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Abstract. Let G be a finite p-group. A map ϕ of G to itself is an automor-

phism of G if ϕ is bijective and for any element x, y ∈ G, ϕ(xy) = ϕ(x)ϕ(y).

We find automorphisms groups of Qn, Dn and Lp,q. Also, we prove some prop-

erties of this group. We denote that Aut(G) for these groups are meta-abelian

and therefore are soluble of length 2.
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1. Introduction

Let G be a finite group. An automorphism σ of G is said to be central if

and only if it induces identity on G/Z(G), or equivalently, g−1σ(g) ∈ Z(G)

for all g ∈ G, where Z(G) is the center of G. The central automorphisms

of G, denoted by Autc(G), forms a normal subgroup of Aut(G), the group of

automorphisms of G. For a group H and an abelian group K, Hom(H,K)

denotes the group of all homomorphisms from H to K. For an element g of

G, the automorphism ig by definition ig(x) = gxg−1 for all x in G, is said to

be an inner automorphism. All inner automorphism of G, denoted by Inn(G),

forms a normal subgroup of Aut(G). Notice that Autc(G) = CAut(G)(Inn(G)).

The group of central automorphism group and inner automorphisms groups

of finite groups are of great importance in the investigation of Aut(G), and

has been studied by several authors (see e.g., [1-6]).

1The paper is supported by Shahrood University of Technology.
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In this paper, we find Aut(G), Autc(G) and Inn(G) for the groups G = Qn,

Dn and Lp,q. Also we prove that Aut(G) has a non-inner automorphism of

order 2 when G = Dn or Qn and n is power of 2.

Throughout this paper all groups are assumed to be finite and the following

notation is used: Hom(G,H) denotes the group of homomorphism of G into

abelian groupH ; Zn the cyclic group of order n; Un the groups of units elements

of Zn . All unexplained notation is standard. Also, a non-abelian group that

has no non-trivial abelian direct factor is said to be purely non-abelian.

2. Automorphism groups of Qn, Dn

We begin this section to a theorem of presentation of groups that we shall

use during this paper.

Theorem 2.1. Let G be a group and G =〈 X | R〉 where X is a set of genera-

tors and R is a set of relations. Then a map ϕ is an automorphism of G if and

only if G = 〈ϕ(X)〉 and ϕ constant every relations of R (i.e; if x1x2...xn = 1

is an element of R then ϕ(x1)ϕ(x2)...ϕ(xn) = 1).

We give below some basic results that needed for our investigation of Aut(G).

Consider the groups

Qn = 〈a, b|an = b2, bab−1 = a−1〉
Dn = 〈x, y|xn = y2 = 1, yxy−1 = x−1〉.

then we have the following elementary lemma:

Lemma 2.2. We have

(a) Qn has a single element of order 2 and |Z(Qn)| = 2,

(b) Qn and Dn are nilpotent if and only if n be a power of 2,

(c) Dn has a non-trivial direct factor if and only if n is even and n/2 is odd;

in this case Dn
∼= Z2 ×Dn/2,

(d) Each element out of 〈a〉 in Qn is of order 4, and each element out of 〈x〉
in Dn

is of order 2 .

Lemma 2.3. For n > 2

(a) 〈a〉 ch Qn,

(b) 〈x〉 ch Dn.

Proof. Suppose that H be a cyclic subgroup of order 2n and H �= 〈a〉. Then

we have H〈a〉 = Qn and so |Qn| = |H||〈a〉|
|H∩〈a〉| . Hence |H ∩〈a〉| = n. But H ∪〈a〉 ⊆
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CG(H ∩〈a〉), then we have H ∩〈a〉 ⊆ Z(Qn), is a contradiction. (b) It is same

to (a).

Corollary 2.4. For n > 2, |Aut(Qn| = 2nφ(2n) and |Aut(Dn)| = nφ(n).

Proof. Let ϕ ∈ Aut(Qn).Then o(ϕ(b)) = 4, ϕ(a) ∈ 〈a〉 and ϕ(b) �∈ 〈a〉. It

follows that |Aut(Qn)| ≤ 2nϕ(2n). Further more we notice that the map ϕ by

definition a �→ ai, b �→ baj , where (i, 2n) = 1, is an automorphism of Qn.

Theorem 2.5. By definition ϕi : x �→ xi; y �→ y and ψj : x �→ x; y �→ yxj,

H = {ϕi|(i, 2n) = 1} and K = {ψj|0 ≤ j ≤ 2n− 1},
we have

(a) H ≤ Aut(Qn) and K � Aut(Qn),

(b) K is cyclic and Aut(Qn) ∼= K �H.

