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Abstract 
 
     We generalize HNP ring to M-HNP module M, and generalize finitely generated    
     module over HNP ring to finitely M-generated module in ][Mσ  with M is an M-HNP    
     module. We also generalize the properties of HNP ring and finitely generated module   
     over HNP ring. 
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 McConell and Robson have already proven that a finitely generated module over 
an HNP ring can be decomposed into a direct sum of a projective module and a torsion 
module [5]. They also proved that a finitely generated module over an HNP ring is a 
torsion module if and only if its length is finite [6]. Levy has proven that a finite length 
module over an HNP ring can be decomposed into a direct sum of a module annihilated 
by an invertible ideal and a module that has no composition factors annihilated by an 
invertible ideal [4]. 
 

In this paper we investigate the behaviour of modules in the neighbourhood of a 
finitely generated projective module M over an HNP ring, the behaviour of modules in  
the neighbourhood of a finite length module M annihilated by an invertible ideal over an 
HNP ring, and the behaviour of modules in the neighbourhood of a finite length  module  
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M over an HNP ring that has no composition factors annihilated by an invertible ideal. By 
modules in the neighbourhood of M here we mean modules in ][Mσ .  
 In this paper all ring has a unit element. 
 
 

1. FINITELY GENERATED PROJECTIVE MODULES OVER AN 
HNP RING 

 
   The definition and the characterization of a prime ring, can be find in [6]. Based on that   
   characterization of the prime ring, the concept of prime module is introduced in [1], [2]  
   and [3]. 
   The first result, is the characterization of an HNP ring. This result complete the table of  
   ring characterization in [8]. 

 
Theorem 1.1. A ring R is an HNP ring if and only if every finitely generated right 
projective R-module is an HNP module. 
 
Proof : 
( )⇒  
Let M be a finitely generated projective right R-module. Then Λ⊆ RM , for a 
finite set Λ . From a proposition in [7], we have ii KM Λ∈⊕≅ , with iK  is a right 
ideal in R. Because R is a prime ring, then we have that Λ∈∀= iKann i 0)( . So 

0)( =Mann . It can be seen that the annihilator of every submodule of M is also 
zero. Then we can conclude that M is a prime module, and this means that M is an 
HNP module.  
( )⇐  
Because R, as a module over itself, is a projective module and is finitely 
generated, then R is an HNP module as a right module over itself. In other words, 
R is an HNP ring. ■ 
 

    In the following, R is an HNP ring.  
    From the proof of Theorem 1.1, it is seen that for a finitely generated projective R-  
    module M, then 0)( =Mann . In the next Theorem, for a finitely generated projective   
    R-module M, we will prove that every projective module in ][Mσ  will also have zero  
    annihilator. Here ][Mσ  is a subcategory of R-mod, consist of submodules of a module  
    which is a homomorphic image of  ΛM , with Λ is an index set [7]. 

 
Theorem 1.2. Let M be a finitely generated right projective R – module, and P is 
a projective module in ][Mσ . Then 0)( =Pann . 
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Proof : 
According to the proof of Theorem 1.1, we have that 0)( =Mann and M is an 
HNP module. Because of ][MP σ∈ , there is an epimorphism  
                            ': PM →Λϕ  with 'PP ⊆ .  
Because P is projective in ][Mσ , then we have Λ− ⊆⊆ MPP )(1ϕ . So  
                                ii MP Λ∈⊕≅  
with iM  is a submodule of M. Because M is a prime module, then  
                              0)()( == MannMann i . 
Thus 0)( =Pann . ■ 
 

     
 
    Next, as a result, we will see that the direct sum of HNP R-modules is also an HNP R- 
    module.  

 
Theorem 1.3. Let M be a finitely generated right projective R – module, and 

λλ PP ⊕=  with { } Λ∈λλP  a family of HNP modules in ][Mσ ,  for a finite set Λ . 
Then P is an HNP module in ][Mσ . 
 
Proof : 
It is seen in [16] that P is hereditary in ][Mσ . So according to Theorem 1.2, we 
have that 0)( =Pann . Let Q be a non zero submodule of P. Then ii QQ Λ∈⊕≅  
with iQ  is a submodule of iP . Because iQ  is projective in ][Mσ , according to 
Theorem 1.2, 0)( =iQann . So 0)()( == QannPann . We have P is an HNP 
module in ][Mσ . ■ 
 

   Now we will characterize an HNP module. 
 
