Akivis ternary product [, , ] has the form (2.6) i.e., by Lemma 2.4(i),
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{z; x, y} = −1
2
(x ◦ y) · z. (3.1)

Denote by λa the left multiplication operators on (L, ·) given by λax = a ·x,
for a, x ∈ L. Then (LLI) says that λa are derivations of (L, ·). This is obviously
extended to the following

Proposition 3.2. The operators λa are derivations of the algebra (L, ◦, {; , })
for all a in L.

Proof. The equality λu(x◦ y) = (λux)◦ y +x◦λuy is Lemma 2.4(ii) while the
repeated use of (LLI) gives λu((x · y) · z) = ((λux) · y) · z
+(x · λuy) · z + (x · y) · λuz. �

The operation (3.1) clearly verifies (A2) and the Akivis identity (2.5) is
(A3) (see Lemma 2.6). Consider now σ{u; x ◦ y, z}. Then

σ{u; x ◦ y, z} = 2σ{z; x, y, } · u (by (3.1) and (2.5))

= −2[(x · y) · z + (y · z) · x + (z · x) · y] · u
= −2[(x · y) · z] · u − 2[(y · z) · x] · u − 2[(z · x) · y] · u
= −2[x · (y · z) − y · (x · z)] · u − 2[(y · z) · x] · u
− 2[−(x · z) · y] · u (by (LLI) and Lemma 2.4(i))

= 2[y · (x · z) + (x · z) · y] · u
− 2[x · (y · z) + (y · z) · x] · u
= 0 (by Lemma 2.4(i))

and we get (A4). Next, applying (2.5) and Lemma 2.4(ii) (or Proposition 3.2),
we have

{u ◦ v; x, y} = −(x · y) · (u ◦ v) = −[(x · y) · u] ◦ v − u ◦ [(x · y) · v]
= {u; x, y} ◦ v + u ◦ {v; x, y}

which is (A5). Finally, we have

{w; {u; x, y}, v} = ([(x · y) · u] · v) · w,
{w; u, {v; x, y}} = (u · [(x · y) · v]) · w,
{{w; x, y}; u, v} = (u · v) · [(x · y) · w]

and, from the other hand, by Proposition 3.2,
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{{w; u, v}; x, y} = (x · y) · [(u · v) · w]

= ([(x · y) · u] · v) · w + (u · [(x · y) · v]) · w
+ (u · v) · [(x · y) · w]

= {w; {u; x, y}, v}+ {w; u, {v; x, y}}+ {{w; x, y}; u, v}

i.e. we get (A6). Thus (L, ◦, {; , }) is a LY-algebra and so we get the following

Proposition 3.3. Let (L, ·) be a Leibniz algebra and (L, ◦, [, , ]) be its associate
Akivis algebra. If define {z; x, y} = [y, x, z] − [x, y, z] for all x, y, z in L, then
(L, ◦, {; , }) is a LY-algebra. �

In a Leibniz algebra (L, ·) consider the ternary operation

(z; x, y) = [y, x, z] − [x, y, z] + (x ◦ y) ◦ z, (3.2)

for all x, y, z in L. Then

(z; x, y) = −(z; y, x) (3.3)

and the Akivis identity (2.1) is written as

σ(z; x, y) = 0. (3.4)

A finite-dimensional vector space V with a trilinear operation (; , ) satisfying
(3.3) and (3.4) is called a triple system.

In [15] K. Yamaguti called such an object an ”abstract L.t.s.”. If the
operators D(x, y) defined by D(x, y)z = (z; x, y) are derivations of (V, (; , )),
then (V, (; , )) is a L.t.s.

Examples of triple systems abound: the curvature of any connection space
with zero torsion defines a triple system on the tangent space at a given point
of that connection space [13], [15]; also, by the Akivis construction (Theorem
2.3), any nonassociative algebra has a natural triple system structure with re-
spect to the operation (3.2) (call it the associate triple system).

Propositon 3.4. Let (L, ·) be a Leibniz algebra such that
((c · a) · b) ◦ d + ((b · c) · a) ◦ d − (c · d) · (a ◦ b) − (d · (a ◦ b)) · c = 0, (3.5)
for all a, b, c, d in L. Then the associate triple system (L, (; , )) of (L, ·) is a
L.t.s.
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Proof. By Proposition 3.3, (L, ·) has a natural LY-structure (L, ◦, {; , }).
Moreover, (L, (; , )) is a L.t.s. if and only if

{a ◦ b; x ◦ y, d} + {x ◦ y; d, a ◦ b}
−{b;x ◦ y, a} ◦ d − {a; b, x ◦ y} ◦ d = 0,

for all a, b, c, d, x, y in L (see [16], Proposition 2.2). This latter condition is
obtained from (3.5) if replace c with x ◦ y and use (2.6). �

4 Malcev-admissibility of Leibniz algebras

As it is already observed in [6], Leibniz algebras are not Malcev-admissible in
general (see [12] for Malcev-admissibility of algebras). In this Section, using the
natural LY-structure on any Leibniz algebra, we point out some necessary and
sufficient conditions for a Leibniz algebra to be Malcev-admissible. It is then
possible to define a L.t.s. and a Bol structures on not necessarily commutative
or skew-symmetric Leibniz algebras.

