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Abstract

Let R be a ring with 1, G = [H]K a group of a semidirect product
of H with K, and Z the center of G. Then RG is an Azumaya group
ring if and only if (i) RH and RK are Azumaya, (ii) |H/(H ∩ Z)| and
|K/(K ∩ Z)| are finite, and (iii) |H ∩ G′| is finite and invertible in R
where G′ is the commutator subgroup of G and |P | is the order of a group
P . Moreover, an Azumaya group algebra RG being isomorphic with a
direct sum of matrix algebras is characterized in terms of a semidirect
product of groups.
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1 Introduction

Let R be a ring with 1 and G a group with center Z. In [1], it is shown that
the group ring RG is Azumaya if and only if G = ZH and RH is Azumaya for
a finitely generated subgroup H of G ([1], Lemmas 2.2, 4.2, and 4.3). Noting
that Z and H are normal subgroups of G and that RZ and RH are Azumaya,
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in the present paper, we consider a group G = [H]K, a semidirect product of
H with K, i.e., H is a normal subgroup of G and K is a H-complement in G.
We shall show that RG is an Azumaya group ring if and only if (i) RH and
RK are Azumaya, (ii) |H/(H∩Z)| and |K/(K∩Z)| are finite, and (iii) |H∩G′|
is finite and invertible in R where G′ is the commutator subgroup of G and
|P | is the order of a group P . This implies the case of G which is VG(K) ·K of
a product of a subgroup K and its centralizer subgroup VG(K) in G. We also
give an equivalent condition for an Azumaya RG for a not necessarily normal
subgroup H of G. Moreover, an Azumaya group algebra RG being isomorphic
with a direct sum of matrix algebras is characterized in terms of a semidirect
product of groups.

Throughout, we assume that R is a ring with 1, G a group with center
Z, G′ the commutator subgroup of G, |K| the order of a group K, and C(K)
the center of K. Let B be a ring with 1 and A a subring of B with the same
identity 1. Then B is called a separable extension of A if there exist {ai, bi in B,
i = 1, 2, ..., k for some integer k} such that

∑
aibi = 1 and

∑
xai⊗bi =

∑
ai⊗bix

for all x in B where ⊗ is over A. In particular, B is called an Azumaya algebra if
it is a separable extension over its center. For more about separable extensions
and Azumaya algebras, see [2], [3], and [4].

2 Main Results

Let G be a semidirect product of H with K, G = [H]K, i.e., H is a normal
subgroup of G and K is a H-complement in G. Keeping the notations of section
1, we shall show an equivalent condition for an Azumaya group ring RG in
terms of the Azumaya subgroup rings RH and RK. We recall the important
characterization of an Azumaya group ring as given by F.R. DeMeyer and G.J.
Janusz ([1], Theorem 1).

Proposition 2.1 The group ring RG is an Azumaya algebra if and only if
(i) R is Azumaya, (ii) |G/Z| is finite, and (iii) |G′| is finite and invertible in
R.

We need a property for a group K with center C(K).

Lemma 2.2 Let K be a subgroup of G. Then K/C(K) ∼= ZK/C(ZK).

Proof. Let α : K −→ ZK/C(ZK) by α(k) = k for each k ∈ K. Then α
is a composition of two group homomorphisms K −→ ZK −→ ZK/C(ZK).
Hence α is a group homomorphism. Let zk ∈ ZK/C(ZK) for a z ∈ Z and
a k ∈ K. Since Z ⊂ C(ZK), zk = k = α(k); and so α is onto. On the
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other hand, let k ∈ Ker(α). Then α(k) = k = 1 ∈ ZK/C(ZK). Hence k ∈
K ∩C(ZK) which is C(K). Thus Ker(α) ⊂ C(K). Clearly, C(K) ⊂ Ker(α),
so Ker(α) = C(K). Therefore, K/C(K) ∼= ZK/C(ZK).

By using Proposition 2.1 and Lemma 2.2, we obtain a different proof of
Lemma 4.2 in [1] that the group ring RK is Azumaya if and only if R(ZK) is
Azumaya for a subgroup K of G.

Corollary 2.3 Let K be a subgroup of G. Then RK is Azumaya if and
only if R(ZK) is Azumaya.

Next we consider a group G which is a product of two subgroups P and
K, G = PK.

