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Abstract

A subgroup H of a group G is said to be SS-quasinormal (supplement-
Sylow-quasinormal) in G if there is a supplement B of H to G such that
H is permutable with every Sylow subgroup of B. In this paper we in-
vestigate the influence of SS-quasinormality of minimal subgroups or
2-minimal subgroups of finite group and extent the result of A. Carocca
and some well-known results.
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1 Introduction

All groups considered in this paper will be finite, the notation and terminology
used in this paper are standard, as in [4]. Given a group G, two subgroups H
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and K of G are said to permute if HK = KH , that is, HK is a subgroup of G.
A subgroup H of a finite group G is said to be seminormal in G if there exists
a subgroup K of G such that HK = G and H permutes with every subgroup
of K.

In [6-7, 10-11], Li and Shen considered a generalization of S-quasinormal
subgroup and seminormal subgroup and gave the following definition:

Definition 1.1 Let G be a group. A subgroup H of G is said to be an SS-
quasinormal subgroup (supplement-Sylow-quasinormal subgroup) of G if there
is a supplement B of H in G such that H permutes with every Sylow subgroup
of B.

Obviously, every seminormal subgroup of G is SS-quasinormal. In general,
an SS-quasinormal subgroup need not be seminormal. For instance, Sylow
3-subgroup of A4 is SS-quasinormal and is not seminormal.

In this paper, we give the following Theorem and extent Theorem of A.
Carocca.

Theorem 1.2 Let G be a group and p a odd prime. Suppose all subgroups
of order p are SS-quasinormal, then G is p-supersolvable. In particular, G′ is
p-nilpotent.

2 A result of A. Carocca.

Lemma 2.1 (6) Suppose that H is SS-quasinormal in a group G, K ≤ G
and N a normal subgroup of G.

(i) If H ≤ K, then H is SS-quasinormal in K;
(ii) HN/N is SS-quasinormal in G/N .

Lemma 2.2 (7) Let P be a p-subgroup of G, p ∈ π(G). Then the following
statements are equivalent:

(i) P is S-quasinormal in G;
(ii) P ≤ Op(G) and P is SS-quasinormal in G.

Lemma 2.3 Suppose G/Φ(G) is a non-abelian simple group, p is a odd
prime. If all subgroups of G of order p are SS-quasinormal, then Φ(G) does’t
contain all subgroups of order p.

Proof. Let P ∈Sylp(G). If Theorem is false, then Ω1(P ) ≤ Φ(G). Let X
be a subgroup of order p. By hypothesis and Lemma 2.2, we have that X
is S-quasinormal in G. For any Q ∈Sylq(G), p �= q, it follows that XQ is
a group. So X ia normal on XQ and Q ≤ NG(X). Hence X is normal in
G and CG(X) is normal in G. Since G/Φ(G) is a non-abelian simple group,
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CG(X)Φ(G) = Φ(G) or G.
If CG(X)Φ(G) = Φ(G), then CG(X) ≤ Φ(G). Since G/CG(X) is a cyclic
group, G/Φ(G) is a cyclic group, this is a contradiction.
If CG(X)Φ(G) = G, then CG(X) = G and X ≤ Z(G). So Ω1(P ) ≤ Z(G). By
Ito’s Lemma, G is p-nilpotent, a contradiction.

Lemma 2.4 Let G be a group and p a odd prime. Suppose all subgroups of
order p are SS-quasinormal, then G is p-solvable.