The starting point of these considerations is the following (now folk) result
which could be found in the works of A. A. Sagle [14] and K. Yamaguti [17],
[18]:

Theorem 4.1. Let (A, ◦, {; , }) be a LY-algebra such that
{z; x, y} = (x ◦ y) ◦ z − (y ◦ z) ◦ x − (z ◦ x) ◦ y, (4.1)
for all x, y, z in A. Then (A, ◦) is a Malcev algebra.

Conversely, if define on a Malcev algebra (A, ◦) a trilinear operation by
(4.1), then A has a LY-structure with respect to the operations ”◦” and ”{; , }”.

We have the following

Lemma 4.2. A Leibniz algebra (L, ·) is Malcev-admissible if and only if
2(x ◦ y) ◦ z = (z · x) · y + (y · z) · x, (4.2)
for all x, y, z in L.

Proof. Relying on Proposition 3.3, it suffices to prove that the expression (4.1)
of the ternary operation of the LY-Yamaguti algebra (L, ◦, {; , }) is equivalent
to (4.2).

The condition (4.2) could be written as

2(x ◦ y) ◦ z = σ(x · y) · z − (x · y) · z
= σ(x ◦ y) ◦ z − (x · y) · z (by Lemma 2.6)

that is,
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(x ◦ y) ◦ z − (y ◦ z) ◦ x − (z ◦ x) ◦ y = −(x · y) · z = {z; x, y} (see (2.6))

and the Lemma follows by Theorem 4.1. �

In [9] O. Loos constructed a L.t.s. structure on a Malcev algebra (M, ◦) by
defining a trilinear product

(z; x, y)o = 2(x ◦ y) ◦ z − (y ◦ z) ◦ x − (z ◦ x) ◦ y, (4.3)

for all x, y, z in M .

The following Proposition easily follows from Lemma 4.2 and [9].

Proposition 4.3. Let (L, ·) be a Leibniz algebra satisfying (4.2). Then
(L, (; , )o) is a L.t.s. �

Definition 4.4. ([10], [11]). A Bol algebra is a L.t.s. (B, (; , )B) with a skew-
symmetric bilinear product ”◦” such that
(u ◦ v; x, y)B = (u; x, y)B ◦ v + u ◦ (v; x, y)B

+(x ◦ y; u, v)B − (u ◦ v) ◦ (x ◦ y), (4.4)
with u, v, x, y in B.

On a Malcev algebra (M, ◦), if define a trilinear product

(z; x, y)B = 1
3
(z; x, y)o, (4.5)

where (z; x, y)o is defined by (4.3), then (M, ◦, (; , )B) is a Bol algebra [10].

Proposition 4.5. Let (L, ·) be a Leibniz algebra satisfying (4.2). Then L has
a Bol structure.

Proof. By Proposition 4.3, L has a L.t.s. structure (L, (; , )o) with (z; x, y)o

defined by (4.3). Therefore (L, (; , )B) is also a L.t.s. with (z; x, y)B defined
by (4.5). From the other hand, (L, ◦) is a Malcev algebra (Lemma 4.2) and
the identity (4.4) holds in any Malcev algebra [10]. Thus (L, ◦, (; , )B) is a Bol
algebra. �

Another necessary and sufficient condition for Malcev-admissibility of a
Leibniz algebra is given by the following

Proposition 4.6. Let (L, ·) be a Leibniz algebra . Then L is Malcev-admissible
if and only if
(x · y) · (z ◦ x) + (y · (z ◦ x)) · x + ((z ◦ x) · x) · y +(σ(x · y) · z) ◦ x = 0, (4.6)
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for all x, y, z in L.

Proof. By Lemma 2.6 and the skew-symmetry of ”◦”, the condition (4.6) is
equivalent to

J(x, y, x ◦ z) = J(x, y, z) ◦ x

and the latter equality is known to be equivalent to the Malcev identity ([14],
Lemma 2.3). �

Remark 4.7. With (2.6) in mind, one observes that (4.6) is precisely the
condition of Proposition 2.1 in [17] for Leibniz algebras.
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[13] K. Nomizu, Invariant affine connections on homogeneous spaces, Ameri-
can Math. J., 76 (1954), 33-65.

[14] A. A. Sagle, Malcev algebras, Trans. Amer. Math. Soc., 101 (1961), 426-
458.

[15] K. Yamaguti, On algebras of totally geodesic subspaces (Lie triple sys-
tems). J. Sci. Hiroshima Univ., Ser. A 21 (1957/1958), 107-113.

[16] K. Yamaguti, On the Lie triple system and its generalization, J. Sci.
Hiroshima Univ., Ser. A 21 (1958), 155-160.

[17] K. Yamaguti, Note on Malcev algebras, Kumamoto J. Sci., Ser. A 5
(1962), 203-207.

[18] K. Yamaguti, On the theory of Malcev algebras, Kumamoto J. Sci., Ser.
A 6 (1963), 9-45.

Received: December, 2010


