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Abstract

Let G = A ∗H B be the generalized free product of the groups A
and B with the amalgamated subgroup H. Also, let λ(G), μ(G), ψ(G),
K(G,H), and Tor H represent the lower near Frattini subgroup of G,
the upper near Frattini subgroup of G, the near Frattini subgroup of G,
the core of H in G, and the torsion subgroup of H, respectively. Since
1990 a series of papers have been published by the author dealing with
the location of λ(G) and ψ(G). We state the main results from these
papers for the cases where ψ(G) = 1, ψ(G) ≤ H, ψ(G) ≤ K(G,H),
ψ(G) = Tor H, λ(G) = 1, λ(G) ≤ H, λ(G) ≤ K(G,H), or λ(G) =
K(G,H). Also, we state the results obtained by Allenby since 1999
for the cases where μ(G) ≤ H, ψ(G) = K(G,H), or ψ(G) = H. The
main goal of this paper is to state four conjectures and to pose sixteen
related questions for the reader.

Mathematics Subject Classification: Primary 20E06, 20E28; Sec-

ondary 22, 55

Keywords: Closed subgroup, thin subgroup, identical relation, residu-

ally finite, residually solvable, H−filter, solvable H−filter, compatible solvable

H−filter, malnormal subgroup, fundamental group, orientable surface, retract,

fibered knot group, torus knot group, cable knot group, surface group, unknot-

ted circle, generalized free product of groups, amalgamated subgroup, Fuchsian



2 M. K. Azarian

group, group of F−type, non-elementary planar discontinuous group, nearly

splitting group, nearly maximal subgroup, near generator, non-near genera-

tor, lower near Frattini subgroup, upper near Frattini subgroup, near Frattini

subgroup.

1. Background

In a letter to Graham Higman and Bernhard H. Neumann, who were shar-

ing an office at the University of Manchester at that time, Noboru Itô raised

the question of whether a free product of groups always has maximal sub-

groups. In 1954 Higman and Neumann [39] answered this question positively

by showing that the Frattini subgroup of a free product of (nontrivial) groups is

the trivial group. At the conclusion of the above paper Higman and Neumann

asked the question of whether the Frattini subgroup of a free product with an

amalgamated subgroup necessarily is contained in the amalgamated subgroup.

They asked whether an amalgamated free product of groups necessarily has

maximal subgroups. In a series of papers mainly by Allenby and C. Tang

[1-4]; Allenby, C. Tang, and S. Tang [5]; Djokovic and C. Tang [27]; C. Tang

[49-50]; and Whittemore [51]; the questions raised by Higman and Neumann

have been answered for some certain classes of generalized free products of

groups. Motivated by the above papers, the author produced similar results

for the (lower) near Frattini subgroups of such generalized free products of

groups [10-23]. The results produced by the author are achieved in dealing

with non-near generators of generalized free products of groups, and hence

most of his results are obtained for the lower near Frattini subgroups of such

groups. Allenby [6-9] has been able to deal successfully with nearly maximal

subgroups of some certain generalized free products of groups to produce re-

sults for the upper near Frattini subgroups. As the title of this paper suggests

the goal of this paper is to first state the known results concerning the near

Frattini subgroups of some certain amalgamated free products of groups, then

to state four conjectures and finally to pose sixteen related questions for the

reader.

2. Definitions and Notations

To make this paper somewhat self-contained, we present definitions that are

not well known here. Throughout the paper our notations will be standard.



Near Frattini subgroups 3

We use C(∞) to represent an infinite cyclic group, and by A × B we mean

the direct product of the groups A and B. We use G = A ∗H B as in

Neumann’s paper [44] to represent the generalized free product of A and B

with the amalgamated subgroup H . As before the core of the subgroup

H in G is represented by K(G,H), and we use HG to represent the normal

closure of the subgroup H in G. A subgroup H of a group G is malnormal if

g−1Hg∩H = 1, for every g ∈ G\H , and a subgroup H of a group G is said to

be closed in G if x ∈ H whenever some nontrivial power of x lies in H . The

Frattini subgroup, φ(G) of a groupG was introduced into the group theory first

in 1885 by the Italian mathematician Giovanni Frattini (1852-1925). φ(G) is

the intersection of all maximal proper subgroups of G (if there are no maximal

proper subgroups of G, then φ(G) = G). φ(G) coincides with the set of all

nongenerators of G, where an element g of a group G is a nongenerator of G

if for every subset S of G such that < S, g >= G, then < S >= G.