Lemma 2.4 Let G = PK for some subgroups P and K of G. If RP and
RK are Azumaya such that |P/(P ∩ Z)| < ∞ and |K/(K ∩ Z)| < ∞, then
|G/Z| < ∞.

Proof. Since RP and RK are Azumaya, R(ZP ) and R(ZK) are Azumaya
by Corollary 2.3. Noting that Z ⊂ C(ZP )∩C(ZK) such that G = (ZP )(ZK),
we have that Z = C(ZP ) ∩ C(ZK). But then |G/Z| = |(ZP )(ZK)/Z| ≤
|ZP/Z||ZK/Z|. Since ZP/Z ∼= P/(P ∩Z) and ZK/Z ∼= K/(K ∩Z), |G/Z| ≤
|ZP/Z||ZK/Z| = |P/(P ∩ Z)||K/(K ∩ Z)| < ∞.

The following is an equivalent condition for an Azumaya group ring RG
where G = [H]K which is a semidirect product of H with K.

Theorem 2.5 Let G = [H]K where H is normal in G and K is a H-
complement in G. Then RG is Azumaya if and only if (i) RH and RK are
Azumaya, (ii) |H/(H ∩ Z)| and |K/(K ∩ Z)| are finite, and (iii) |H ∩ G′| is
finite and invertible in R.

Proof. (=⇒) (i) Since K ∩ Z ⊂ C(K), |K/C(K)| ≤ |K/(K ∩ Z)|. But
KZ/Z ∼= K/(K ∩ Z), so |K/C(K)| ≤ |KZ/Z| ≤ |G/Z|. By hypothesis, RG
is Azumaya, so |G/Z| < ∞. Thus |K/C(K)| < ∞. Moreover, K ′ ⊂ G′, so
|K ′| is finite and invertible in R because so is |G′|. Also, noting that RG is
Azumaya, we have that R is Azumaya by Proposition 2.1. Therefore RK is
Azumaya by Proposition 2.1 again. Similarly, RH is Azumaya.

(ii) Since ZH/Z ∼= H/(H ∩ Z) and ZK/Z ∼= K/(K ∩ Z), |H/(H ∩ Z)| =
|ZH/Z| ≤ |G/Z| and |K/(K ∩ Z)| = |ZK/Z| ≤ |G/Z|. But RG is Azumaya
by hypothesis, so |G/Z| < ∞. Thus |H/(H ∩ Z)| and |K/(K ∩ Z)| are finite.

(iii) Since RG is Azumaya again, |G′| is finite and invertible in R. As a
subgroup of G′, the order of H ∩ G′ is finite and invertible in R.
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(⇐=) By Proposition 2.1, it suffices to show that (i) R is Azumaya, (ii)
|G/Z| is finite, and (iii) |G′| is finite and invertible in R. In fact, part (i) holds
because RH is Azumaya. Part (ii) is true by Lemma 2.4. For part (iii), since
G = [H]K where H is normal in G and K is a H-complement in G, G/H ∼= K.
By hypothesis, RK is Azumaya, so R(G/H) is Azumaya. Hence the order of
the commutator subgroup (G/H)′ of G/H is finite and invertible in R. Since
(G/H)′ = G′H/H ∼= G′/(G′ ∩ H), |G′/(G′ ∩ H)| is finite and invertible in R.
But |H ∩ G′| is finite and invertible in R by hypothesis, so |G′| is finite and
invertible in R. Thus, RG is Azumaya by Proposition 2.1.

Next is an equivalent condition for an Azumaya RG when G = VG(K) · K
where VG(K) is the centralizer subgroup of K in G.

Theorem 2.6 Let G = VG(K) · K for a subgroup K of G. Then RG is
Azumaya if and only if R(VG(K)) and RK are Azumaya.

Proof. (=⇒) The necessity is clear by proof of Theorem 2.5-(i).

