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Abstract
In this note, we consider the normalizer subgroups in a group, and

study the case in which the number of them equals the number of their
conjugacy classes.
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1 Introduction

Conjugation is an important action both on the elements and on the subgroups
of any group. Of course, most of the time the number of conjugacy classes is
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smaller than the number of individual items and these are equal only under
very strong restrictions: in the case of elements, only for abelian groups, and
in the case of subgroups, for the Dedekind groups. If we denote respectively
by s(G) and ω(G) the number of normalizers and the number of conjugacy
classes of normalizers of a group G, then our problem is: for which groups G
do we have s(G) = ω(G)? To be more precise, we want to focus our study in
a slightly different way: for which values of ω(G) the equality s(G) = ω(G)
holds true independently of the choice of the group G in a suitable class? This
trivially happens if ω(G) = 1, hence we may assume ω(G) ≥ 2.

Obviously, the equality s(G) = ω(G) is equivalent to all normalizers being
normal in G. This happens in particular for nilpotent groups of class at most
2, since any normalizer contains the centre of the group. In fact, if we want
to obtain significant results, we have to deal necessarily with groups which
are close to being nilpotent. More precisely, we restrict ourselves to groups G
satisfying the normalizer condition:

NC: every proper subgroup H of G is properly contained in its normalizer
NG(H).

If one drops the normalizer condition, even in the simplest case ω(G) = 2, it
is not possible to give an upper bound for the value of s(G) as it is shown by
the following example. Let G be a non-abelian group of order pq, where p and
q are primes satisfying q ≡ 1 (mod p), then ω(G) = 2 but s(G) = q + 1 can
be as big as we want.

We divide our study into two parts: first, we consider groups with the
normalizer condition in general, and afterwards we concentrate on the case of
groups of finite order. As it is well known, the finite groups with the normalizer
condition are simply the finite nilpotent groups, hence the latter case reduces to
the study of finite p-groups. In the general setting, we prove that s(G) = ω(G)
for ω(G) < 4. If ω(G) = 4 then we can bound s(G), and in fact we can get the
equality by imposing the extra condition that G does not have any quotients
isomorphic to C2 × C2 (see Theorem 2.2). This means that our result can be
improved for finite p-groups if p > 2. In this case, the equality s(G) = ω(G)
holds under the weaker assumption that ω(G) < p + 2, as shown in Theorem
3.1. Again it is possible to give a bound for s(G) when ω(G) = p + 2. In all
cases, we give some examples showing that our results cannot be improved.

2 General groups satisfying the normalizer con-

dition

Suppose a subgroup H of a group G satisfies that H < Hg for some g ∈ G.
Then we obtain an infinite chain H < Hg < Hg2

< · · · < Hgi
< · · · of
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conjugate subgroups. If H happens to be a normalizer in G, then s(G) will
not be finite, regardless of the value of ω(G). We are not concerned with
groups with infinitely many normalizers, and, as we next see, this is never the
case for group satisfying the normalizer condition NC.

We say a normalizer in a group G is a maximal normalizer if it is maximal
in the set of all proper normalizers in G.

Lemma 2.1. Let G be a group satisfying the normalizer condition. Then:

(i) For any H ≤ G and g ∈ G such that H ≤ Hg, we have that H = Hg. In
particular, a subgroup of G cannot be conjugate to its normalizer in G.

(ii) If ω(G) is finite, then any proper normalizer in G is contained in a
maximal normalizer.

Proof. (i) Suppose, by way of contradiction, that H < Hg. Then there exist
h ∈ H and g ∈ G such that hg ∈ Hg

� H . Hence also [h, g] ∈ Hg
� H . Now

it is easy to see by induction on i that [h, g, i. . ., g] ∈ Hgi
� Hgi−1

for all i ≥ 1.
In particular, [h, g, i. . ., g] �= 1 for all i ≥ 1. But, by a theorem of Plotkin (see
Theorem 12.2.2 in [4]), any group satisfying the normalizer condition is locally
nilpotent. Thus 〈g, h〉 is a nilpotent group and we get a contradiction.

(ii) Let K be a normalizer in G. Let us denote by Ω the set of all proper
normalizers of G containing K. By (i), every chain of elements of Ω has length
at most ω(G). In particular, it is a finite chain and by Zorn’s Lemma, there
exists at least a maximal element in Ω.