The definitions in this paragraph are the same as in [19]. A collection of

subgroups {Si : i ∈ I} of a group G is a filter of G if for all i ∈ I, Si � G,

|G : Si| < ∞, and ∩i∈ISi = 1. If H ≤ G, then {Si : i ∈ I} is called an

H-filter of G if it is a filter of G and ∩i∈ISiH = H . If G = A ∗H B and

{Ai : i ∈ I}, {Bi : i ∈ I} are filters of A and B respectively, then they are

said to be compatible with respect to H if Ai ∩H = Bi ∩H for all i ∈ I. G is

called residually finite if G has a filter. That is, G is residually finite if every

nontrivial element of G can be excluded from some normal subgroup of finite

index in G. A collection of subgroups {Si : i ∈ I} of a group G is called a

solvable filter for G if for all i ∈ I, Si � G, G/Si is solvable and ∩i∈ISi = 1. If

H ≤ G, then {Si : i ∈ I} is called a solvable H-filter of G if it is a solvable filter

of G such that ∩i∈ISiH = H . If G = A ∗H B and {Ai : i ∈ I}, {Bi : i ∈ I}
are solvable filters of A and B respectively, then they are called compatible

solvable filters with respect to H if Ai∩H = Bi∩H for all i ∈ I. G = A∗H B

is called residually solvable if A and B have compatible solvable H-filters. We

say that G = A∗HB is residually P (where P is any group property), provided

the P−filter {Ni : i ∈ I}} of G is such that G/Ni ∩Nj also has P property.

A subgroup H of a group G is called thin in G if the cardinality of H is

no greater than |G : H| [9]. Recall from Fine and Rosenberger(see[23], [29],

or [30]) that a group of F−type is a group G with a presentation of the form

G =< a1, ..., an : ani
i = 1, i = 1, ..., n, U(a1, ..., ak)V (ak+1, ..., an) = 1 >, where

1 ≤ k < n, ni = 0, or ni = 2 for all i and U , V are cyclically reduced words

in the free products on {a1, ..., ak} and {ak+1, ..., an} respectively which are

of infinite order. Groups of F−type are a natural algebraic generalization
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of Fuchsian groups [29, p. 2175]. For definitions of surface groups, non-

elementary planar discontinuous group with only odd torsion, and the group of

an unknotted circle in R
3, see [29, 34, 43].

IfH � G, then we say thatG nearly splits overH , if there exists a subgroup

N of G such that |G : N | = ∞, |G : HN | < ∞ and K(G,H ∩ N) = 1. An

element g of a group G is a near generator of G if there exists a subset S

of G such that |G :< S > | = ∞, but |G :< g, S > | < ∞. Hence, an

element g of G is a non-near generator of G if for every subset S of G for

which |G :< g, S > | <∞ it follows that |G :< S > | < ∞. In any group the

identity element is a non-near generator and if G is finite, then every element

of G is a non-near generator. Also, Breaz and Calugareanu [24, Lemma 5.1,

p. 403] have shown that if G is abelian and g is an element of infinite order

in G, then g is a non-near generator if and only if for every subgroup H of G

for which < g > ∩H = 1 it follows that |G :< g,H > | < ∞. A subgroup

M of a group G is nearly maximal in G if it is maximal with respect to being

of infinite index in G. That is, M is nearly maximal in G if |G : M | = ∞,

but |G : N | <∞, whenever M < N ≤ G. If G is abelian, then M is nearly

maximal in G if and only if G/H � C(∞), yet another characterization of

nearly maximal subgroups given by Breaz and Calugareanu [24, p. 397]. The

intersection of all nearly maximal subgroups forms a characteristic subgroup

called the upper near Frattini subgroup of G, denoted by μ(G) (if there are

no nearly maximal subgroups, then μ(G) = G). The set of all non-near

generators of G also forms a characteristic subgroup of G called the lower near

Frattini subgroup of G, denoted by λ(G). In general, λ(G) ≤ μ(G). If

λ(G) = μ(G), then their common value is called the near Frattini subgroup

of G, denoted by ψ(G). We know that ψ(G) is a characteristic subgroup,

but if G is abelian, then ψ(G) is fully invariant [24, Corollary 2.4, p. 398].

If G is any abelian group, then ψ(G) exists [24, Theorem 2.1, p. 396] and

any abelian group is the near Frattini subgroup of a suitably chosen abelian

group [24, Corollary 5.1, p. 396]. We say G is ψ−free (λ−free) if the (lower )

near Frattini subgroup is the trivial subgroup. Definitions and terminologies

involving the near Frattini subgroup are due to Riles [46].