Proof. (a) is elementary,

(b) Since H ∩ K = 1 then Aut(G) = HK. In the other hand we observe

that

ϕ−1
i ψ1ϕi(x) = ϕ−1

i ψ1(x
i) = ϕ−1

i (xi) = x,

ϕ−1
i ψ1ϕi(y) = ϕ−1

i ψ1(y) = ϕ−1
i (xy) = ϕ−1

i (x)ϕ−1
i (y) = xi

′
y.

Therefore H �Aut(Qn), it is complete the proof.

Theorem 2.6. By definition ϕi : a �→ ai; b �→ b and ψj : a �→ a; b �→ baj ,

H = {ϕi|(i, n) = 1} and K = {ψj |0 ≤ j ≤ n− 1},
we have

(a) H ≤ Aut(Dn) and K �Aut(Dn),

(b) K is cyclic and Aut(Dn) is semidirect of K to H.

Proof. It is same to before theorem.

Theorem 2.7. Suposse that G is Dn or Qn, where n > 2. Then

(a) Aut(G) is solvable of length 2.

(b) Aut(G) is nilpotent if and only if n be a power of 2.

Proof. It is obvies by theorem 2.5, 2.6.

(b) Let n is not a power of 2. Hence Aut(G) and then Autc(G) has an

element of order not 2. But |Autc(G)| ≤ |Hom(G/G
′
), Z(G))| and so Autc(G)

is elementary abelian 2-group, is a contradiction.

Converse, if n be a power of 2 then Aut(G) is power of 2 and hence is

nilpotent.

Lemma 2.8. If n be power of 2 and n > 2 then Autc(G) ∼= Z2 × Z2
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Corollary 2.9. If n is power of 2 and n > 8 then G has at least one outer

automorphism of order 2.

Proof. We have Inn(G) ∼= G/Z(G) ∼= Dk and so Z(Inn(G)) ∼= Z2. By

lemma2.2, G is purely non-abelian group. Since |Autc(G)| = |Hom(G/G
′
, Z(G))| =

4, then Autc(G) is abelian and hence is isomorphic to Hom(G/G
′
, Z(G)) ∼=

Z2 × Z2. But Autc(G) = CAut(G)(Inn(G)), it follows that Autc(G) has an

element of order 2 out of Inn(G).

3. Automorphism groups of Lp,q

In this section we find Aut(G), Aut(Aut(G)), ... for G = Lp,q. By definition

Lp,q = 〈x, y|xp = yq = 1, yxy−1 = xt〉,
where (p, q) = 1 , q|p− 1 and tq ≡ 1(modp), we have

Lemma 3.1. By above definition

(a) 〈x〉 is characteristic subgroup of Lp,q,

(b) Any element out of 〈x〉 is of order q,

(c) Inn(Lp,q) ∼= Lp,q and Autc(G) = 1,

(d) If ψ : x �→ xi; y �→ ykxj is an automorphism of Lp,q then (i, p) = 1 and

k = 1.

Proof. (a),(b) and (c) are elementary. (d) Since ψ(〈x〉) = 〈x〉 then (i, p) = 1.

By Theorem2.1 we should have ψ(y)ψ(x)ψ(y)−1 = ψ(x)t and then xitk = xit.

Hence it(tk−1) ≡ 0(modp). It follows that q|tk−1 − 1 and so k = 1.

Corollary 3.2. |Aut(Lp,q)| = p(p− 1).

Theorem 3.3. By assuming ϕi : x �→ xi; y �→ y and ψj : x �→ x; y �→ yxj,

H = {ϕi|1 ≤ i ≤ p− 1} and K = {ψj |0 ≤ j ≤ p− 1},
we have

(a) H ≤ Aut(Lp,q) and K � Aut(Lp,q),

(b) K,H are cyclic and Aut(Lp,q) is semidirect of K to H.

Proof. It is same to proofs of before section.

Corollary 3.4. Aut(Lp,q) = 〈a, b|ap = bp−1 = 1, bab−1 = as〉 where o(s) =

p− 1 in Up.

Lemma 3.5. Let G = Aut(Lp,q). If ψ : a �→ ai; b �→ bkaj is an automorphism

of G then k = 1.
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Proof. By Theorem2.1 we should have ψ(b)ψ(a)ψ(b)−1 = ψ(a)s and then aisk
=

ais. Hence is(sk−1 − 1) ≡ 0(modp). It follows that q|sk−1 − 1 and so k = 1

Theorem 3.6. If G = Aut(Lp,q) then Aut(G) ∼= G.

Proof. By before lemma |Aut(G)| ≤ p(p − 1). Since Autc(Lp,q) = 1 then

Z(G) = 1 and so Inn(G) ∼= G. It follows that |Aut(G)| = p(p − 1) and then

Aut(G) ∼= G.
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