(⇐=) By Proposition 2.1, we claim that (i) R is Azumaya, (ii) |G/Z| is
finite, and (iii) |G′| is finite and invertible in R. In fact, (i) since RK is
Azumaya, R is Azumaya by Proposition 2.1. (ii) Since G = VG(K) · K,

Z = VG(G) = VG(VG(K) · K) = VVG(K)(VG(K)) = C(VG(K)). (1)

Also, C(K) = VK(K) = VG(K) ∩ K ⊂ Z, so

C(K) = K ∩ Z. (2)

But R(VG(K)) and RK are Azumaya, so |VG(K)/C(VG(K))| and |K/C(K)|
are finite; that is, |VG(K)/Z| and |K/(K ∩ Z)| are finite by equations (1)
and (2) respectively. Thus, |G/Z| = |(VG(K) · K)/Z| = |(VG(K)(ZK))/Z| ≤
|VG(K)/Z||ZK/Z| = |VG(K)/Z||K/(K ∩Z)| < ∞. (iii) Since G = VG(K) ·K,
G′ = VG(K)′ · K ′. But R(VG(K)) and RK are Azumaya, so |VG(K)′| and
|K ′| are finite and invertible in R by Proposition 2.1. Thus |G′| (= |VG(K)′| ·
|K ′|/|VG(K)′∩K ′|) is finite and invertible in R. Therefore RG is Azumaya by
Proposition 2.1.

In general, for G = PK for some subgroups P and K of G, the conditions
in Lemma 2.4 are sufficient to imply that |G/Z| < ∞, so the following theorem
is immediate.

Theorem 2.7 Let P and K be subgroups of G such that G = PK. Then
RG is Azumaya if and only if (i) RP and RK are Azumaya, (ii) |P/(P ∩Z)|
and |K/(K ∩ Z)| are finite, and (iii) |G′| is finite and invertible in R.
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3 Matrix Group Algebras

In this section, we study a group RG of a group G which is semidirect product
of a normal p-complement N with a commutative p-Sylow subgroup P for a
prime integer p; that is, G = [N ]P . Let R be a field of characteristic p and
G a finite group. In [5], it was shown that RG ∼= ⊕∑l

i=1 Mi(R) for some
integer l where Mi(R) is a matrix algebra over R if and only if G = [N ]P
where N is a normal p-complement with a commutative p-Sylow subgroup P .
In [1], this fact was extended to RG over a commutative complete local ring
R with residue field R/m of characteristic p where m is the maximal ideal of
R. Now let R be an indecomposable commutative ring of characteristic pk for
some prime integer p and an integer k. We shall show that if G = [N ]P , a
semidirect product of a normal p-complement N with a commutative p-Sylow
subgroup P , then RG ∼= ⊕∑l

i=1 Mi(R) for some integer l where Mi(R) is a
matrix algebra over R. Also, the converse holds under some condition. We
begin with an observation that RG is Azumaya group algebra for G = [N ]P .

Lemma 3.1 Let R be a commutative ring of characteristic pk. If G =
[N ]P , a semidirect product of a normal p-complement N with a commutative
p-Sylow subgroup P , then RG is Azumaya.

Proof. Since R is commutative and G is finite, it suffices to show that the
order of G′ is a unit in R by Proposition 2.1. For any g1, g2 ∈ G, since
G = [N ]P , g1 = a1b1 and g2 = a2b2 for some a1, a2 ∈ N and b1, b2 ∈
P . Hence g1g2g

−1
1 g−1

2 = (a1b1)(a2b2)(a1b1)
−1(a2b2)

−1 = a1b1a2b2b
−1
1 a−1

1 b−1
2 a−1

2 .
Noting that N is a normal subgroup and P is a commutative subgroup,
we have that g1g2g

−1
1 g−1

2 = a1b1a2b2b
−1
1 a−1

1 b−1
2 a−1

2 = a1b1a2b
−1
1 b2a

−1
1 b−1

2 a−1
2 =

a1(b1a2b
−1
1 )(b2a

−1
1 b−1

2 )a−1
2 ∈ N . Thus G′ ⊂ N . But the orders of N and p are

relatively prime, so the order of G′ is a unit in R. This completes the proof.

Throughout, we let R be an indecomposable commutative ring of charac-
teristic pk for some integer k, G a finite group, and [N ]P , a semidirect product
of a normal p-complement N with a commutative p-Sylow subgroup P .

Next, we show that the Azumaya group algebra RG as given in Theorem
3.1 is a direct sum of matrix algebras.

Theorem 3.2 Let RG (= R([N ]P )) be given in Theorem 3.1. Then RG ∼=
⊕∑l

i=1 Mi(R) for some integer l where Mi(R) is a matrix algebra over R.