A Word of Caution. As we indicated above, one must keep in mind

that λ(G) and μ(G) may not coincide and as a result ψ(G) for an arbitrary

group G may not exist. In some papers, some confusion may have risen where

the authors were not careful in dealing with the near Frattini subgroup of a

group. For example, Lennox and Robinson [41, p. 290], and Franciosi and

Giovanni [31, p. 19], defined the near Frattini subgroup as the intersection
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of all nearly maximal subgroups with no mention of the upper near Frattini

subgroup. The author has not verified whether or not the confusion in the

definition of the near Frattini subgroup affected any of the results in the above

articles. Also, the title of [6] by Allenby is meaningless. The term ”Upper

Frattini” that the author used is not a known term. It should be ”Upper Near

Frattini” and not ”Upper Frattini”. Moreover, Kapovich [40, p. 117] used

the term ”near nongenerator” which is again meaningless and it should read

”non-near generator” as in Riles’ paper [46, p. 157].

3. Results Concerning the Near Frattini Subgroups of

Amalgamated Free Products of Groups

In this section we state the known results regarding the near Frattini sub-

groups of generalized free products of groups. These are the main results

obtained by the author [10-23] and Allenby [6-9]. The proofs of Theorems

3.1-3.14 can be found in [10-23] and the proofs of Theorems 3.15-3.17 are con-

tained in [6-9]. We note that when there are several versions of a theorem

we present the most improved version here. For related corollaries as well as

possible early (weaker) versions of the theorems presented here the reader is

referred to the references.

Theorem 3.1. If G is any ordinary free product of groups, then G is

ψ−free [23].

Theorem 3.2. The group G is ψ−free in each of the following cases:

(i) G is the free product of finitely many finitely generated free groups (or

free abelian groups ) with cyclic amalgamation [12].

(ii) G is an infinite cyclic extension of the n generator (n ≥ 2) free group

F [17].

Theorem 3.3. If G = A ∗H B, then G is ψ−free in each of the following

cases :

(i) There exists an element c in G\H such that Hc ∩H = 1 [23].

(ii) μ(G) ∩H = 1 [23].

(iii) A and B are any λ−free groups and H is infinite cyclic [23].

(iv) H is non-trivial and malnormal in at least one of A or B [23].
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Theorem 3.4. The group G is ψ−free in each of the following cases:

(i) G is a surface group [23].

(ii) G is the group of an unknotted circle in R
3 [23].

(iii) G is a group of F−type with only odd torsion where neither U nor

V is a proper power [23].

(iv) G is a non-elementary planar discontinuous group with only odd

torsion [23].

(v) G is the fundamental group of a two-dimensional orientable surface

[17].

(vi) G is any fibered knot group [17].

(vii) G is a torus knot group [17].

Theorem 3.5. If G = A ∗H B, then ψ(G) ≤ H in each of the following

cases:

(i) G satisfies a nontrivial identical relation and A 	= H 	= B [15].

(ii) A and B are finitely generated nilpotent groups [23].

(iii) H satisfies a nontrivial identical relation and G is residually finite

and finitely generated [22].

Theorem 3.6. Let G = A ∗H B. If A and B are finitely generated

torsion-free nilpotent groups, then ψ(G) ≤ K(G,H) in each of the following

cases:

(i) H is closed in both A and B [19].

(ii) H is cyclic [19].

Theorem 3.7. If G is the free product of finitely many finitely generated

abelian groups with amalgamated subgroup H , then ψ(G) = Tor H [14].

We note that if G is an arbitrary generalized free product of groups, then

λ(G) and μ(G) may not coincide, and hence ψ(G) may not exist. (For an

example see [7, p. 467]).

Theorem 3.8. If G = A ∗H B, then G is λ−free in each of the following

cases:

(i) H is finite cyclic and core-free in G [13].
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(ii) H is finite cyclic and either λ(A)∩K(G,H) = 1 or λ(B)∩K(G,H) =

1 [13].

(iii) H is infinite cyclic and for every strictly descending sequence of sub-

groups H = K0 > K1 > ... > Ki > ..., we have < Ki−1, K
G
i >< KG

i−1, for all i

[13].

(iv) H is core-free in G and H satisfies the minimum conditions on sub-

groups [15].

(v) λ(G) ∩H = 1 [15].

(vi) A and B are free groups, H is finitely generated and at least one of

|A : H| or |B : H| is infinite [15].

(vii) H is infinite cyclic and is a retract of A and B [17].

(viii) G nearly splits over H , and H is normal in G and H is of prime

order [18].

(ix) G is residually finite, A and B have compatible H filters, and H

contains no nontrivial normal subgroup of G [19].