We can now state our main result about general groups with the normalizer
condition. Note that if G is a group satisfying the normalizer condition then
any maximal normalizer is normal in G.

Theorem 2.2. Let G be a group satisfying the normalizer condition.

(i) If ω(G) ≤ 3 then s(G) = ω(G).

(ii) If ω(G) = 4 then s(G) ≤ 5 and, if G has no quotients isomorphic to
C2 × C2, then actually s(G) = ω(G).

Proof. (i) By Lemma 2.1, we know that there exists at least one maximal
normalizer N , which is normal in G. Of course, this already proves the equality
s(G) = ω(G) when ω(G) = 2, so we assume that ω(G) = 3. Then, apart from
the trivial classes of N and G itself, we have only one more conjugacy class of
normalizers in G. Let K be a representative of this class. Again by Lemma
2.1, NG(K) is either N or G. In the latter case we are done, hence we suppose
NG(K) = N . Then all proper normalizers of G are contained in N , and it
follows that 〈g〉 � G for all g ∈ G � N . Hence G/CG(g) can be embedded in
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Aut 〈g〉, and consequently this factor group is abelian. Thus G′ ≤ CG(g) for all
g ∈ G �N . Since G �N generates the whole of G, we deduce that G′ ≤ Z(G)
and G has class at most 2. As already observed in the introduction, then K
is a normal normalizer, contrary to our assumption.

(ii) Suppose now that ω(G) = 4, and let again N be a maximal normalizer
in G. If this is the only maximal normalizer in G, then we can argue as above
to prove that s(G) = ω(G). Thus we may assume that there is one more
maximal normalizer L. So far we have three classes of (normal) normalizers.
Let K be a representative of the fourth class of normalizers, and suppose by
way of contradiction that K is not normal in G. Then NG(K) = L or N , so
we can repeat the argument in (i) to show that G′ centralizes 〈G � (L ∪ N)〉.
Now, by the main result in [5], either G = 〈G � (L ∪ N)〉 or

G

L ∩ N ∩ 〈G � (L ∪ N)〉
∼= C2 × C2. (1)

In the first case, we obtain the contradiction that G has class 2 and hence
s(G) = ω(G). This is necessarily the case if G has no quotients isomorphic
to C2 × C2. On the other hand, if (1) holds then |G : L| = |G : N | = 2.
Consequently |ClG(K)| = |G : NG(K)| = 2 and s(G) = 5, as desired.

We cannot do any better in the last theorem. Indeed, the semidihedral
group of order 16, SD16 = 〈a, b | a8 = 1 = b2, ab = a3〉, has 5 normalizer
subgroups: the whole group, 〈a2, b〉, 〈a2, ab〉, 〈a4, b〉 and 〈a4, ba2〉. The last two
subgroups are conjugate so that ω(G) = 4.

3 Finite p-groups

Now we turn our attention to finite groups with the normalizer condition, that
is, to finite nilpotent groups. If G is a finite nilpotent group, then we can
decompose it as the direct product of its Sylow subgroups: G = P1 ×· · ·×Pt.
Since any subgroup of G is of the form H1 × · · · × Ht, where Hi ≤ Pi for all
i, it is clear that s(G) = s(P1) . . . s(Pt) and ω(G) = ω(P1) . . . ω(Pt). Thus the
equality s(G) = ω(G) will hold if and only if it holds in all Sylow subgroups
of G. This allows us to reduce to the case of finite p-groups. Our aim in this
section is to show that we can then improve Theorem 2.2 by allowing the prime
p to play a role in the bound for ω(G) ensuring the equality s(G) = ω(G).

Theorem 3.1. Let G be a finite p-group.

(i) If ω(G) < p + 2 then ω(G) = s(G).

(ii) If ω(G) = p + 2 then either s(G) = ω(G) or s(G) = 2p + 1.
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Proof. Let H1, . . . , Hn be the maximal normalizers in G. If G = 〈G � (H1 ∪
. . .∪Hn)〉 then, arguing as above, we get that G′ ≤ Z(G) and s(G) = ω(G). So
we may assume that 〈G�(H1∪. . .∪Hn)〉 is a proper subgroup of G. Let M be a
maximal subgroup of G containing it. Then we can write G = H1∪. . .∪Hn∪M
as a union of proper subgroups and, by Theorem 1 in [2],

|G| ≤ |H1| + · · ·+ |Hn|. (2)

Since |Hi| ≤ |G|/p for all i, it is clear that n ≥ p. Furthermore, if n = p then
all the Hi are maximal subgroups of G.