Theorem 1.4. Let M be a finitely generated projective R-module, and P a 
projective module in ][Mσ . Then the following are equivalent. 
1. P is an HNP module in ][Mσ . 
2. For every finite index set Λ , )(ΛP  is an HNP module 
3. Every finitely subgenerated projective module in ][Pσ  is an HNP module in 

][Mσ . 
 
Proof : 

21⇒  



614                                                                                                                             Irawati 
 
 
It is obvious from Theorem 1.3. 

 
32 ⇒  

Let  K be finitely subgenerated projective module in ][Pσ . There is an 
epimorphism ': 1

1 KP →Λϕ  for a finite index set 1Λ  and K is a submodule of 'K . 
We have the following exact sequence in ][Pσ  
               0)(1

1 →→− KKϕ  
So K is isomorphic to a submodule of  1)(1 Λ− ⊆ PKϕ , because K is a projective 
module in ][Pσ . Because 1ΛP is an HNP module in ][Mσ , then K is also an HNP 
module in ][Mσ .  

13⇒  
Let ][PA σ∈ . Then there is an epimorphism ': 1

1 AP →Λϕ  with 'AA ⊆ . From 
the hypotheses we know that  ][MP σ∈ . So there is an epimorphism  
                              ': 2

2 PM →Λϕ , with '1 PP ⊆Λ . 
We have the following epimorphism 
                            ')(: 11

212 AP →Λ−ϕϕϕ  
Because )( 11

2
Λ− Pϕ is a submodule of 2ΛM , we have ][)( 11

2 MP σϕ ∈Λ− . And 'A , 
as a homomorphic image of )( 11

2
Λ− Pϕ , is also in ][Mσ . So P is also projective 

in ][Pσ . So P is an HNP module in ][Mσ . ■ 
 

    Let P be a finitely generated projective R-module. From Theorem 1.1, we have that P  
    is an HNP module. From Theorem 1.4, by taking R = M, we can conclude that every  
    finitely subgenerated projective module in ][Pσ  is an HNP module. It is evident that  
    we can see the behavior of some modules in the neighborhood of a finitely generated  
    projective module over an HNP ring. 
    For an HNP ring R, by taking R = M, from Theorem 1.4, we get the characterization of  
     
 
    an HNP R-module P, that P is a projective module and every finitely subgenerated  
    projective module in ][Pσ  is also an HNP module. 

 
 

2. FINITELY GENERATED TORSION MODULES OVER AN 
HNP RING 

 
    In this section, R is an HNP ring.  
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    Finite length module annihilated by an invertible ideal 

 
    The next Theorem is a characterization of a finite length R-module that is annihilated   
    by an invertible ideal. 

 
Theorem 2.1.1. Let M be a finite length R-module. Then the following are equivalent: 
1. M is annihilated by an invertible ideal. 
2. Every R-module in ][Mσ  is annihilated by an invertible ideal 
3. Every simple submodule of M is annihilated by an invertible ideal 
 
Proof : 

21⇒  
Let M be annihilated by an invertible ideal I. Let ][MN σ∈ , and N a submodule of 

'N , the homomorphic image of  ': NM →Λϕ . So 'N is also annihilated by I. Thus N 
is also annihilated by I.  

     32 ⇒  
      The simple submodule of M is also in ][Mσ . 
     13⇒  

Let 1S  be a simple submodule of M that is annihilated by an invertible ideal 1I . 
Then 11 MMI =  is a proper submodule of M. Let 2S be a simple submodule of 1M   

      that is annihilated by an invertible ideal 2I . Then 21IM  is a proper submodule of              

1M . We continue the process until we have that ( ) ( ) ( ) 021
21 =kt

k
tt IIIM L . This will 

be happened because iI  is an invertible ideal for every ki ,,1K= , and the 
multiplication of invertible ideals is also an invertible ideal. So M is annihilated by 
an invertible ideal ( ) ( ) ( ) kt

k
tt III L21

21 . ■ 
 

2.2. Finite length module that has no composition factors annihilated by an 
invertible ideal. 

 
    In this part we characterize a finite length R – module that has no composition factors  
    annihilated by an invertible ideal. 
    First we characterize a finite length R – module that has no composition factors  
    annihilated by an invertible ideal, in the mean of its simple submodules. Before that we  
    introduce a property that can be found in [4]. 

