
International Journal of Algebra, Vol. 4, 2010, no. 12, 569 - 577

Graphs Associated with Group Characters

T. Gnanaseelan

Department of Mathematics, Presidency College
Chennai - 600 005, Tamil Nadu, India

C. Selvaraj

Department of Mathematics, Presidency College
Chennai - 600 005, Tamil Nadu, India

pamc9439@yahoo.co.in

Abstract

In this paper we define a new graph associated with a finite group G
by letting the irreducible complex characters of G as vertices and give
a characterization for connectedness of the graph and study the nature
of the graphs for some specific groups.
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1 Introduction

In what follows, all groups are assumed to be finite. For a group G, let Irr(G)
denote the set of all irreducible complex characters of G. A large amount of
research has been done on character degrees of finite groups, like the arithmetic
structure and the cardinality with the group theoretic structure of G, the
character degree graphs associated with a given group, graphs related to the
size of conjugacy classes of a finite group and order of elements in the conjugacy
classes.

If G is a finite group and H is a subgroup of G, the Bratteli diagram
B(G,H) defined by O. Bratteli is a bipartite graph having the vertex set
Irr(G)∪ Irr(H) and a vertex χ ∈ Irr(G) is joined to a vertex θ ∈ Irr(H) by
m edges if and only if (χH , θ) = m where χH is the restriction of χ to H, has
been studied by N. Chigira and N. Iiori.
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2 Definition and Some Lemmas

We define a new graph called Relative Character Graph and discuss their
nature for some specific groups.

Definition 2.1 If G is a finite group and H is a subgroup of G, then the
relative character graph denoted by Γ(G, H) has the vertex set V = Irr(G),
the set of irreducible complex characters of G and two vertices χ and ψ are
joined by an edge if their restriction to H, namely χH and ψH have atleast one
irreducible character of H as a common constituent.

We note that the graph Γ(G, φ) is complete whereas Γ(G, G) is a null
graph.

Definition 2.2 If θ ∈ Irr(H), then the induced character θG is a character
of G and is the set of all irreducible constituents of θG is called the induced
cover of θ and is denoted by I(θ).

It is clear that χ and ψ in Irr(G) are joined by an edge if and only if
χ, ψ ∈ I(θ) for some θ ∈ Irr(H) and each induced cover I(θ) is a complete
subgraph of Γ(G,H).

Lemma 2.3 If N is a normal subgroup of G, then Γ(G, N) has k distinct
connected components where k is the number of distinct orbits of Irr(N) under
the action of G by conjugation.

Proof. Let the orbits of Irr(N) beO1 = 1N , O2, . . . , OK . Let θ1 = 1N , θ1, . . . , θK
be the representatives of O1, O2, . . . , OK . Each induced cover I(θi) is a com-
plete subgraph of Γ(G, H) and therefore it is connected. Also I(θi)∩I(θj) = φ
if i 6= j. Therefore each I(θi) is a connected component of Γ(G, N) and each
χ ∈ Irr(G) belongs to a unique I(θi). Hence Γ(G, N) has k distinct connected
components .

Lemma 2.4 If H and K are subgroups of G such that K ⊂ H, then
Γ(G, H) is a subgraph of Γ(G, K).

Proof. Let (χ, ψ) ∈ E(Γ(G, H)). Then χH and ψH has θ ∈ Irr(H) as a
common constituent. The restriction θK of θ to K is a direct sum of irreducible
characters of K. Let φ be a K - constituent of θH . Now θ is an irreducible
constituent of both χH and ψH and hence φ is an irreducible constituent of
χK and ψK . That is (χ, ψ) ∈ E(Γ(G, K)). Hence the lemma.

Theorem 2.5 Let Γ(G, H) be the relative character graph. Then Γ(G, H)
is connected if and only if H does not contain a non trivial normal subgroup
of G.
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Proof. Suppose that H contains a non-trivial normal subgroup N of G. Then
by Lemma 2.4 Γ(G, H) is a subgraph of Γ(G, N). By Lemma 2.3, Γ(G, N)
is not connected implying Γ(G, H) is not connected. Therefore Γ(G, H) is
connected implies it does not contain a non-trivial normal subgroup of G.