Proof. Assume that the theorem is false and let G be a counterexample of
minimal order. By Lemma 2.1, we have that G is a minimal non-p-solvable
group, so G/Φ(G) is minimal simple group. Lemma 2.3 implies that G/Φ(G)
has a proper normal subgroup, a contradiction.
Proof of Theorem 1.2. Assume that the theorem is false and let G be a coun-
terexample of minimal order. By Lemma 2.1, G is a inner P -supersolvable
group and Ḡ = G/Φ(G) is a minimal non-p-supersolvable group. Lemma
2.4 and Main Theorem of [9] imply that Ḡ has properties as follows: (1)
Ḡ = [N̄ ]M̄ , N̄ is an elementary p-group of order pn, n > 1; (2) M̄ is a maxi-
mal subgroup of Ḡ; (3) CḠ(N̄) = N̄ ; (4) If p||M̄ |, then M̄ is a inner abelian
group of order pqm whose Sylow q-subgroup is normal.
Let X be a subgroup N̄ of order p. Then by hypothesis and Lemma 2.1, X
is SS-quasinormal. Since N̄ is normal in Ḡ, Lemma 2.2 imply that X is S-
quasinormal in Ḡ.
If p † |M̄ |, then X permute with any Sylow subgroup of M̄ . Hence XM̄ is a
group, which contradicts that M̄ is a maximal subgroup.
If p||M̄ |. By (4), we have that M̄ = P̄0Q̄. Then XQ̄ is a subgroup and X is
normal in XQ̄. So barQ ≤ NḠ(X). Hence Q̄ ≤ NḠ(N̄). Let a and b be any
two basic elements of N̄ . Then α transforms a to its power, namely, aα = ar,
for any α ∈ Q̄. Then aα = ar, bα = bs, (ab)α = (ab)t = atbs so arbs = atbt. This
implies r = s = t. α transforms every element of N̄ to the same power. Hence
Q̄ induces a power automorphism group of N̄ . On the other hand, the power
automorphism group of N̄ is a cyclic group of order p− 1. Hence Q̄/CQ̄(N̄) is
cyclic. Since CḠ(N̄) = N̄ , CQ̄(N̄) = 1. Thus Q̄ is of order q and q|p−1. Since
M̄ is an inner-abelian q-elementary group, p|q − 1. This is a contradiction.

3 p-nilpotency and 2-minimal subgroups.

In the sequel, we discuss the influence of subgroups of prime square order (or
2-minimal subgrups) of Sylow subgroup.

Theorem 3.1 Let G be a finite group, p a prime dividing the order of G.
Suppose (|G|, p − 1) = 1 and G is A4-free. If there exists a normal subgroup
N of G such that G/N is p-nilpotent and every subgroup of order p2 of every
Sylow p-subgroup of N is SS-quasinormal in G, then G is p-nilpotent.
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Proof. Assume that the theorem is false and let G be a counterexample of
minimal order. Then we may make the following claims:

(i) The hypotheses are inherited by all proper subgroup, thus G is a group
which is not p-nilpotent but whose proper subgroups are all p-nilpotent.

In fact, ∀H < G, H/H ∩ N ∼= HN/N , thus H/H ∩ N is p-nilpotent. If
|H ∩ N |p ≤ p2, then H is p-nilpotent by the main theorem of [12]. So sup-
pose that |H ∩ N |p > p2. Then pick an arbitrary subgroup P2 of order p2 of
any Sylow p-subgroup of H ∩ N . P2 is also a subgroup of order p2 of some
Sylow p-subgroup of N , thus it is SS-quasinormal in G by hypothesis, so is
SS-quasinormal in H by Lemma 2.1. Hence H satisfies the hypothesis of the
theorem. The minimal choice of G implies that H is p-nilpotent, thus G is a
group which is not p-nilpotent but whose proper subgroup subgroups are all
p-nilpotent.

(ii) G = PQ, where P is normal in G and Q is not normal in G. Further-
more, p3 divides the order of P . These can be induced by the main theorem
of [8] and Lemma 2.2.

(iii) Every subgroup of order p2 of P is S-quasinormal in G. By the hy-
pothesis and Lemma 2.2 and (ii).

(iv) The final contradiction. Pick an element a of order p in Z(P ). If
exp(P ) = p, then for any element x ∈ P − 〈a〉, there is a subgroup 〈x〉〈a〉 of
G of order p2. By (iii), 〈x〉〈a〉 is S-quasinormal in G, thus 〈x〉〈a〉Q is a proper
subgroup of G by (ii). Then 〈x〉〈a〉Q = 〈x〉〈a〉×Q by (i), thus 〈x〉〈a〉 ≤ NG(Q).
These imply that P ≤ NG(Q), i.e., G = P × Q, a contradiction. So suppose
p = 2 and exp(P ) = 4, using the same way as above, we have that every
element of order 2 is contained in NG(Q), and for any element y of order 4,
consider 〈y〉Q then 〈y〉Q = 〈y〉×Q, we also have y ∈ NG(Q), thus P ≤ NG(Q),
G = P × Q, a contradiction too. These complete the proof.