 
Property 2.2.1. Let M be a simple module that is annihilated by an invertible ideal 
and N be a simple module that is not annihilated by an invertible ideal. Then Ex(M,N) 
= 0. 
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Theorem 2.2.1. A finite length R – module M has no composition factors annihilated 
by an invertible ideal if and only if all of its simple submodules are not annihilated by 
an invertible ideal. 
 
Proof : 
⇒  
It is obvious because a simple module is a composition factor. 
⇐  
First we will proof the Theorem for a module of length 2. Let M be an R – module 
with length 2 and all of its simple submodules are not annihilated by an invertible 
ideal. Let see the next composition series : 
                                     MMM ⊆⊆ 12 . 
We will show that 21 / MM  and  1/ MM  is not annihilated by an invertible ideal. 
Suppose 21 / MM  is annihilated by an invertible ideal. According to Property 2.2.1,  
 

0)/,( 212 =MMMEx . So the next exact sequence is split : 
                                0/0 2112 →→→→ MMMM  
So 21 / MM  can be seen as simple submodule of  1M . This means that it is also a 
simple submodule of of M. Then  21 / MM  is not annihilated by an invertible ideal. It 
is a contradictory. So 21 / MM  must not be annihilated by an invertible ideal. We also 
have that ( ) ( )2121 //// MMMMMM ≅ . Suppose 1/ MM  is annihilated by an 
invertible ideal. According to Property 2.2.1, ( ) ( )( ) 0///,/ 21221 =MMMMMMEx . 
So the following exact sequence is split : 
                  ( ) ( ) 0/////0 212221 →→→→ MMMMMMMM  
Hence ( ) ( )212 /// MMMM  can be seen as a simple submodule of  2/ MM . On the 
other hand, the simple submodule of  2/ MM  is in the form 21 /' MM  for 

MMM ⊆⊆ '12 . Similar with the prove above, then 21 /' MM  is not annihilated by an 
invertible ideal. This is also a contradiction. So 1/ MM  is not annihilated by an 
invertible ideal. Inductively this can be proven for an arbitrary finite length. ■ 

 
    Now we will prove a corollary of the Theorem above which is a characterization of a  
    finite length R – module M that has no composition factors annihilated by an invertible  
     ideal. It is seen from the modules in ][Mσ . 

 
Corollary 2.1.1. An R-module M has no composition factors annihilated by an 
invertible ideal if and only if every finitely subgenerated module in ][Mσ has no 
composition factors annihilated by an invertible idea. 
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Proof : 
 ⇐  : 
It is obvious because M is a finitely subgenerated module in ][Mσ . 

       ⇒  
First we will show that ( )ΛM , for a finite set Λ , has no composition factors 
annihilated by an invertible ideal.  
Let K be a simple submodule of  ( )ΛM . We construct the following submodule of M :  
                        ( ){ }aaKaMaM ji

j
k =∈∈= , . 

Suppose K is annihilated by an invertible ideal I. Then j
kM  will also annihilated by I. 

This means that M has a composition factor annihilated by an invertible ideal. This is 
contradicts the statement that M has no composition factors annihilated by an 
invertible ideal. So ( )ΛM , for a finite set Λ , has no composition factors annihilated 
by an invertible ideal. Now let L be a finitely subgenerated module in ][Mσ , and 

"L a simple submodule of  L. Then there is a finite set Λ , and an epimorphism  
                                ( ) ': LM →Λϕ  
with L a submodule of 'L . For the following epimorphism,  
                     ( ) "":)"(/' 11 LLL →= −− ϕϕϕϕ , 
then               
                      )'(/)"(" 1 ϕϕ KerLL −≅ . 
On the other hand, )'(/)"(1 ϕϕ KerL−  is a composition factor of ( )ΛM . Because ( )ΛM  
has no composition factors annihilated by an invertible ideal, then )'(/)"(1 ϕϕ KerL− is  
not annihilated by an invertible ideal. So "L is not annihilated by an invertible ideal. 
According to Theorem 2.2.1, L has no composition factors annihilated by an 
invertible ideal. ■ 
 