Conversely suppose that H does not contain a normal subgroup N . We
have to establish that Γ(G, H) is connected. Suppose that Γ(G,H) is not
connected. Let Γ1(G, H) be the connected component of Γ(G, H) containing

1G. Then
⋂

χ∈Γ1(G,H)

ker Ψ = coreG(H), the largest normal subgroup of G

contained in H. Hence the theorem.
In fact Γ(G, H) is connected if and only if coreG(H) = (1)
As an example, we take G = S4 the symmetric group of degree 4, H = D8

the dihedral group of order 8, then N = coreG(H) = V4.
The graph Γ(G, N) is

Figure 1: Γ(G, N)

and the graph Γ(G,H) is

Figure 2: Γ(G,H)
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Theorem 2.6 If G is an abelian group and if H is a subgroup of G, then
Γ(G, H) is a graph with o(G) vertices and o(H) complete subgraphs, each of
order o(G)/o(H).

Proof. Since G is abelian every irreducible character of G is linear and each
subgroup is normal, by Lemma 2.3, Γ(G, H) has o(H) connected components.
Also each component is induced by an irreducible character of H and hence
is a complete subgraph of Γ(G, H). Degree of each IndHGθ = [G : H] =
o(G)/o(H), and multiplicity of each λ in IndHGθ is 1. Therefore, order of
each component is o(G)/o(H). Hence the theorem.

3 The Graphs Γ(Sn, An) and Γ(Sn, Sn−1)

We shall now turn our attention to the study of relative character graphs of
Sn with respect to the subgroups An and Sn−1 of Sn. Before going into the
actual work we shall describe some basic definitions and preliminary results.

The set of all irreducible characters and the set of all classes of conjugate
elements of the symmetric group Sn are in one-to-one correspondence with
P (n), the set of all partitions of the natural number n. Therefore| Irr(Sn) |=|
P (n) |= p(n) where p(n) denotes the number of partitions of n.

A sequence λ = (λ1, λ2, . . . , λl) of natural numbers such that λ1 ≥ λ2 ≥
. . . ≥ λl and n = λ1 +λ2 + · · ·+λl is called a partition of the natural number
n.

To every partition, λ = (λ1, λ2, . . . , λl) ∈ P (n) we correspond a diagram
called young diagram which is in the form of a table of l rows consisting of n
equal square cells in such a way that the ith row has λi cells and the initial
cells of all the rows are placed in one column. The cells of the form (i, i) of
the diagram form its main diagonal. Two partitions λ and µ are associated
or conjugate if the diagram of one partition is obtained from the diagram of
another partition by reflection with respect to the main diagonal. The partition
associated with λ is denoted by λ

′
. If λ is a partition of n, [λ] will denote the

corresponding irreducible character of Sn. The characters of Sn are integer
valued. A partition in which all the parts are odd and distinct is called a split
partition and the number of split partitions is denoted by sp(n) and is equal
to scp(n), the number of self conjugate partitions of n.

Lemma 3.1 [11](Branching Theorem) Let λ = (λ1, λ2, . . . , λl) be a parti-
tion of n and let λj± = (λ1, . . . , λj±1, . . . , λl) be a partition of n±1 according
as λj−1 > λj or λj > λj+1. Then we have

[λ]
Sn
↓

Sn−1

= ⊕
j

λj>λj+1

[λj−] and [λ]
Sn
↑

Sn−1

= ⊕
j

λj−1>λj

[λj+]
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We shall now describe the graph Γ(Sn, An) by the following.

Theorem 3.2 Γ(Sn, An) has
1

2
[p(n)− sp(n)] copies of K2 and sp(n) isolated

vertices.

Proof.The index of An in Sn is 2. Therefore for every [λ] ∈ Irr(Sn), [λ]An =
[λ]+ + [λ]− if and only if λ = λ′. Therefore both [λ]+ and [λ]− induce the same
[λ] ∈ Irr(Sn) where λ is a self conjugate partition and hence Γ(Sn, An) has
sp(n) isolated points. If λ is not a self conjugate partition then [λ]An ↑Sn is
a sum of two irreducible characters of Sn, which are conjugates and hence we
get a line K2. Again the number of non-self conjugate partitions is 1/2[p(n)−
sp(n)]. Therefore Γ(Sn, An) has 1/2[p(n) − sp(n)] copies of K2. Hence the
theorem.

The graph Γ(Sn, Sn−1).

Since Sn−1 does not contain a normal subgroup of Sn, Γ(Sn, Sn−1) is con-
nected. In what follows we describe the nature of Γ(Sn, Sn−1).

Theorem 3.3 If the partitions λ and λ′ of n − 1 are associated, then
|I([λ])| = |I([λ′])| and the irreducible constituents of [λ′] ↑ are exactly the
conjugates of the irreducible constituents of [λ] ↑.

