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Abstract

Let R be a prime ring of characteristics different from 2 and 3.
If there exits a nonzero derivation d from R to itself that the map
x → [[[[d(x), x], x], x], x] is centralizing on R then d = 0. Combining
this result together withthe result of Sinclair and Johnson, we extend
the Singer-Wermer theorem and its application in Banach algebra. Fi-
nally,we conclude some open problems.
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1. Introduction

Let R be an associative ring with Z(R), centre of R For any x, y ∈ R,

we write [x, y] for the commutator xy − yx and will use the basic commuta-

tor identities [xy, z] = x[y, z] + [x, z]y and [x, yz] = y[x, z] + [x, y]z . Recall

that R is said to be prime if aRb = 0 implies a = 0 or b = 0, and R is

semiprime if aRa = 0 implies a = 0. An additive map d : R −→ R is called

a derivation(Jordan derivation) if,d(xy) = d(x)y + xd(y), ∀ x, y ∈ R (d(x2) =

d(x)x + xd(x), ∀ x ∈ R). Clearly, every derivation is a Jordan derivation but

the converse is not true in general. In 1957, a fundamental result of Her-

stein [11] asserts that any Jordan derivation on a 2-torsion free prime ring is a

derivation. A brief proof of this result is given by Braser et al. [3]. A mapping

f : R −→ R is called commuting (centralizing) on R if [f(x), x] = 0, for all

x ∈ R ([f(x), x] ∈ Z(R), for all x ∈ R). An interesting result in the theory

of centralizing mapping is Posner’s second theorem of [17], which states that

the existence of a non-zero centralizing derivation on a prime ring forces the

ring to be commutative.

The history of commuting and centralizing mapping goes back to 1955,

Divinsky [10] says that a simple Artinian ring is commutative if it has a com-

muting automorphism different from the identity mapping (or commuting non-

trivial automorphism). Mayne [15] has proved that if there exists a centralizing

automorphism different from the identity mapping on a prime ring, then the

ring is commutative. A lot of work has been done during last decades in these

fields; viz, for results concerning commuting, centralizing, and related map-

pings in prime and semiprime rings (see [2, 6, 7, 8, 18, 19, 21, 22, 23, 24, 25]).

Vukman [22] proved that if there exists a nonzero derivation d : R −→ R where

R is a prime ring of characteristics different from 2 and 3 and the mapping

x −→ [d(x), x] is centralizing on R, then R is commutative. The main object

of this paper is to generalize Vukman’s [22] result and prove d = 0 if there is a

non-zero derivation d from R to itself, where R is a prime ring of characteristic

different from 2 and 3 with the mapping x −→ [[[[d(x), x], x], x], x] centralizing

on R. In Section 2, we first state the Posner’s second theorem, secondly, es-

tablish a result (Theorem 2.2), and hence provide an example to show that the

condition of noncommutative prime ring is not superfluous. Section 3 devotes

the derivations in Banach algebra and extends the Yood’s result [25], which

generalizes the Singer-Wermer theorem on Banach algebra. As an application,

we prove a result in Section 4 by assuming the Banach algebra is semisimple.

At last, in Section 5, we give some open problems.



Derivation in prime rings and Banach agebra 1319

2.Posner’s Theorems

In 1957, Posner [17] established a classical result as given below.

Theorem P (Posner’s Second theorem). Take a noncommutative prime

ring R. If there is a nonzero centralizing derivation of R, then R is commuta-

tive.

Remark 2.1. As a special case of Theorem P together with [17, Lemma 3]

asserts that noncommutative prime ring R is commutative if a nonzero deriva-

tion d : R −→ R and d is commuting on R. In this context, one can say

that the mapping satisfying the condition [d(x), x] ∈ Z(R), ∀ x ∈ R is called

centralizing on R. From [7], it is clear that under suitable conditions a cen-

tralizing map is necessarily commuting.

In the sequel, we restate Theorem P as follows.

Theorem 2.1. If R is a noncommutative prime ring and a derivation d on R

satisfies the relation [d(x), x] = 0, ∀ x ∈ R, then d = 0.

Proof. For the proof of Theorem 2.1, one can follow the proof of Bresar’s

survey article [8].

Example 2.1. Take an associative ring R but not prime. Suppose that R is

the direct product of two non-zero rings A and B, such that R = A×B. Let A

be a commutative ring having a non-zero derivation d1 and B is a noncommu-

tative ring. Then R is a noncommutative ring and d : (x1, x2) −→ (d1(x1), 0)

is a non zero commuting derivation on R. Clearly, one concludes that the

assumption of primeness is natural in Theorem 2.1.

