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Abstract

In [3], Thomas Goodwillie proved that rationally relative algebraic
K-theory is the same as relative cyclic homology. In this note we provide
a new proof, based on the use of Malcev theory, of an analogue of
this result for hermitian K-theory. Precisely, we show that rationally
relative hermitian algebraic K-theory is isomorphic to relative dihedral
homology.
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1 Introduction

In this paper, we study the relation between hermitian algebraic K-theory and
dihedral homology. Specifically, we prove that in characteristic zero, relative
hermitian algebraic K-theory is the same as relative dihedral homology for
nilpotent ideals. Our proof is based on Malcev theory, the definition and the
use of Volodin’s relative model for nilpotent ideals in the case of hermitian
K-theory and dihedral homology. The organization of this paper is as follows:
Section 2 consists of a review of the fundamentals of dihedral homology theory.
Section 3 contains the essentials of hermitian algebraic K-theory. Section 4
defines the model of Volodin in the case of hermitian algebraic K-theory and
recall the ingredients needed from Malcev’s theory. In Section 5 we relate the
previous two sections and establish the main result of the paper.
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2 Relative dihedral homology for nilpotent ide-

als

First we recall Hochschild homology for an associative k-algebra A where k is
a commutative ring with a unit. An A-bimodule is a k-module P on which A
acts from left and right such that (am)a′ = a(ma′) for all a, a′ ∈ A and m ∈ P .

Definition 2.1 (cf [5]) Let A be a unital associative k-algebra and P be
an A-bimodule. The Hochschild homology of A with coefficients in P is the
homology of the following chain complex

... −−−→ Cn(A, P )
bn−−−→ Cn−1(A, P )

bn−1−−−→ ... −−−→ C0(A, P ) −−−→ 0 (1)

where Cn(A, P ) = P ⊗ A⊗n for n ≥ 1 and C0(P, A) = P . The map bn is
given explicitly by the formula

bn(p, a1, ..., an) = (pa1, a2, ..., an) +
n−1∑
i=1

(p, a1, ..., aiai+1, ai+2..., an)

+(−1)n(anp, a1, ..., an−1).

The homology of this complex is denoted H∗(A, P ) and HH∗(A) = H∗(A, A)
is called Hochschild homology of the algebra A.

In 1981, Alain Connes [1] noticed that there is an action of the cyclic group
Zn+1 on the Hochschild complex of the algebra A, Cn(A, A) = A⊗n+1

given
by t (a0, a1, ..., an) = (−1)n(an, a0, a1, ..., an−1) where t is a generator of Zn+1.
This action is compatible with the differential b and then allows to consider the
complex quotient C∗(A) := (C∗(A, A)/(1−t), b). By definition cyclic homology
of the algebra A is given by HCm(A) = Hm(C∗(A)). Let denote the dihedral
group Dn+1 given by generators and relations by Dn+1 =< t, u | tn = 1 =
u2, utu−1 = t−1 >. If in addition the algebra A has an involution (a �→ a), i.e.
an anti-automorphism (ab = ba), then the generator u of the dihedral group
acts on the complex C∗(A) by u (a0, a1, ..., an) = (−1)n(n−1)/2(a0, an, ..., a1).
This action commutes with the boundary b to give the complex D∗(A) :=
(C∗(A)/(1− t, 1 + u), b). The dihedral homology of the involutive algebra A is
given by HDm(A) = Hm(D∗(A)).
Now if I is a two sided ideal of A and closed under the involution then the
quotient algebra A/I inherits an involution. The relative dihedral homology
HD∗(A, I) is the homology of the complex ker(D∗(A) → D∗(A/I)). There is
then a long exact sequence connecting the dihedral homologies of the algebra
A and its quotient algebra A/I with the relative dihedral homology

... → HDm(A, I) → HDm(A) → HDm(A/I) → HDm−1(A, I) → ...
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Properties and examples of calculations of cyclic and dihedral homologies can
be found in [5].