Theorem 3.9. G is λ−free in each of the following cases:

(i) G is the knot group of any product of knots [17].

(ii) G is a cable knot group [17].

Theorem 3.10. If G = A∗H B, then λ(G) ≤ H, in each of the following

cases:

(i) H is cyclic [17].

(ii) There exists an element c in G\H such that c centralizes H ∩Hc [18].

(iii) There exists a nontrivial normal subgroup N of G such that N∩H = 1

[18].

(iv) λ(G) ∩ A = λ(G) ∩B = λ(G) ∩H [18].

(v) A1∩H = B1∩H , and at least one of A1 or B1 is not contained in H ,

where A1 and B1 are finite normal subgroups of A and B, respectively [18].

(vi) A and B are countable groups [18].

(vii) H satisfies the maximum condition on subgroups [18].

(viii) A and B each satisfies a nontrivial identical relation which is not

satisfied by the infinite dihedral group, and G is residually solvable [19].

(ix) A and B possess proper subgroups A1, B1 of finite index containing

H , G is residually finite, and H satisfies a nontrivial identical relation [22].

(x) Neither A nor B lies in the variety generated by H and G is residually

finite [22].
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(xi) H < A1 ≤ A and H < B1 ≤ B, where A1 and B1 each satisfies a

nontrivial identical relation and G is residually finite [22].

(xii) H is nilpotent and G is residually finite [22].

(xiii) Both A and B are nilpotent [23].

Theorem 3.11. If G = A ∗H B, then λ(G) ≤ K(G,H) in each of the

following cases:

(i) H is any cyclic subgroup such that K(G,H) 	= 1.

(ii) H satisfies the minimum conditions on subgroups [15].

(iii) A and B have compatible H-filters, and G is residually finite [19].

(iv) A and B each satisfies a nontrivial identical relation which is not

satisfied by the infinite dihedral group, and G is residually finite [19].

(v) A and B each satisfies a nontrivial identical relation, both |A : H| and

|B : H| are greater than 2, and G is residually finite [19].

(vi) |A : H| = |B : H| = 2, and G is residually finite [19].

(vii) A and B are polycyclic and H is normal in both A and B [19].

(viii) A and B are finite-by-finitely generated abelian [19].

Theorem 3.12. Let G = A ∗H B.

(i) If H is finite cyclic, then λ(G) = K(G,H) [13].

(ii) If H is any cyclic subgroup, then λ(A)∩K(G,H) and λ(B)∩K(G,H)

are contained in λ(G) [13].

Theorem 3.13. Let R(a1, a2, ..., an) be a cyclically reduced word in

a1, a2, ..., an which involves an. Then, the subgroup of

G =< a1, a2, ..., an;R(a1, a2, ..., an) >

generated by a1, a2, ..., an−1 is ψ−free [15].

Theorem 3.14. Let G be any group and H any normal subgroup of prime

order. Then λ(G) ∩H = 1 if and only if G nearly splits over H [15].

The following three theorems appeared in Allenby’s papers [6-9].
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Theorem 3.15. If G = A ∗H B, then μ(G) ≤ H in each of the following

cases :

(i) H is finite [6].

(ii) H satisfies the minimum condition on subgroups [7].

(iii) G is countable [8].

(iv) A is uncountable and H has maximum condition [8].

(v) There exists an element c in G\H such that c centralizes H ∩Hc [8].

Theorem 3.16. Let G = A ∗H B.

(i) If H is finite cyclic, then ψ(G) = K(G,H) [6].

(ii) If H is infinite cyclic, then G is ψ−free or ψ(G) = K(G,H) [7].

(iii) G is λ−free if λ(A) ∩ H = λ(B) ∩ H = 1 and H is infinite cyclic

and central in G [7].

(iv) If H is thin in A or in B, then μ(G) ≤ H [9].

Theorem 3.17. (i) Let G =< a1, a2, a3, ... : a
n1
1 = an2

2 = an3
3 = ... = h >

where n1, n2, n3, ...is a sequence of positive integers. Then ψ(G) = H if and

only if the sequence is unbounded [7].

(ii) Let G be any group and H be any infinite cyclic subgroup of G, then

λ(G) ∩K(G,H) = μ(G) ∩K(G,H) is either trivial or K(G,H) [7].

Note 3.18. In both Theorem 3.15 (i) and Theorem 3.15 (iv), G must

be an amlgamated free product as we have here and not an ordinary free

product as Allenby has in Theorem 2 [6, p. 401] and Theorem 2 [8, p. 1001],

respectively. This is just a typo, for certainly Allenby intended to have an

amalgamated free product.