Remark 2.2. Theorem P has been generalized by a number of authors in

several ways. In 1970 Luh [14], generalizing a result of Divinsky [10], estab-

lished an analogue of Theorem 2.1 for automorphism. This result has also

been generalized in several directions [2, 15, 16]. It is natural question to ask

whether Vukman [22, Theorem] can be proved without the assumption that R

is of characteristic 5.
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Let us assume that the ring R is noncommutative as, for example, if R=K[x] is

a polynomial algebra over a field of characteristic zero and d=d/dx (the usual

derivation) then the map map x −→ [[[[d(x), x], x], x], x] is obviously central-

izing but d is nonzero.

Motivated by this, we give an affirmative answer to this question and establish

the following result.

Theorem 2.2. Let R be a noncommutative prime ring of characteristic

not 2 and 3. If there exists a derivation d from R to itself such that map

x −→ [[[[d(x), x], x], x], x] is centralizing on R, then d = 0

Before proving the above theorem, we recall the mapping which was in-

troduced by Vukman [22]. Define a mapping A(·, ·) : R × R −→ R by the

relation A(x, y) = [d(x), y] + [d(y), x], forall x, y ∈ R. Clearly, A(·, ·) is sym-

metric (A(x, y) = A(y, x), ∀ x, y ∈ R) and additive in both arguments. On

simplification, the relation

A(xy, z) = A(x, z)y + xA(y, z) + d(x)[y, z] + [x, z]d(y) is fulfilled x, y, z ∈ R.

(∗)
Now, we define a map g : R −→ R by g(x) = A(x, x). Thus,

g(x) = 2[d(x), x], ∀ x ∈ R. (∗∗)

Clearly

g(x + y) = g(x) + g(y) + 2A(x, y), ∀ x, y ∈ R.

Remark 2.3. Throughout the proof of Theorem 2.2, we shall use the mapping

A(·, ·) and the relation (∗), (∗∗) and (∗ ∗ ∗) without specific reference.

Proof of Theorem 2.2. By hypothesis, we have,

[[[[d(x), x], x], x], x] ∈ Z(R), x ∈ R. (1)
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Taking g(x) = [[d(x), x], x], then from (1) we have,

[[g(x), x], x] ∈ Z(R), ∀x ∈ R. (2)

Now, we need the following steps:

bf Step 1 . First we claim that the mapping x −→ [g(x), x] is commuting on

R:

Proof. It is enough to prove

[[g(x), x], x] = 0, ∀ x ∈ R. (3)

Linearizing (2),we have

[[g(y), x], x] + 2[[A(x, y), x], x] + [[g(x), y], x] + [[g(y), y], x] + 2[[A(x, y), y], x]

+2[[A(x, y), y], x] + [[g(x), x], y] + 2[[A(x, y), x], y] + [[g(x), y], y]

+ 2[[A(x, y), y], y] ∈ Z(R) ∀ x, y ∈ R. (4)

Putting x by x in (4) and comparing the obtained result with (4), we get

2[[A(x, y), x], x] + [[g(x), y], x] + [[g(y), y], x] + [[g(x), x], y]

+[[g(y), x], y] + 2[[A(x, y), y], y] ∈ Z(R). (5)

Replacing 2x instead of x in (5), comparing the result so obtained with (5),

and using the fact that characteristic of R is not 3, we get

[[g(x), x], y] + [[g(x), y], x] + 2[[A(x, y), x], x] ∈ Z(R), ∀ x, yR. (6)

Putting x2 for y in (6), we get

[[g(x), x], x]x ∈ Z(R), x ∈ R.

Combining this result with (2), we obtain

[[g(x), x], x][x, y] = 0, x, y ∈ R. (7)

Combining relation (7) together with Lemma 1 of [17], one finds for any fixed

x ∈ Z(R), [[g(x), x], x] = 0 x ∈ R. This proves the relation (3).
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Step 2. We claim that [g(x), x] = 0, x ∈ R.

