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Abstract

Various structures of additive groups of rings with involution are
studied under chain conditions on *-ideals and *-biideals. The situations
are analyzed when the additive groups are torsion free, non-nil torsion
free, torsion, non-nil torsion, and in general, mixed.
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1. Introduction

Study of additive groups of rings was initiated by R.A.Beaumont in [5]
and was followed by others as L. Redei and T. Szele [12], R.A. Beaumont and
H.S. Zuckerman [6], L. Fuchs [9], A. Kertesz [10], and S. Feigelstock [7]. In
particular, Feigelstock treated this subject more deeply. Theory of involution
appeared in this subject in [3] during a study of embedding on rings with
involution. Our aim here is to extend and investigate this subject using rings
with involution under chain conditions. Mostly, we follow and extend the work
of [7] to involution rings.

In [3],Aburawash gave the following characterization of the additive groups
of involution rings with DCC on*-biideals.

Proposition 1.1 ([2], Lemma 1). The additive group G of a ring R with
involution satisfying DCC' for *-biideals can be decomposed in the form

G=20Q" @O Zy ®Ly,
« 8 Pj

finite
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with p?j | m where «, 3 are arbitrary cardinals, p;, p; are primes, and m is a
fized positive integer. Moreover, if R has the identily, this decomposition can
be reduced to

~ +
G= GO?Q %prj

We begin our work by proving that the converse of this Proposition holds in
particular case. As a result we get a concrete characterization of the additive
group of such rings. Further, we analyze different situations in which the
additive group G is torsion free, non-nil torsion free, torsion, non-nil torsion,
and in general, when G is mixed.

In the sequel we assume that all rings are associative ( may not possess
identity). The underlying additive group of a ring R is denoted by G = R*.

An additive group G is said to be nil, in the sense of Feigelstock and
Schlussel [8], in case the only ring R with G = R" is the zero ring (R? = 0). G
is termed as non-nil in case there is a ring R, with G = R* such that R? # 0.

A ring R (an additive abelian group G) together with a unary operation x*
is said to be a ring (a group) with involution in case for all a,b € R,

(@)*=a, (a+b)*=a"+0b", and (ab)" =b"a”

(respectively, for all a,b € G, (a*)* =a, and (a+b)* =a* +b%).

An ideal I of R (a subgroup H of G) which is closed under involution; that
is I®) ={a*c R|acl} CI,istermed as *ideal (I <* R) (respectively,
*subgroup (H <* G)).

The principal ideal (*-ideal) of an involution ring generated be the element
a will be denoted by (a) ({a)*) and the principal subgroup (*-subgroup) of an
involution group generated be the element a will be denoted by (a) ((a)®).

A subring A of R is said to be a biideal of R if ARA C A and a *-biideal
if ;in addition, it is closed under the involution of R.

A is called a principal *-biideal (see [11]), if

A= (a),; = Za + Za* + aRa + a*Ra + aRa* + a*Ra".

A ring with involution * is a principal *-biideal ring if each *-biideal is a
principal *-biideal.

The following auxiliary lemmas are straightforward and can be verified by
elementary ring theoretic arguments.

Lemma 1.2. Fvery field has no propoer biideals.
Proof. Let B be a nonzero biideal of a field F', then for every a € F' and
b € B, we have a = bab~! € BFB C B, whence ' = B.l

2. Additive group of involution rings with chain conditions
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First, we prove Proposition 4.3.1 in [7], when the involution ring has dcc

*_ideals.

Proposition 2.1. A group G is the additive group of an involution ring
satisfying dec on *-ideals if and only if

GN@Q*@ Lo @Zk

finite

with pfj | m, where «, [ are arbitrary cardinals, p;, p; are primes, and m is a
fixed positive integer.