Theorem 3.2 Let F be the class of groups with Sylow tower of supersolv-
able type and H a normal subgroup of a group such that G/H ∈ F . If G is
A4-free and all subgroup of prime square order of every Sylow subgroup of H
are SS-quasinormal in G, then G is in F .

Proof. Suppose the result is false and let G be a counterexample of minimal
order. Then by Theorem 3.2 we can see that H has a Sylow tower of super-
solvable type. Let p be a large prime in π(H) and P ∈ Syl p(H). Then P must
be a normal subgroup of G. Now consider the factor group G/P . It is easy to
see that all subgroups of prime square order of every Sylow subgroup of H/P
are SS-quasinormal in G/P and G/P is A4-free. Thus, by the minimal choice
of G, we have G/P ∈ F and every subgroup of order p2 of P is SS-quasinormal
in G. So GF is a p-subgroup. By [1, Theorem 3.5], there exists a maximal
subgroup M of G such that G = MF ∗(G), where F ∗(G) = Soc(G/Φ(G)) and
G/MG �∈ F . Hence G = MGF = MF (G) (since GF is a p-group). Obviously



Finite groups with SS-quasinormal subgroups 1373

M satisfies the hypothesis of the theorem to its normal subgroup M∩P . By the
minimal choice of G, we have M lies in F . Now, by [1, Theorem 3.5], GF/(GF)′

is a chief factor of G, GF has exponent p if p > 2 and exponent at most 4 if
p = 2. Moreover, GF is either elementary abelian or (GF)′ = Φ(GF) = Z(GF)
is elementary abelian. Noticing that GF ≤ P ≤ Op(G), every subgroup of
order p2 of GF is S-quasinormal in G by Lemma 2.2. If Φ(GF ) = 1, then GF

is a minimal normal subgroup of G. Applying the main theorem of [12], we
have |GF | ≤ p2, then G ∈ F by the main theorem of [8], a contradiction. So
suppose that Φ(GF) �= 1. Consider the factor group Ḡ = G/Φ(GF). We want
to prove that any subgroup of order p2 of GF/(GF)′ is S-quasinormal in G. So
pick an arbitrary subgroup Ā of order p2 of GF/(GF)′, we have Ā = 〈x〉〈y〉.
We distinguish the following cases:

(2.1) Both 〈x〉 and 〈y〉 are cyclic groups of order 4. At this time, 〈x〉
and 〈y〉 are S-quasinormal in G, then 〈x〉 and 〈y〉 are S-quasinormal in Ḡ, so
Ā = 〈x〉〈y〉 is S-quasinormal in G/Φ(F).

(2.2) Both 〈x〉 and 〈y〉 are cyclic groups of order 2. Now pick an element
a of order p in Φ(GF), then 〈x〉〈a〉, 〈y〉〈a〉 are of order 4, are S-quasinormal
in G, 〈x〉〈a〉 = 〈x〉, 〈y〉〈a〉 = 〈y〉 are S-quasinormal in Ḡ, so Ā = 〈x〉〈y〉 is
S-quasinormal in G/Φ(GF ).

(2.3) In 〈x〉 and 〈y〉, one is of order 2, another is of order 4. Using similar
way, we have Ā = 〈x〉〈a〉 is S-quasinormal in G/Φ(GF ). So we have proved
that any subgroup of order p2 of GF/Φ(GF) is S-quasinormal in G/Φ(GF).
By the main theorem of [12], we have |GF/Φ(GF)| ≤ p2. Now applying the
main theorem of [8] for G/Φ(GF) and GF/Φ(GF), we have G/Φ(GF) ∈ F .
Since F is saturated and Φ(GF ) ≤ Φ(G), we get G ∈ F , a contradiction. This
completes the proof.
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