Proof. Take y by yx in (6). Then using (3) and (6), after some calculations

we get

5[g(x), x][y, x] + 2g(x)[[y, x], x] = 0, x, y ∈ R. (8)

Similarly, we can write the relation (8) as follows

5[y, x][g(x), x] + 2[[y, x], x]g(x) = 0, x, y ∈ R. (9)

Replacing y by yz in (9) and then using (9) so obtained result, we get

5[y, x]z[g(x), x] + 2[[y, x], x]zg(x) + 4[y, x][z, x]g(x) = 0, x, y, z ∈ R. (10)

Putting yg(x) for y in (10) and using (10) in the last relation, we get

5[y, x]g(x)[g(x), x] + 2[[y, x], x]g(x)2 + 4[y, x][g(x), x]g(x) = 0, x, y ∈ R. (11)

From (10) and (11) to get,

[y, x](5g(x)[g(x), x][g(x), x]g(x)) = 0, x, y ∈ R. (12)

Replacing y by g(x)y in (12), and using (12) in the last relation, we get,

[g(x), x]y(5g(x)[g(x), x][g(x), x]g(x)) = 0, x, y ∈ R. (13)

Left multiplication of (13) by 5g(x), and then replace g(x)y for y in (13),

combining both obtained results together with the condition R is prime we

get,

5g(x)[g(x), x][g(x), x]g(x) = 0, x, y ∈ R. (14)

Similarly, one can write the relation (12) as follows

(5g(x)[g(x), x][g(x), x]g(x))[y, x] = 0, x, y ∈ R. (15)

Using similar techniques as used to obtain relation (15) from (12) leads to

5[g(x), x]g(x)g(x)[g(x), x] = 0, x, y ∈ R. (16)

From (14) and (16) and use the characteristic of R is not 2 to get

g(x)[g(x), x] = 0, x ∈ R. (17)
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Using the same technique as used to obtain relation (4) from (3), (17) becomes

g(x)[g(y), x], ] + g(y)[g(x), x] + g(y)[g(y), x] + 4A(x, y)[A(x, , x), x]

+2g(x)[A(x, y), y] + 2g(y)[A(x, y), y] + 2A(x, y)[g(x), y] = 0, x, y ∈ R.(18)

Putting 2x for x in (18) and comparing the result so obtained from (18),

we get

g(y)[g(y), x] + 2g(y)[A(x, y), y] + 2A(x, y)[g(y), y] = 0, x, y ∈ R.

Replacing x by xy in (19), using (19) in the obtained result and comparing

with (3), we get

3g(y)x[g(y), y] + 2g(y)[x, y]g(y) = 0, x, y ∈ R.

Putting yx for x in (20), we get

3g(y)yx[g(y), y] + 2g(y)y[x, y]g(y) = 0, x, y ∈ R.

Similarly, (21) can be written as

3yg(y)x[g(y), y] + 2yg(y)[x, y]g(y) = 0, x, y ∈ R.

From (21) and (22) one gets

3[g(y), y]x[g(y), y] + 2[g(y), y][x, y]g(y) = 0, x, y ∈ R.

Taking y = g(x) in (8) and setting x by y and z by x. Then one can get

5[g(y), y]x[g(y), y] + 4[g(y), y][x, y]g(y) = 0, x, y ∈ R.

Combining (23) and (24), we get [g(y), y]x[g(y), y] = 0, since R is prime,

obtained result implies [g(y), y] = 0, y ∈ R.

Setting x by y in the relation [g(y), y] = 0, we obtain

[g(x), x] = 0, x ∈ R.

Finally, by our assumption the relation (25) can be written as follows

[[[d(x), x], x], x] = 0.

It follows that the mapping x −→ [[d(x), x], x] is centralizing on R.

Using the same techniques as used in Step1 (Step 2), we get [[d(x), x], x] =

0, x ∈ R ([d(x), x] = 0, x ∈ R), in view of Theorem 2.1, this completes the



1324 M. S. Khan and M. A. Khan

proof.

Remark 2.4. The following example shows that Theorem 2.2 cannot be ex-

tended to semi prime ring.

Example 2.2. Take P a noncommutative prime ring and Q a commutative

prime ring with a non zero derivation d from Q to Q. Then R = P
⊕

Q is a

noncommutative semiprime ring and a mapping d : (x1, x2) −→ (0, d(x2)) is a

non zero derivation on R.

3.Derivations on Banach Algebra

By Banach algebra we mean a complex normed algebra B whose underly-

ing vector space is a Banach space. By rad(B) we represent the Jacobson

radical of B. Obviously; one can find examples of nonzero derivations on com-

muting rings and algebras by taking the usual derivative on the polynomial

algebra C[X]. In the Banach Algebra context the situation is quite different.