Proof.Let R be an involution ring satisfying dcc for *-ideals. Following a
similar proof to that of Proposition 4.3.1 in [7], we get

R*N@Q+ D Lo @Zk

finite

Now, let

G @Q*@Z @Zk

finite

with p?j | m, where «, § are arbitrary cardinals, p;, p; are primes, and m is a
fixed positive integer. Let F' be a field with

and S be a zero ring with
S+ - @ Z eSIN
finite °

Now

DL x @@@Zk,
ﬂpa‘ J=1k=1p; Pi

p; a prime and p;? |m, j=1,....n,k=1,...,n;. For ; finite, let T}, be
the sum of 3; copies of the ring of integers modulo p;*. For §; infinite, by [9,
Lemma 122.3], a commutative ring with unity 7} can be constructed so that

TJF @Zka

and the only (leftt) ideals in T} are Ty, pTik,---, p™ T = 0. Put

T=a& & Tj
=1 k=1
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Then the ring R = F & S @ T is commutative and possesses only finitely many
ideals [7, page 51]. Hence R with the identity involution has finitely many
*_ideals. W

Secondly, we give the converse of Lemma 1 posed by Aburawash in [3] in a
particular case.

Proposition 2.2. The additive group G of a ring R with involution satis-
fying dcc  for *-biideals can be decomposed in the form

GN@Q+ D Lps @Zk

finite

with p;’ | m where «, 3 are arbitrary cardinals, p;, p; are primes, and m is a
fixed positive integer. Mmoreover, if

G=eQ" & Zy & L DLy,

finite Ps finite pj

with p?j |m,,j=1,....nk=1,...,n;, where a, § are arbitrary cardi-
nals, p;, p; are primes, and m is a fived positive integer, then G is the additive
group of a ring R with involution satisfying dcc for *-biideals.

Proof. Let R be an involution ring satisfying the dcc for *-biideals. Then
by [3, Lemma 1],

R*N@Q+ D Zps @Zk

finite
Now, let
GN@Q+ B Ly & 7y, @Zp
finite Py finite pj
with pj-:j |m,j=1,....,nk=1,...,n;, where a,  are arbitrary cardinals,

pi, pj are primes, and m is a fixed positive integer. Let F' be a field with

F+ o~ @Q+
and S be a zero ring with
St = @ Zys
finite °

Now

O Z s, @@@Zk,

finite Pj Jj=1k=13; Pj
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p; a prime and p¥ | m, j=1,....,n, k=1,...,n;. Let Tj; be the sum of 3
copies of the ring of integers modulo p;*.Put
T=a& & Tj.
j=1 k=1

For ©Z,,, by [7, Theorem 4.1.1], a filed A can be constructed so that
B
At = @Z,..
I

F and A have finitely many biideals by Lemma 1.2. Since S is a zero ring,
each biideal is an ideal, whence S has finitely many biideals.T is finite so it has
finitely many biideals. Then the ring R=F & S®T & A is commutative and
possesses only finitely many biideals . Hence R with the identity involution
has finitely many *-biideals. l

Theorem 2.3. Let G be a torsion free group. Then the following are
equivalent:

(1) G is the additive group of a ring with involution possessing only finitely
many *-biideals.

(2) G is the additive group of a ring with involution satisfying DCC' for
*-biideals.

(3) G =2 a®Q", for some cardinal «.

Proof : (1) = (2) is clear.
(2) = (3): Let R be an involution ring satisfying DCC for *-biideals, with
Rt = @G. For every prime p, and positive integer n,

an 2 anrlR,

where each p" R is a *-ideal by [4, Corollary. 2.2]. Hence there exists a positive
integer n such that

p"R=7p""R.

Therefore, for a € G, there exists b € G such that p"a = p" b, or p"(a —pb) =
0. Since G is torsion free, a = pb, and so G is p-divisible for any prime p.
Hence G is divisible, and

G=eQ",
by [7, Proposition 1.1.3].
(3) = (1): Since ®Q" is the additive group of some field, by [7, The-

orem 4.1.3],G is the additive group of some ring with the identity involution
satisfying DCC for *-biideals. H
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Corollary 2.4. Let G be a non-nil torsion free group. Then the following
are equivalent:

(1) Every involution ring R with RT™ = G and R*> # 0 possesses only
finitely many *-biideals.