Proof. Let λ = (λ1, λ2, . . . , λr) be a partition of n−1. Then λ′ = (λ′1, λ
′
2, . . . , λ

′
s)

where λ1 = s and λ′1 = r. Consider the irreducible constituents of [λ] ↑SnSn−1

and [λ′] ↑SnSn−1
. By Branching Theorem, (λ1 + 1, λ2, . . . , λr) is a partition

of n corresponding to an irreducible constituent of [λ] ↑. Its conjugate is
(λ′1, λ

′
2, . . . , λ

′
s, 1) and it is a partition of n corresponding to an irreducible

constituent of [λ′] ↑.
Now consider a partition (λ1, λ2, . . . , λj−1, λj, λj+1, . . . , λr) of n − 1 in

which λj−1 > λj. Then by Branching Theorem, (λ1, λ2, . . . , λj−1, λj, λj +
1, . . . , λr) will be a partition of n corresponding to a constituent of [λ] ↑. It
gives rise to a conjugate partition of [λ′] ↑ in which jth column is obtained by
adding 1 to the jth column of λ′. Then every partition in [λ] ↑ gives rise to
a partition in [λ′]. In the same manner by starting from λ′, we can obtain a
partition of n in [λ] ↑. Hence the theorem.
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As an example we shall draw the graph

Figure 3: Γ(S5, S4)

Theorem 3.4 Let λ and µ be partitions of n− 1. Then [λ] ↑ and [µ] ↑ will
have an irreducible constituent in common if and only if

(i) the difference between their lengths is at most 1

(ii) the difference between their corresponding entries is at most 1

(iii) the difference is 1 for exactly two entries and zero for the other entries.

Proof. (i) Let λ = (λ1, λ2, . . . , λr) and µ = (µ1, µ2, . . . , µs). Let [λ] ↑ and
[µ] ↑ have a common irreducible constituent. Suppose that r = s + k, k > 1.
That is, λ has s + k parts and µ has s parts . By Branching Theorem, the
partition corresponding to any irreducible constituent of [λ] ↑ will have at least
s + k parts and the partition corresponding to any irreducible constituent of
[µ] ↑ will have at most s+ 1 parts. But s+ 1 < s+ k, since k > 1. Therefore
no irreducible constituent of [λ] ↑ coincides with any irreducible constituent of
[µ] ↑. Hence k ≤ 1. Similar argument holds when s = r+ k. Then |r − s| ≤ 1.
This proves part (i).

(ii) Assume that the difference is greater than 1 for some corresponding
parts of λ and µ. Let µi−λi > 1 for some i, 1 ≤ i ≤ r and assume that r = s.
Let λ = (λ1, λ2, . . . , λi, . . . , λr) and µ = (µ1, µ2, . . . , λi +ki, . . . , µr), ki > 1.
Then the ith part of the partition corresponding to the irreducible constituents
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of [λ] ↑ will have entries either λi or λi+1. But the entries in the ith part of the
partitions corresponding to each irreducible constituents of [µ] ↑ are at least
λi + ki. Hence no two irreducible constituents of [λ] ↑ and [µ] ↑ will coincide.
The case that λi−µi > 1 for some i is similar. Similar argument can be used to
prove the result when r = s+1, λr = 1, µr = 0 and if s = r+1, µs = 1, λs = 0.

(iii) Suppose that the difference is 1 for more than two entries. Now,∑
λi = n−1. Therefore if λi = µi−1, there exists some j such that λj = µj+1

to maintain the balance. By Branching Theorem, only one entry of both [λ]
and [µ] will be increased by 1 at a time, which are the parts of [λ] ↑ and [µ] ↑
respectively. Therefore no irreducible constituents of [λ] ↑ will coincide with
any irreducible constituent of [µ] ↑. That is, [λ] ↑ and [µ] ↑ will not have
a common irreducible constituent. The result can be proved similarly when
µi = λi − 1. Conversely, suppose that the three conditions hold.
Case (i): Let the difference between the lengths of two partitions of n − 1
be 1. It is enough to prove the result when λ = (λ1, λ2, . . . , λi, . . . , λs+1)
and µ = (µ1, µ2, . . . , µs). Let us take µs+1 = 0. Therefore by condition (ii)
λs+1 = 1. By (iii) there exists some j such that µj = λj + 1 and λi = µi for all
other entries. Therefore we have λ = (λ1, λ2, . . . , λi−1, λi, . . . , λs, 1) and µ =
(λ1, λ2, . . . , λj−1, λj +1, . . . , λs, 0). Now, λj−1 ≥ λj +1 and hence λj−1 > λj.
Therefore (λ1, λ2, . . . , λj−1, , λj + 1, . . . , λs, 1) is a partition corresponding
to an irreducible constituent of [λ] ↑ which also corresponds to an irreducible
constituent of [µ] ↑. Hence, the result