(i) If ω(G) ≤ p + 1 then necessarily n = p and ω(G) = p + 1. Thus all
proper normalizers in G are maximal normalizers and, in particular, normal
in G. Hence s(G) = ω(G).

(ii) Suppose now ω(G) = p + 2. If n = p + 1 then again s(G) = ω(G).
Otherwise n = p. Let K be a representative of the only class of proper and
non-maximal normalizers. We may assume K is not normal in G, and then
NG(K) = Hi for some i. Since Hi is maximal in G, it follows that the conjugacy
class of K has length p. Thus s(G) = 2p + 1 in this case.

Note that for the particular case p = 2, the results in our last theorem are
exactly the same we obtained in Theorem 2.2. Thus the group SD16 already
yields an example showing that we cannot improve Theorem 3.1 for finite 2-
groups. If we want similar examples for the odd primes, we can consider the
group G = 〈x, y | xp3

= yp2
= 1, xy = x1+p〉. This group has p + 2 conjugacy

classes of normalizers, corresponding to the whole group, to the subgroups
〈yxi, xp〉 for i = 0, . . . , p − 1, which are maximal (and in particular normal)
in G, and finally to 〈y, xp2〉. This last subgroup is not normal in G, thus
s(G) > ω(G). Observe that this group has order p5, whereas SD16 has order
24. Hence it is natural to ask: can we give, for odd p, an example of a group
G of order p4 such that ω(G) = p + 2 and s(G) > ω(G)? The answer is no.
Suppose, by way of contradiction, that G is such a group. We already know
that its nilpotency class must be bigger than 2, so G is a group of maximal
class. Since p is odd, by applying Theorem 3.2 of [1] we get that G/Z(G) is a
group of exponent p. For this reason, every maximal subgroup of G/Z(G) is a
normalizer (the normalizer of the subgroup generated by any of the non-central
elements in it). It follows that the maximal subgroups are normalizers also in
G. Hence G has at least p + 2 normal normalizers, and this contradicts that
ω(G) = p + 2 and s(G) > ω(G).

Both Theorems 2.2 and 3.1 show that for the limit value of ω(G) for which
we cannot guarantee that s(G) = ω(G), it is still possible to bound s(G). Now
the following question arises.

Question 3.2. Let G be a group satisfying the normalizer condition, and
suppose that ω(G) is finite. Can we bound s(G) by a function of ω(G)? Is this
true at least for finite p-groups?
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A way of proving that s(G) is ω(G)-bounded (that is, that it can be
bounded in terms of ω(G)) could be to show that |G : Z(G)| is ω(G)-bounded,
since in that case the lengths of all conjugacy classes of subgroups are ω(G)-
bounded. This statement is not true for any value of ω(G), and even for finite
p-groups. It suffices to consider the groups

Gm = 〈x, y | xp2m

= ypm

= 1, xy = x1+pm〉, for m ≥ 1,

which satisfy that ω(Gm) = m+1, while |Gm : Z(Gm)| = p2m. The reason why
we cannot bound |G : Z(G)| in terms of ω(G) in this example is that we cannot
control the prime p. However these groups have class 2, so s(G) = ω(G) in this
case and Question 3.2 has a positive answer. In fact, if G is a finite p-group
and s(G) > ω(G) then we deduce from Theorem 3.1 that p ≤ ω(G) − 2, and
the prime p is ω(G)-bounded. Hence the problem we have come across with
the groups Gm will not appear if we ask that s(G) > ω(G). For this reason,
we pose a second question.

Question 3.3. Let G be a group satisfying the normalizer condition, and
suppose that ω(G) is finite. If s(G) > ω(G), is |G : Z(G)| ω(G)-bounded? Is
this true at least for finite p-groups?

Related to this question, notice the main result of [6], where it is proved
that a group with a finite number of normalizers is central-by-finite. Now we
are interested in obtaining a quantitative version of this result with the number
of conjugacy classes of normalizers. Also in the spirit of Question 3.3, we can
mention Theorem 1 in [3], asserting that |G : Z(G)| is bounded by a function of
the number of conjugacy classes of non-normal subgroups for any finite group
G. We intend to address these two questions in a subsequent paper.
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