(2) Every involution ring R with RT™ = G and R? # 0 satisfies DCC' for
*_biideals.

(3) G=Q .

Proof : (1) = (2) is clear and (3) = (1) is by [7, Corollary 2.2.5].

(2) => (3): Suppose that every involution ring R with R* = G and R?* # 0
satisfies DCC for *-biideals. So by Theorem 2.3,

G=PaQt

and

G=Qt®H.

Let S be a zero ring with ST = H. The ring direct sum R = Q & S with the
identity involution satisfies R = G, and R? # 0. If H # 0, choose 0 # a € H.
The infinite chain of *-biideals in R,

(a)y D (3a)y; D <22a>; D
is properly descending, a contradiction. Hence H = 0 and G = Q+.1

Remark: In the above proof one may note that if G = @ QT, by [2,
finite

Proposition 13], then (2) and (1) of Corollary 2.4 are satisfied.

Theorem 2.5. Let G be a torsion group. The following are equivalent:

(1) G is the additive group of a ring with involution possessing only finitely
many *-ideals.

(2) G is the additive group of a ring with involution satisfying ascending
chain condition for *-ideals.

m Ty
(3) G =& é @ij, pi a prime, m,n; positive integers, o, an arbitrary
i=1j=1a; Vi
cardinal, 1 =1,--- m, j=1,--- n;.

Proof. (1)=(2) is obvious.
(2)=(3). Suppose there exists infinitely many distinct primes {p; }3°,for
which G,, # 0. Let R be a ring with involution with RT = G such that
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R satisfies the ascending chain condition for *-ideals. The infinite chain of
*_ideals in R,

2 k
Gp, C ie:alei C..C ie:alei C---

is properly ascending, a contradiction. Hence G, # 0 for only a finite set of
primes {p;};-, . For every p € {p;}",,

Golpl C G’ € . S Gyl C

is an ascending chain of *-ideals in R, each contained in G. Hence there exists
a positive integer n; such that

Gpi = sz[ ?2]7

i =1,....m. Therefore by [7, page 53],

G, @@Z],

j=1 a; Pi

a; is a cardinal number, and so

G=& é@Z].

i=1j=1 a; Pi

(8)=>(1). Let

n

T = @@T

75
11]1]

where Tj; is as defined in the proof of Proposition 2.1. The ring 7" is commuta-
tive with unity, hence it has the identity involution and possesses only finitely
many *-ideals. .H

Lemma 2.6. Let G be a torsion group. The following are equivalent:

(1) G is the additive group of a ring with involution possessing only finitely
many *-biideals.

(2) G is the additive group of a ring with involution satisfying ascending
chain condition for *_biideals.

(3) G = @1 @1 f@ 7 ;i 69 Ly, Di, P1 primes, m,n;j, n positive integers, (3
) J inite Z

an arbitrary cardinal, i = 1 comy, =1+ ,n;l=1,.

Proof. (1) =(2) is obvious.

(2)=(3). G is the additive group of a ring with involution satisfying
ascending chain condition for *-ideals, then by lemma 2.5,



674 U. A. Aburawash and W. M. Fakieh

G=o & 9L,
i=1j=10a; Vi
pi a prime, m,n; positive integers, a; an arbitrary cardinal, ¢ = 1,---,m,
j=1,---,n;. Hence G satisfies (3).
(3)==(1). Let G be of the form (3). Let Tj; be the sum of 3; copies of
the ring of integers modulo p;*. Put

T=@& & Ty,
j=1k=1

then 7' is finite and has finitely many *-biideals. Let K =&Z,,, and F be a
B

field on K | by [7, Theorem 4.1.1], hence F' has finitely many *-biideal. Thus
R =T @& F has finitely many *-biideals and R™ =G. B

Theorem 2.7. Let G be a torsion group. The following are equivalent:

(1) G is bounded.