Case (ii): Suppose that two partitions of λ and µ of n−1 have same length.
Let λ = (λ1, λ2, . . . , λi, . . . , λs) and µ = (µ1, µ2, . . . , µs). By condition

(iii), there exists some j and k (k > j) such that λj = µj + 1 and µk = λk + 1
and λi = µi for all other i’s. That is, λ = (λ1, λ2, . . . , λj−1, µj + 1, . . . , λs)
and µ = (λ1, λ2, . . . , λj−1, µj, λk + 1, λs). Then λj−1 > µj. Therefore
(λ1, λ2, . . . , λj−1, µj + 1, . . . , λs) corresponds to an irreducible constituent
of [µ] ↑. Again λk−1 > λk. Therefore (λ1, λ2, . . . , λj−1, µj + 1, . . . , λs) corre-
sponds to an irreducible constituent of [λ] ↑ also. Hence the result.

Definition 3.5 The distance between two points u and v in a connected
graph is the length of the shortest path between u and v and is denoted by
d(u, v).

Theorem 3.6 The graph Γ(Sn, Sn−1) has diameter n − 1, the diametral
path is [n], [n− 1, 1], [n− 2, 12], . . . , [2, 1n−2], [1n].

Proof. [n] is adjacent to [n − 1] only and [1n] is adjacent to [2, 1n−2] only.
Hence Γ(Sn, Sn−1) has two end vertices namely [n] and [1n]. Therefore max{
d(u, v)/u, v ∈ V (Γ(Sn, Sn−1))} = d([n], [1n]). Now we shall find the diametral
path joining [n] and [1n] and its length. [n − 1] is an irreducible constituent
common to both of [n] ↓SnSn−1

and [n − 1, 1] ↓SnSn−1
and hence there is an edge
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joining [n] and [n− 1, 1]. [n− 2] is an irreducible constituent common to both
[n − 1, 1] ↓SnSn−1

and [n − 2, 12] ↓SnSn−1
and hence [n − 1, 1] and [n − 2, 12] is

joined by an edge. Proceeding in this way we get the path joining [n] and [1n]
formed by vertices [n], [n− 1, 1], [n− 2, 12], . . . , [2, 1n−2], [1n] and the length
of this path is n− 1. Hence the theorem.

Definition 3.7 A graph is said to be distance symmetric at a vertex v if for
any two vertices u and w at the same distance from v, there is an automorphism
taking u to w.

Theorem 3.8 The graph Γ(Sn, Sn−1) is distance symmetric if |Scp(n)| =
1.

Proof. Let α be the self conjugate partition of n. We shall prove that
d([λ], [α]) = d([λ

′
], [α]) by induction on d([λ], [α]). Let [λ] ∈ Irr(Sn) such

that d([λ], [α]) = 1. That is, [λ] and [α] are adjacent in Γ(Sn, Sn−1). Then [λ]
and [α] ∈ I([θ]) for some θ ∈ Irr(Sn−1) and therefore [λ′] and [α′] ∈ I([θ′]).
But α′ = α. Therefore [λ′] and [α] ∈ I([θ′]). That is , [λ′] and [α] are
adjacent. Assume that the result is true when d([λ], [α]) = n. That is
d([λ], [α]) = d([λ′], [α]) = n. Let [µ] ∈ Irr(Sn) such that d([µ], [α]) = n + 1.
Then [λ] and [µ] are adjacent and hence [λ′] and [µ′] are adjacent. Therefore,
d([µ′], [α]) = d([µ′], [λ′]) + d([λ′], [α]) = 1 + n = d([µ], [α]). Hence for any
[λ] ∈ Irr(Sn), [λ] and [λ′] are equidistant from the self conjugate partition [α].

Define Φ : V (Γ(Sn, Sn−1)) −→ V (Γ(Sn, Sn−1)) by Φ([λ]) = Φ([λ′]). Then
Φ is an automorphism. Hence Γ(Sn, Sn−1) is distance symmetric at the self
conjugate partition [α].
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