3 Relative hermitian K-theory for nilpotent

ideals

Recall that a group is perfect if it is equal to its commutator subgroup. Now we
review the basics of Quillen Plus-construction which allows to define algebraic
K-theory. Basically the construction changes the fundamental group of a space
without changing its homology. Here is a precise theorem of Quillen.

Theorem 3.1 Let X be a connected space with a base point x0 such that
the fundamental group Π := π1(X, x0) contains a perfect normal subgroup N .
Then there exits a connected based space X+ and a based continuous map
(unique up to homotopy) i : X → X+ such that the mapping π1(X, x0) →
π1(X

+, x0) can be identified with Π → Π/N and i∗ : H∗(X, Z) → H∗(X+, Z)
is an isomorphism.

For a ring R, recall that the linear group GLn(R) embeds naturally in GLn+1(R)
and by definition the infinite linear group GL(R) is the inductive limit of the
{GLn(R)}n. It is well known [5] that Quillen Plus-construction can be applied
to the classifying space BGL(R) of the infinite linear group to give Quillen’s
higher K-theory Kn(R) = πn(BGL(R)+) for n ≥ 1. Recall that, for an in-
volutive ring R, the orthogonal group On,n(R) is the isometry group of the

symmetric bilinear module (Rn ⊕ Rn,

(
0 In

In 0

)
). By definition the infinite

orthogonal group is the inductive limit of the {On,n(R)}n. In 1980, Karoubi
[4] showed that the Plus-construction applies to the classifying space of the
infinite orthogonal group O(R) of an involutive ring R to give what’s called
hermitian K-theory (or L-theory) Ln(R) = πn(BO(R)+) for n ≥ 1. Recall also

that the hyperbolic functor Rn �→ (Rn ⊕ Rn,

(
0 In

In 0

)
) induces a natural

homomorphism Kn(R) → Ln(R).
Now if I is an ideal closed under involution of R then the surjection R →
R/I induces a homomorphism O(R) → O(R/I) which also induces a con-
tinuous mapping at the level of Plus-construction on the classifying spaces
BO(R)+ → BO(R/I)+. Let denote the homotopy fiber of this mapping by
F (R, I). Since this homotopy fiber is not connected in general, it will prove
useful to introduce the group O(R/I) := Im(O(R) → O(R/I)) as the image
of the map O(R) → O(R/I). Obviously this group contains the hermitian ele-
mentary group Eh(R/I) = [O(R/I), O(R/I)] (the commutator subgroup) and
Plus-construction applies yielding the homotopy fibration of connected spaces
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F (R, I) → BO(R)+ → BO(R/I)+ (see [5] p 359 for more details).
Now we state the definition of the relative hermitian K-theory of the pair
(R, I).

Definition 3.2 Let R be an involutive ring and I be an ideal closed under
the involution. For an integer n ≥ 1, the n-th relative hermitian K-group of
the pair (R, I) is given by

Ln(R, I) := πn(F (R, I)). (2)

These groups fit in an exact sequence

... → Lm(R, I) → Lm(R) → Lm(R/I) → Lm−1(R, I) → ... → L1(R/I).

4 Volodin’s model for hermitian K-theory

In addition to the Plus-construction there are other models which can be used
to define K- and L-theory. Following [11] we define Volodin’s model in the
context of hermitian algebraic K-theory.

4.1 Volodin’s absolute model

The following is the definition of the absolute Volodin model in the context of
classical K-theory.

Definition 4.1 [13] Let G be a group and {Gk} be a family of subgroups.
Denote V (G, {Gk}) the simplicial set with elements of G as vertices and g0, ..., gp

(gi �= gj for i �= j) form a p-simplex if and only if all gi.g
−1
j belong to the same

Gk for some k. Now G acts diagonally on V (G, {Gk}). Let W (G, {Gk})
be the geometric realization of V (G, {Gk}). Volodin’s model is defined as
X({Gk})) = W (G, {Gk})/G = ∪kBGk ⊂ BG.