(2) G is a principle *~ideal ring group.

(8) G is the additive group of a involution ring satisfying ascending chain
condition for *-ideals.

(4) G is the additive group of a involution ring possessing only finitely many
*-ideals.

Proof. (1)=(2) follows from [3, Theorem 4.10].
(2)=>(3) by the proof of [3, Theorem 4.10].
(3)=(4) is deduced by Theorem 2.5.

(4)=>(1) follows from Theorem 2.5. W

Corollary 2.8. Let G be a non-nil torsion group. The following are
equivalent:

(1) Every involution ring R with RT™ = G and R* # 0, possesses only
finitely many *-biideals.

(2) G = % & @Zp];, pi a prime, m,n; positive integers, o; a finite cardinal,

i=lj=la; Vi

i=1,...,m, j=1,2,...,n; (that is G is finite).

Proof. (1)=(2). Suppose that G satisfies (1). It may be assumed that
G is of the form (3) of Lemma 2.6. Suppose that «; is an infinite cardinal for
some index j. Then

G=&(a)®H,

j=1

a;| = p,p a prime. Let R; be a ring isomorphic to the ring of integers modulo
j j

p, with R = (a;), j =1,2,---, and let S be the zero ring with S* = H. The

ring direct sum
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R=&R;&®S
j=1

is a commutative ring, hence R with the identity involution is an involution
ring satisfies R* = G, and R? # 0.Moreover

R; <R

for j =1,2,---, a contradiction.
(2)==(1) is obvious. W

Theorem 2.9. Let G be a torsion group. The following are equivalent.
(1) G is the additive group of an involution ring satisfying dcc for *-ideals.
(2) G = % G§ @®L ; @ Ly, p; a prime, m,n; positive integers, o an
i=1j=1a; "% finite °°
arbitrary cardinal, 1t =1,...,m, j=1,...,n;.
Proof. (1)=(2). Let R be a ring with involution satisfying dcc for *-ideals
with R = G. By Theorem 2.1,

28 &L, & Ly,
i=1j=1a; “i finite "
pi a prime, m,n; positive integers, «; an arbitrary cardinal, ¢ =1,....,m,j =
1, ceey g
(2)=>(1). If G satisfies Condition (2), then by the proof of Theorem 2.1,
G is the additive group of a commutative involution ring satisfying dcc for
*_ideals. W

Corollary 2.10. Let G be a torsion group. G is the additive group of an
involution ring with trivial annihilator satisfying dcc  for *-ideals if and only
if G satisfies one, and hence all, of the equivalent conditions in Theorem 2.7.

Proof. If GG is the additive group of a ring with involution having trivial
annihilators, then G is reduced, by [7, Lemma 2.2.1]. If, in addition, G is
the additive group of a ring with involution satisfying dcc for *-ideals, then
G is bounded, by Theorem 2.9. Conversely, if G satisfies the equivalent con-
ditions of Theorem 2.7, then the ring constructed in proving the implication
(8)=>(1) of Theorem 2.5, is a ring with involution having trivial annihilator
and satisfying dcc for *-ideals. B

Theorem 2.11. Let G be a torsion group. The following are equivalent.

(1) G is the additive group of an involution ring satisfying decc  for *-

biideals.
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m 1y n
(2)G = @1 élf@t Zpk]- 1@1®Zplf@t Ly, pi, pr primes, m, nj, n positiveintegers,a; an
1=1)= mate 1 =l1loy mate

arbitrary cardinal, t =1,--- ,m, j=1,--- n;,l=1,...n.
Proof. Let R be a ring with involution satisfying dcc on *-ideals with
Rt = G. By Proposition 2.2,

G2 S G OL, © Ly,

i=1j=1a; “t finite
pi a prime, m,n; positive integers, «; an arbitrary cardinal, ¢ =1,....,m,j =
1,...,n;, whence the form of (2) follows.