Proof. Let R0 be the minimal subring of R. Since R is an indecomposable
commutative ring of characteristic pk for some prime integer p and an integer
k, R0 = J/pkJ where J is the ring of integers. But R0 is a commutative
complete local ring, so R0G ∼= ⊕∑l

i=1 Mi(R0) for some integer l where Mi(R0)
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is a matrix algebra over R0 ([1], Corollary). Thus RG ∼= R ⊗R0 R0G ∼= R ⊗R0

(⊕∑l
i=1 Mi(R0)) ∼= ⊕∑l

i=1(R ⊗R0 Mi(R0)) ∼= ⊕∑l
i=1 Mi(R).

Let the set {e(i)
m,j} denote the canonical basis for the matrix algebra Mi(R)

of order ni; that is, the (m, j)th-entry of e
(i)
m,j is 1 and other entries are 0 for

m, j = 1, 2, . . . , ni. We show that the converse of Theorem 3.2 holds if {e(i)
m,j}

are “realizable in R0” as given in the following.

Theorem 3.3 Assume α : RG ∼= ⊕∑l
i=1 Mi(R) for some integer l where

Mi(R) is a matrix algebra over R. If the canonical basis {e(i)
m,j} of ⊕∑l

i=1 Mi(R)
are contained in

∑
g∈G R0α(g), then G = [N ]P .

Proof. Since α : RG ∼= ⊕∑l
i=1 Mi(R), {α(g)|g ∈ G} is a basis of

⊕∑l
i=1 Mi(R) over R. By hypothesis, the canonical basis {e(i)

m,j} of ⊕∑l
i=1 Mi(R)

are contained in
∑

g∈G R0α(g), so ⊕∑l
i=1 Mi(R0) ⊂ ∑

g∈G R0α(g). Noting that
∑

g∈G R0α(g) is a free algebra over R0 with a basis {α(g)|g ∈ G}, we have that
dimR0(⊕

∑l
i=1 Mi(R0)) = the order of G = dimR0(

∑
g∈G R0α(g)). But then

⊕∑l
i=1 Mi(R0) =

∑
g∈G R0α(g) ∼= R0G. Since R0 (= J/pkJ) is a commutative

complete local ring, G = [N ]P ([1], Corollary).

We conclude this paper with three examples to demonstrate the results of
the paper.

Example 1. Let R = M2×2(J(3)) be the matrix ring of order 2 over J(3),
the ring of integers J localized with respect to the multiplicative closed set
{3n, n = 0, 1, 2, · · · · · ·} and G = [H]K where H is the cyclic group of order 3
and K is the cyclic group of order 2. Then RG is Azumaya by Theorem 2.5
because |G′| = |H | = 3 invertible in J(3).

Example 2. Let J be the integers, R = M2×2(J/3J) the matrix ring
of order 2 over J/3J , and G = Q8 the quaternion group of order 8, that is,
G = 〈i〉〈j〉 where i2 = j2 = iji−1j−1 and i4 = 1. Then RG is Azumaya by
Theorem 2.7 because |G′| = |{−1, 1}| = 2 which is invertible in J/3J . We
note that G is not a semidirect product of two subgroups.

Example 3. Let R = J . Then JQ8 is not Azumaya; but J(2)Q3 is Azumaya
where J(2) is the ring of J localized with respect to the multiplicative closed
set {2n, n = 0, 1, 2, · · · · · ·}.

ACKNOWLEDGEMENTS. This paper was written under the support
of a Caterpillar Fellowship at Bradley University. The authors would like to
thank Caterpillar Inc. for the support.



Azumaya group rings of a semidirect product of groups 825

References

[1] F.R. DeMeyer and G.J. Janusz, Group rings which are Azumaya algebras,
Trans. Amer. Math. Soc., 279(1) (1983), 389-395.

[2] P. Nuss, Galois-Azumaya Extensions and the Brauer Group of a Commu-
tative Ring, Bull. Belg. Math. Soc. Vol., 13 (2006), 247-270.

[3] G. Szeto and L. Xue, The Galois Algebra with Galois Group which is the
Automorphism Group, Journal of Algebra, 293(1) (2005), 312-318.

[4] G. Szeto and L. Xue, On Galois Algebras Satisfying the Fundamental
Theorem, Communications in Algebra, 35(12) (2007), 3979-3985.

[5] C.T.C. Wall, Norms of units in Group Rings, Proc. London Math. Soc.,
29(3) (1974), 593-632.

Received: January, 2010