Now let σ be an order on the set {1, 2, ..., 2n} := 2n, we define the triangular
subgroups T σ

n,n(R) of the orthogonal group On,n(R) by T σ
n,n(R) = T σ

2n(R) ∩
On,n(R), where

T σ
2n(R) = {(αi,j)1≤i,j≤2n ∈ GL2n(R) | αi,i = 1 and αi,j = 0 if i ≮σ j}

are the triangular subgroups, relative to the order σ, of the linear group
GL2n(R). In the case when the order σ is 1 < 2 < 3... < 2n, T σ

2n(R) is
the set of upper-triangular matrices with 1’s on the diagonal.
As in the classical K-theory, Volodin’s hermitian K-theory is then defined by

LV
i (R) = πi−1(lim−→

|V (On,n(R), T σ
n,n(R))|) = lim

−→
πi−1(|V (On,n(R), T σ

n,n(R))|),
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where |V (On,n(R), T σ
n,n(R))| stands for the geometric realization of the sim-

plicial setV (On,n(R), T σ
n,n(R)). Let denote Xn,n(R) = ∪σ B(T σ

n,n(R)). The
inclusions T σ

n,n(R) ⊂ T σ
n+1,n+1(R) induce Xn,n(R) ⊂ Xn+1,n+1(R). Let X(R)

be the inductive limit, over n, of Xn,n(R). It was proven in [11] that
X(R) −→ BO(R) −→ BO(R)+ is a homotopy fibration. This gives the
equivalence between Karoubi’s hermitian K-theory and Volodin’s hermitian
K-theory: for i > 2,

LV
i (R) := πi−1(X(R)) ∼= πi(BO(R)+) = Li(R).

4.2 Volodin’s relative model

For a closed ideal I of the involutive ring R, we define the relative triangu-
lar groups as T σ

n,n(R, I) = T σ
2n(R, I) ∩ On,n(R), where T σ

2n(R, I) = {id2n +
(αi,j)1≤i,j≤2n ∈ GL2n(R) | αi,j ∈ I for i ≮σ j} and id2n denotes the identity
matrix in dimension 2n.
For a fixed positive integer n, we define Xn,n(R, I) to be

Xn,n(R, I) := ∪σ B(T σ
n,n(R, I)).

Since the triangular groups T σ
n,n(R, I) form an inductive system, let T σ(R, I)

be the inductive limit and define X(R, I) := ∪σ BT σ(R, I).
The surjective homomorphism R → R/I induces a group homomorphism
T σ

2n(R) → T σ
2n(R, I), which in turn induces a group homomorphism T σ

n,n(R) →
T σ

n,n(R, I). These maps pass to the inductive limit level to give a map X(R) →
X(R, I) and a map X(R, I) → X(R/I) is defined in a similar way. Let
O(R/I) := Im(O(R) → O(R/I)) be the image of the map O(R) → O(R/I).

Lemma 4.2 The following diagram is a homotopy pullback

X(R, I) −−−→ BO(R)⏐⏐� ⏐⏐�
X(R/I) −−−→ BO(R/I)

(3)

Proof. We prove that this square is homotopy cartesian. An n-simplex
(g0, g1, ..., gn) in BO(R) is mapped in BT σ(R/I) ⊂ BO(R/I), for a certain
order σ if and only if, for all i, gi ∈ T σ(R, I). Then the simplex is in X(R, I).
�

Lemma 4.3 The sequence X(R, I) −→ B O(R) −→ B O(R/I)+ is a ho-
motopy fibration.
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Proof. Consider the following commutative diagram

X(R, I) −−−→ BO(R) −−−→ B O(R/I)+⏐⏐� ⏐⏐� ⏐⏐�
X(R/I) −−−→ BO(R/I) −−−→ B O(R/I)+

(4)

The left square is homotopy cartesian by Lemma 4.2. Now since X(R/I) →
B O(R/I) → B O(R/I)+ is a homotopy fibration then the homotopy fiber of
X(R/I) → B O(R/I) is homotopy equivalent to the loop space Ω B O(R/I)+.
But since the left square is homotopy cartesian, then the homotopy fiber of
the map X(R, I) → B O(R) is also homotopy equivalent to the loop space
ΩB O(R/I)+. Therefore X(R, I) −→ B O(R) −→ B O(R/I)+ is a homotopy
fibration. �

Lemma 4.4 The sequence (defined below) X(R) −→ X(R, I) −→ F (R, I)
is a homotopy fibration.