 
    3. M-prime module 

 
We already know that a ring R is called prime if for every non zero element a and  

    b, there is a non zero element r  in R such that arb is not zero. It can be proved that a  
    ring is prime if and only if the annihilator of every non zero right and left ideal is zero.   
    It is proved in [1], that for an R – module X,  
                       
                                                I

),(

)()(
XRHomf

fKerXAnn
∈

=  

 
    So Beachy in [1], developed a concept of annihilator in a module as follow : For R –   
    modules X and M,  
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                                                I

),(

)()(
XMHomf

M fKerXAnn
∈

=  

   Beachy, in [1], also developed a new concept of M-prime module as a generalization of  
   the notion of a prime ring. In this new context, a prime ring R is an R-prime module.   
   The definition of an M-prime module is as follow 
 
 
   Definition 3.1. Let M be an R-module. A left R-module X is called M-prime if  
                             
                                 0),( ≠XMHomR   
                        and  
 
                                 )()( XAnnYAnn MM =   
 
                      for every submodule Y of X with 
 
                                 0),( ≠YMHomR  
 
 
   4. M-Noetherian, M-Artinian and M-hereditary modules 
 
   Based on the new concept of M-prime module introduced by Beachy, we introduce, in   
   this paper, the concept of  M-Noetherian, M-Artinian and M-hereditary modules. First  
   we introduce the concept of M-Noetherian module 
 
    Definition 4.1. Let M be an R-module. An R-module N is called M-Noetherian if  
                              every its M-generated submodule is finitely M-generated. 
 
  
    We can easily have the following theorem 
 
    Theorem 4.1. Let M be an R-module. An R-module N is M-Noetherian if and only if   
                           the lattice of all M-generated submodules of N satisfies the ascending  
                          chain condition. 
 
    Using the Theorem 3.1, we now introduce the concept of M-Artinian module 
 
    Definition 4.2. Let M be an R-module. An R-module N is called M-Artinian if the  
                      lattice of all M-generated submodules of N satisfies the descending chain  
                      condition. 
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   Now we introduce the concept of M-hereditary module. 
 
   Definition 4.3. Let M be an R-module. An R-module N is called M-hereditary if every  
                           its M- generated submodule is projective in ][Mσ . 
 
 
   Next we introduce the concept of an M-HNP module. 
 
   Definition 4.4. Let M be an R-module. An R-module N is called M-HNP if it is an M- 
                        hereditary, M-Noetherian and M-prime module. 
 
   We can easily conclude that an HNP ring R can be seen as an R-HNP module R. 
   Based on the fact that for an HNP ring R, the endomorphism ring End(R) is isomorphic   
   with the ring R itself, we then deduce the structure of End(M) for M is an M-HNP    
   module. To see the structure, we need to see the concept of quasi projective [6], and  
   another theorem to support. 
 
   Definition 4.5. Let R be a ring and M is an R-module. A left/right R-module P is called  
                        M-projective if for every homomorphism ": MPf → and epimorphism  
                        ": MMg → , there is a homomorphism MPh →:  such that f = hg, as  
                        pictured in the following diagram. 
                                                              
                                                            P                                           
                                                 h 
                                                                f 
                                                 g 
                                  M                      "M  
 
 
    
    Definition 4.6. An R-module P is called quasi projective if it is an P-projective module 
 
    The next property is proved by Beachy in [1]. 
 
    Property 4.1. If M is a left M-prime and quasi projective left R-module, then S =   
                          End  is a prime ring. 
 
    In the following theorem we will see the structure of a submodule of Hom(M,N), if M     
    is an M-HN module. 
 
   Theorem 4.1. Let M and N be R-modules, M is an M-HN module. If I is an S-left  
                       submodule of Hom(M,N), then I = Hom(M,(M)I). Here S = End(M). 



620                                                                                                                             Irawati 
 
 
   Proof : 
 
   It can be easily seen that  
 
                                             ))(,( IMMHomI ⊆ . 
 
  Now let  ))(,( IMMHomg ∈ . Let  
 
                                              ∑= λSfI  
 
  with If ∈λ . Then 
 
                                     ∑ ∑⊂= λλ fMSfMIM )())(()( . 
 