In 1955, Singer and Wermer [19] assert that every continuous linear derivation

on a commutative Banach algebra maps the algebra into its radical. Further,

Thomas [20] has proved this result without assuming the continuity of deriva-

tion. Yood [25] generalized the Singer - Warmer theorem on non commutative

Banach algebras by proving that every continuous linear derivation d of a Ba-

nach algebra B, which satisfies [d(x), y] ∈ rad(B), ∀ x, y ∈ B. In this context,

we prove the following result which extends the Yood’s theorem.

Theorem 3.1. Suppose that B is a noncommutative Banach algebra over the

complex field C and d : B −→ B is a continuous linear Jordan derivation. If

[[[[d(x), x], x], x], x] ∈ rad(B) ∀ x ∈ B, then d maps B into rad(B).

Proof. Sinclair [19, Lemma 3.2] has shown that every continuous linear

Jordan derivation d of a Banach Algebra B leaves the primitive ideals of

B. invariant. Since the radical of B is the intersection of all primitive ide-

als, any continuous linear Jordan derivations leaves the radical invariant, we

have d(rad(B)) ∈ rad(B), which conclude that there is no loss of general-

ity in assuming that B is semisimple. Since d leaves all primitive ideals in-

variant one can define for any primitive ideal P ⊂ B a Jordan derivation

dp : B/P −→ B/P , where B/P is Quotient algebra ( Factor algebra), by

dp(x) = x + P, x = x + P. From the result of Singer and Wermer [19] that
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assert any continuous derivation on a commutative Banach algebra maps the

algebra into its radicals. Johnson and Sinclair [12] have shown that any lin-

ear derivation on a semisimple Banach Algebra is continuous. Combining the

Johnson and Sinclair result with Singer Wermer theorem, we obtain that there

are no non zero linear derivation on commutative semisimple Banach alge-

bras. Now one can see that If B/P is commutative Banach Algebra then

dp = 0. From the above observation, we get B/P is semisimple. Hence, in

this case dp = 0. If B/P is noncommutative Banach Algebra then dp = 0.

The quotient algebra B/P are prime, since P is a primitive ideal. By Her-

stein [11] result dp is a derivation. By hypothesis of our theorem we have,

[[[[d(x), x], x], x], x] = 0, x ∈ R yields [[[[d(x), x], x], x], x] = 0, x ∈ B/P. Thus,

we get the required result, i.e. dp = 0, B/P is noncommutative Banach al-

gebra. Since all the conditions of Theorem 2.2 are fulfilled. In other words,

d(x) is the intersection of all primitive ideals of B for any x ∈ B. Since the

intersection of primitive ideals is the radical and since B is semisimple, we

conclude that d = 0. This completes the proof of the theorem.

Remark 3.1. From the above observation, we see that Thomas [20] general-

ized the Singer-Wermer theorem by establishing that any linear derivations on

a commutative Banach algebra map the algebra into its radical. This result

gives a natural question of Theorem 3.1 can be proved without any continuity

assumption.

4.Application

As an application of Theorem 3.1., one can prove the following result, in par-

ticular by assuming the Banach algebra is semi simple.

Theorem 4.1. Suppose that B is a noncommutative semi simple Banach

Algebra over the complex field C. If there exists a linear Jordan derivation

d : B −→ B, such that the mapping x −→ [[[d(x), x], x], x] is commuting on

B, then d = 0.

Remark 4.1 Proof of Theorem 4.1 is similar to the proof of Theorem 3.1. But

the only exception is that at the beginning of the proof we use the fact that

any linear Jordan derivation on a semisimple Banach Algebra is continuous

(see [2], [22]).
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5.Open Problems

In retrospect, it is tempting to have the following conjectures.

5.1. Theorem 2.1 forces the following problem: Let R be a non com-

mutative semiprime ring with suitable characteristic of R and d : R −→ R

be a derivation. Assume that gn(x) = 0 for some integer n, x ∈ R, where

g1(x) = [d(x), x] and gn−1(x) = [gn(x), x], then d = 0.

5.2. Let B be Banach algebra. If f, g : B −→ B are continuous linear deriva-

tions and f(xm)xn + xng(xm) ∈ Q(B), x ∈ B and some integers m1n1, then f

and g maps B into rad(B), where Q(B) stands for the set of all quasinilpotent

elements in B and rad(B) denotes for radical of a Banach algebra B.

Remark 5.1. A natural question arises whether Conjecture 5.2 can be solved

without the continuity condition. This question leads to the problem whether

Sinclair’s theorem [18], can be proved without the continuity condition. One

can observe from the literature, this problem is still open. As a special case,

one can prove related results without the continuity conditions if Banach al-

gebra is semi simple.
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