Proof. Consider the following commutative diagram

X(R) −−−→ X(R, I) −−−→ F (R, I)⏐⏐� ⏐⏐� ⏐⏐�
X(R) −−−→ BO(R) −−−→ BO(R)+⏐⏐� ⏐⏐� ⏐⏐�
∗ −−−→ B O(R/I)+ −−−→ B O(R/I)+

(5)

The vertical sequence in the middle is a homotopy fibration by lemma 4.3. The
one to the right also (by definition of F (R, I)). Then the maps X(R, I) →
BO(R) and F (R, I) → BO(R)+ have the same homotopy fiber which is the
loop-space ΩB O(R/I)+. Thus the square

X(R, I) −−−→ F (R, I)⏐⏐�
⏐⏐�

BO(R) −−−→ BO(R)+

(6)

is a homotopy pullback. Therefore the map X(R, I) → F (R, I) has the same
homotopy fiber, X(R), as the map BO(R) → BO(R)+. Thus The sequence
X(R) −→ X(R, I) −→ F (R, I) is a homotopy fibration. �

Lemma 4.5 The map X(R, I) −→ F (R, I) induces an isomorphism in
homology.
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Proof. Consider the following commutative diagram

X(R, I) −−−→ BO(R) −−−→ B O(R/I)+⏐⏐�
⏐⏐�

⏐⏐�
F (R, I) −−−→ BO(R)+ −−−→ B O(R/I)+

(7)

The second term of the spectral sequence of the top fibration is

E2
p,q = Hp(B O(R/I)+; Hq(X(R, I)).

This spectral sequence converges to Hp+q(BO(R)). Similarly, the second term
of the spectral sequence of the bottom fibration is

E ′2
p,q = Hp(B O(R/I)+; Hq(F (R, I)).

This spectral sequence converges to Hp+q(BO(R)+).
Now since B O(R/I)+ is an H-space, π1(B O(R/I)+) acts trivially on the ho-
mology of X(R, I) and on the homology of F (R, I). By the fundamental prop-
erty of the Plus-Construction (see Theorem 3.1), H∗(BO(R)) ∼= H∗(BO(R)+).
Then the theorem of comparison of spectral sequences of Zeeman [14] gives
the conclusion. �

We also have the following

Lemma 4.6 The image of the hermitian Steinberg group

Sth(R) = π1(X(R)) −→ π1(X(R, I))

is a perfect normal subgroup. The Plus-construction gives a homotopy equiva-
lence X(R, I)+ −→ F (R, I).

Proof. The homotopy exact sequence applied to the homotopy fibration
X(R) −→ X(R, I) −→ F (R, I) gives

Sth(R) = π1(X(R)) −→ π1(X(R, I)) −→ π1(F (R, I)) −→ π0(X(R)) = 0.

Since Sth(R) is a perfect subgroup [11] then π1(X(R, I)+) ∼= π1(F (R, I)), but
since H∗(X(R, I)+) ∼= H∗(F (R, I)) by Lemma 4.5 then X(R, I)+ and F (R, I)
have the same homotopy groups. Thus the mapping X(R, I)+ −→ F (R, I) is
a homotopy equivalence. �

4.3 Review of Malcev’s theory

We need some background about Malcev′s theory (see [9] for more details): A
nilpotent algebra is an algebra (without unit) such that An = 0 for some posi-
tive integer n. We denote by G the multiplicative group 1+A = {1+x | x ∈ A}
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and by G(A) the Lie algebra A with the bracket [x, y] = xy − yx. Recall that
for any nilpotent G, there exists a uniquely divisible nilpotent group, denoted
Ĝ, and called Malcev’s completion of G. There also exits a canonical mapping
j : G −→ Ĝ characterized by the facts that
(1) the kernel of j is a torsion subgroup of G and,
(2) if x ∈ Ĝ then xn is in the image of j for some a nonzero n.
Now let A be a nilpotent Q-algebra, T (A) be its tensor algebra and U(A) =
T (A)/ < xy− yx− [x, y] > its universal enveloping algebra. Let J be the aug-
mentation ideal of U(A), we denote by U(A)ˆ = limn U(A)/Jn the completion
of U(A) for the J-adic topology. The exponential map exp : Jˆ−→ 1 + Jˆ con-
verges for the J-adic topology. This map is invertible and its inverse is given
by the logarithm series. We have exey = ex+y if [x, y] = 0. By definition the
nilpotent group associated to A is N := exp(A) ⊂ (1 + Jˆ)×. There is a one-
to-one correspondence between rational nilpotent Lie algebras and uniquely
divisible nilpotent groups.
Now we use this in the context of the Lie algebra on,n(A) of the orthog-
onal group On,n(A) with the bracket [x, y] = xy − yx. Let tσn,n(A, I) =
tσ2n(A, I) ∩ on,n(A), where on,n(A) is the Lie algebra of the orthogonal group
On,n(A) with the bracket [x, y] = xy − yx. We define tσ(A, I) to be the in-
ductive limit of tσn,n(A, I). When I is a nilpotent ideal of A then tσ(A, I) is a
nilpotent Lie algebra. Now assume that A is involutive Q-algebra, then Mal-
cev’s theory gives the uniquely divisible nilpotent group associated to tσ(A, I)
which is the group T σ(A, I) defined in section 4. It is well known [10] that
H∗(tσ(A, I); Q) ∼= H∗(T σ(A, I); Q). Recall that X(A, I) = ∪σ B T σ(A, I),
now if we denote by x(A, I) = ∪σ B tσ(A, I), we have the isomorphism
H∗(X(A, I); Q) ∼= H∗(x(A, I); Q). Using the invariant theory, Loday and Pro-
cesi [6] proved that the primitive part of the homology of the Lie algebra of
orthogonal matrices is the same as dihedral homology. Then the primitive
part of Hi(x(A, I); Q) is PrimH∗(x(A, I)) ∼= HDi−1(A, I) ⊗ Q. The classical
Milnor-Moore theorem states that, in characteristic zero, a connected graded
Hopf algebra H which is cocommutative is isomorphic to the enveloping alge-
bra of its Lie algebra of primitive elements. H ∼= U(PrimH).
Now we have all the ingredients for the main theorem.

5 The main result

The next theorem gives an analogue of Goodwillie’s theorem for hermitian
algebraic K-theory. Precisely we have the following main result

Theorem 5.1 Let R be a hermitian ring with a unit and I a nilpotent ideal
which is closed under the involution. Then rationally, the relative hermitian
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algebraic K-theory is the same as the relative dihedral homology

Li(R, I) ⊗ Q ∼= HDi−1(R, I) ⊗ Q.

Proof. By definition the rational hermitian algebraic K-theory Li(R, I) ⊗
Q is πi(F (R, I)) ⊗ Q. The space F (R, I) inherits a structure of H-space
(since homotopy equivalent to X(R, I)+ by the previous Lemma, and Quillen’s
Plus-construction yields always a H-space). Now H∗(F (R, I)) becomes a
graded Hopf algebra (the diagonal map induces a comultiplication and the
H-space map induces a multiplication). Then using Milnor-Moore [8], we
have πi(F (R, I))⊗ Q ∼= PrimH∗(F (R, I))⊗ Q which is in turn isomorphic to
PrimH∗(X(R, I)) ⊗ Q by Lemma 4.6. Now using Pickel [10], this is isomor-
phic to PrimH∗(x(R, I), Q). To end the proof, Loday-Procesi [6], gives the
isomorphism with HDi−1(R, I) ⊗ Q.

References

[1] A. Connes, Cohomologie cyclique et foncteur Extn, C. R. Acad. Sc.
Paris, 269, (1983), 953-958.

[2] M. Elhamdadi, A note on λ-operations in orthogonal K-theory, Proc.
Amer. Math. Soc. 128 (2000), no. 1, 1–4.

[3] T. G. Goodwillie, Relative algebraic K-theory and cyclic homology, Ann.
of Math. (2) 124 (1986), no. 2, 347–402.
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