4. Conjectures

In this section we state four conjectures. First we present three conjectures

that appeared in the author’s previous papers, and then we restate a conjecture

by Allenby.

Conjecture 4.1. Let G = A ∗H B be residually P. If A and B each

satisfies a nontrivial identical relation which is not satisfied be the infinite

dihedral group, then λ(G) ≤ H [19].
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Conjecture 4.2. Let G = A ∗H B be residually finite. If H satisfies a

nontrivial identical relation, then λ(G) ≤ H [22].

Conjecture 4.3. Let G = A ∗H B. If both A and B are nilpotent, then

μ(G) ≤ H [23].

Conjecture 4.4. Allenby in the beginning of [8] stated that wherever the

current author [11-23] has λ(G) ≤ H , potentially, μ(G) ≤ H. In the summary

of [8] he stated that for every generalized free product G = A∗HB for which it

has been proved that φ(G) ≤ H or λ(G) ≤ H , the same result holds for μ(G).

At the conclusion of [8] he conjectured that if G = A ∗H B, then φ(G) and

μ(G) both lie in H. Furthermore, he stated that the same proofs used for φ(G)

or easy adaptions prove the corresponding result for μ(G). It is not easy to see

how the same proofs that are used for φ(G) would work for μ(G). Because,

we used elements (nongenerators) for the proofs involving φ(G), while for the

proofs that involve μ(G) we have to use subgroups (nearly maximal subgroups)

and index argument.

5. Open Questions

As we stated before, one of the main objectives of this paper is to present

some open questions. In what follows we state sixteen questions for the reader.

Question 5.1. In Theorem 3.2 (i), if G is the free product of infinitely

many finitely generated free groups (or free abelian groups) with cyclic amal-

gamation, is it still true that ψ(G) = 1?

Question 5.2. Under what conditions in Theorem 3.5, ψ(G) < H or

ψ(G) = H?

Question 5.3. Under what conditions in Theorem 3.6, ψ(G) < K(G,H)

or ψ(G) = K(G,H)?

Question 5.4. In Theorem 3.7, if G is the free product of infinitely many

finitely generated abelian groups with amalgamated subgroup H , is it still true

that ψ(G) = Tor H?

Question 5.5. In Theorem 3.8, is it possible to have μ(G) = 1 and hence

ψ(G) = 1?
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Question 5.6. In Theorem 3.9, is it possible to have, μ(G) = 1 and hence

ψ(G) = 1?

Question 5.7. Under what conditions in Theorem 3.10, λ(G) < H or

λ(G) = H? Under what conditions does ψ(G) exist?

Question 5.8. Under what conditions in Theorem 3.11, λ(G) < K(G,H)

or λ(G) = K(G,H)? Under what conditions does ψ(G) exist?

Question 5.9. In Theorem 3.12 (i), is it possible to have ψ(G) =

K(G,H)? Does ψ(G) exist in Theorem 3.12 (ii)?

Question 5.10. In Theorem 3.14, Can λ(G) be replaced by μ(G)? Does

ψ(G) exist?

Question 5.11. In Theorem 3.15, can μ(G) be replaced by ψ(G)?

Question 5.12. (a) In Theorem 3.16 (iii), can λ be replaced by μ? Does

ψ(G) exist?

(b) In Theorem 3.16 (iv), can μ(G) be replaced by ψ(G)?

Question 5.13. In Theorem 3.17 (ii), is it possible to have ψ(G) ∩
K(G,H) = 1 or K(G,H)? What is ψ(G)?

Question 5.14. The following questions are concerned with Conjecture

4.4:

(i) Under what conditions (other than the cases that are already in the

references of this paper) could we have φ(H) = H and/or μ(G) = H?

(ii Under what conditions (other than the cases that are already in the

references of this paper) could we have φ(H) < H and/or μ(G) < H?

(iii) Under what conditions in (i) and (ii) above can H be replaced by

K(G,H) (which is a stronger condition)?

(iv) Under what conditions in (i) − (iii) above can μ(G) be replaced by

ψ(G)?

Question 5.15. We know that if G is any ordinary free product of groups,

then φ(G) = ψ(G). What can be said about the relationship between φ(G)

and ψ(G) if G is an amalgamated free product of groups (of course, other than
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the special cases that are already known and are contained in the references

of this paper)?

Question 5.16. Can the results for the Frattini subgroups of generalized

free products be proven using maximal subgroups instead of nongenerators

that Allenby and C. Tang [1-4]; Allenby, C. Tang, and S. Tang [5]; Djokovic

and C. Tang [27]; C. Tang [49-50]; and Whittemore [51] used to obtain their

results?
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