  So   
 
                                      ∑⊂ λfMgM )()(  
  
 We have that M is finitely generated as an R-module because M is M-Noether. As a     
 consequency, we get that (M)g is a finitely generated submodule of (M)I  over R.  
 Suppose 
 
                                    },,{)( 1 nxxspangM K=  
 
 
     In another hand, we have that  
 

                                             ∑
=

=
ik

j
jii fmx

1

,λ for ni ,,1K= . 

     So we can write  
 

                                             ∑
=

=
t

SfMgM
1

)()(
λ

λ  

 
 
 
    Because M is M-hereditary, then we have a homomorphism tMMh →:  such that the   
    following diagram is commutative 
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                                                                  M 
 
 
                                                                      g 
                                           h 
 

                                              ∑
=

k

f
1λ

λ  

                                  tM                         M 
            
                                                     
                                  
    We have  ),,( 1 thhh K=  with Shi ∈ , and   
 

                                                ∑
=

=
t

i
ii fhg

1

 

    So Ig ∈ .■ 
 
 
   In the next theorem we will see the structure of  S = End(M), as a left module over    
   itself for M is an M-HN module. 
 
 
  Theorem 4.2. Let M be an M-HN module. Then S, as a left module over itself, is a  
                       Noetherian module.     
 
 
     Proof : 
 
     Let  
                                SII S⊂⊂⊂ L21          an ascending chain.  
 
    Then we have another ascending chain of M –generated submodule as follow  
 
                               MSMIMIM S ⊂⊂⊂⊂ )()()( 21 L     
 
    Because M is an M – Noetherian module, then there is a natural number k such that we   
    have a stable chain as follow 
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                                MSMIMIMIM Sk ⊂⊂⊂⊂ )()()()( 21 L     
 
    We also have another stable chain as follow 
 
                                   SIMMHomIMMHomIMMHom Sk ⊂⊂⊂ ))(,())(,())(,( 21 L   
 
     From  Theorem 4.1, we have  
 
                                    SIII Sk ⊂⊂⊂⊂ L21    ■ 
 
    The next Theorem is to see the structure of S = End(M), as a left module over itself for   
    M is an M-HNP module. 
 
 
    Theorem 4.3. Let M be an M-HNP module. Then S = End(M), as a left module over  
                       itself, is a Noetherian and prime module 
 
     Proof : 
 
     From Theorem 4.2, we have that SS  is a Noetherian module. The module M is quasi  
     projective for M is an M-hereditary module. From Property 4.1, we have that SS  is a  
     prime module. So SS  is a Noetherian prime module. ■ 
 
     We know, as stated in McConnell and Robson [5], that for an essential ideal I in a HN   
      ring R, then the quotient ring R/I is an Artinian ring. Based on this, we are interested  
 
 
 
 
    to see the structure of the quotient module M/N, for M is an M-HN module and N is an   
    essential submodule of M. To see this structure, we need two lemma first. 
 
    Lemma 4.1. Let M be an M-HN module and T is an M-generated submodule of M.   
                        Then Hom(T,M) is a finitely generated projective module as a module over   
                        S = End(M). 
    Proof : 
 
    We have an exact sequence  
 
                                                 0→→ TM k  
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    because T is an M generated module. This sequence is split because M is M-hereditary.    
    By applying the functor Hom(- , M) we get the next splitting sequence 
 
                                                  ),(),(0 MMHomMTHom k→→  
 
    as an S-module. This shows that Hom(T , M) is finitely generated and projective as an   
    S-module. ■ 
 
    Lemma 4.2. Let M be an M-HN module and T is an M-generated submodule of M.   
                        Then TMMTHomHom ≅)),,(( . 
 
    Proof : 
 
    We construct a map  
 
                                  )),,((: MMTHomHomT →λ   with 
 
                                                nn λλ =)(  and 
 
                                       MMTHomn →),(:λ  
 
      with 
                                   ),()()( MTHomfnffn ∈∀=λ  
 
 
    We can show easily that )),,((: MMTHomHomT →λ  is an S-module    
    homomorphism. Now we want to show that )),,((: MMTHomHomT →λ  is a   
    monomorphism. Let           
                                      
                                              )(λKern∈ .  
 
    Then  
 
                                   ),(0)( MTHomfnf ∈∀= .  
 
    Suppose 0≠n . We can construct a homomorphism  
 
                                         MTg →:  such that  0)( ≠ng , 
 
    because the following exact sequence is split. 
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                                    0}{/}{0 →→→→ nspanTTnspan . 
 
    This is contradict the property that  ),(0)( MTHomfnf ∈∀= . So   
    )),,((: MMTHomHomT →λ  is a monomorphism. From Lemma 2.1, we have that  
    )),,((: MMTHomHomT →λ  is an isomorphism. ■ 
 
    Theorem 4.4. Let M be an M-HN module and N is an essential submodule of M. Then  
                       M/N is an M-Artinian module. 
 
     Proof : 
 
    Let  
                                MAAN ⊂⊂⊂⊂ 12L  
 
    be a chain of M-generated submodules. Let see 12 AA ⊂ . We will show that  
 
                                        ),(),( 21 MAHomMAHom ⊂ . 
 
    We make a map 
 
                                         ),(),(: 21 MAHomMAHom →ϕ  
 
 
    with 
 
                                           2)( Aff =ϕ  for every ),( 1 MAHomf ∈ .  
 
 
   Let  )(ϕKerf ∈ . So 0)( 2 =Af , and it means that )(2 fKerA ⊆ . We also have   
  )( fKerN ⊆ . Because of N is essential in M, then Ker(f) is also essential in M. We also   
   have that Ker(f) is also essential in 1A . Let see the next exact sequence 
 
                                        0)Im()(0 1 →→→→ fAfKer  
 
   Because of 1A  is M-generated, so is Im(f). So Im(f) is projective in ][Mσ . Therefore we   
   have the exact sequence is split. So 
 
                                )()Im(1 fKerfA ⊕≅ . 
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   This is impossible if 0)Im( ≠f . So we have another chain as follow 
 
                                   ),(),()( 1 MNHomMAHomMEnd ⊂⊂⊂ L  
 
   From Lemma 4.1, we have that Hom(N,M) is a Noetherian module. Thus there is a   
   natural number n such that  
 
                                  ),(),( MAHomMAHom jnn +=  for every natural number j. 
 
   From Lemma 4.2, we have that  
 
                                              ii AMMAHomHom ≅)),,(( . 
 
   So M/N is an M-Artinian module. ■ 
 
  We know that a finitely generated module over an HNP ring is decomposed into the    
  direct sum of its torsion and projective submodules ([5]). In the setting of  ][Mσ , we   
   have that the finitely generated module over an HNP ring is generalized to the M-  
  finitely generated module in ][Mσ . The concept of singular module as a generalization   
  of the torsion module can be seen in [7]. In this paper we show that in this new setting,  
  if M is a generator in ][Mσ , then there is a singular submodule of an M-finitely    
  generated module in ][Mσ  which is a direct summand. 
 
     In a module over a principal ideal domain, the annihilator of a torsion element is an     
     essential ideal. With this property, we define that in a module over a general ring, an  
     element is called singular if its annihilator is an essential ideal. The set of all its  
     singular element is a submodule, so we can define a module as a singular module if all  
     of its element is singular. Now let M is a singular module. Then KFM /≅  for an  
     essential submodule K of F ([7]). Now a module ][MK σ∈  is called singular if   
    BAK /≅  where A in ][Mσ  and B is essential in A ([7]). 
 
    Theorem 4.5. Let M be an M-HNP module and N is an M-finitely generated module. If   
                           M is a generator in ][Mσ , then there is a singular module A and a  
                           module B such that BAM ⊕≅  
 
    Proof. We have an exact sequence  0⎯→⎯⎯→⎯Λ NM f . The module M is M-    
    hereditary, so every M-generated submodule of  ΛM  is projective in ][Mσ . Because  
    M is a generator in ][Mσ , we have ker(f) is projective in ][Mσ . So there is a module  
    P and P’  such that  
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                                    Λ≅⊕ MPP '  
 
   where 'PP ⊕  is essential in ΛM , P is closed in ΛM  and K = ker(f) is essential in P.  
   On the other hand we have  
                                      KPPf /)( ≅ , 
                                        
                                      NMf ≅Λ )(   and 
 
                                       ')'( PPf ≅ . 
 
    So we get                       '/ PKPN ⊕≅   . ■ 
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