(2)=>(1). If G satisfies Condition (2), then by the proof of Proposition
2.2, (G is the additive group of a commutative involution ring satisfying dcc
for *-biideals.H

Corollary 2.12. Let G be a non-nil torsion group. The following are
equivalent:

(1) Every involution ring R with R™ = G, and R? # 0 satisfies the dcc
for *-biideals.

(2) G = ‘%1 ‘%1 @Zp];f@t Ly, pi a prime, n,n; positive integers, o a finite

1=1y=1qay v finate
cardinal, i = 1,...,]m, J=12,...,n;.

Proof. (1)=(2). Suppose that G satisfies Condition (7). It may be
assumed that G is of the form of Proposition 2.2. Suppose that a; is an
infinite cardinal for some index j. Then

C=8(w)d & OL, & Iy,
k:l( k>i=1 iZ18 P pinite U
lag| = p/, p a prime, j3; is a finite cardinal, and i = 1,....m,j = 1,...n;. Let

T;; be the sum of ; copies of the ring of integers modulo p!. Put
T=—& & T,
i=1j=1
and let S be the zero ring with
S+ — @ ZPQO.
finite °

Let Ry, be a ring isomorphic to the ring of integers modulo p, with R} =
(ax),k =1,2,....The ring direct sum

R=0RaT®S
k=1
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with the identity involution is an involution ring satisfying Rt = G and R? # 0.
Further

R, < R

for k=1,2,....., a contradiction.
(2)=>(1). Suppose Condition (2) is satisfied. Then

G = @@@Z D Lo,

i=1j=1 a; pl finite

D a prime m,n; positive integers, «; a finite cardinal, i = 1,. m,j] =
1,...,n;. Let R be any ring with involution such that RJr =G and R? #0
Let
H = @ 69 DL,
i=1j=1a; **
and
K= & Zps.
finite Ps

Since K is the maximal divisible subgroup of G, K is an ideal in R and
KH =HK =0, by [7, Lemma 2.2.1]. Hence H is an ideal in R, consequently
R=S®Tand Tt = K, St = H,. By [7, Theorem 2.1.1], K is nil, so
H? # 0, by Corollary 2., every involution ring S with S* = H possesses only
finitely many *-biideals. Hence from the proof of Proposition 2.2, T" has only
finitely many *-biideals. W

Theorem 2.13. Let G be a group. The following are equivalent:
(1) G is the additive group of an involution ring possessing only finitely
many *-ideals.

(2) G = @Q+ @1 @1 @ Y/ Wi Di & prime, m, n; non-negative integers, o, «;

arbitrary cardlnals 1= 1 coamyj=1,...,n;.

Proof. (1 ):(2) Let R be an involution ring possessing only finitely
many *-ideals, with R* = G. Then R = R/G, is a ring possessing only finitely
many *-ideals, with R* torsion free. Therefore

R+ o~ @Q‘f"
where « is an arbitrary cardinal, by Theorem 2.3. Let I be a *-ideal in Gy,

0+#a€ I,z € R. Since G/Gy is divisible, there exists y € G,b € G, such that
x = la |y +0b. Clearly

axr = ab and za = ba.
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Hence [ is a *-ideal in R and G is of the form of Condition (3) in Theorem
2.5. By [7, Proposition 1.1.2],

G == H @ Gt,
where H is torsion free. It is clear that
H~=G/G, =2 aQ".

(2)=>(1). Let G be a group satisfying condition (2). Let F be a field such
that

and let R be the ring constructed in proving the implication (3)==(1) for
Theorem 2.5. The ring direct sum S = F' & R with the identity involution
possesses only finitely many *-ideals, and ST = G. B

Corollary 2.14. Let G be a group. G is the additive group of an involution
ring R with trivial annihilator and satisfying dcc  for *-ideals if and only if
G satisfies one, and hence both of the equivalent conditions of Theorem 2.13.

Proof. Let GG the additive group of an involution ring satisfying dcc on
*_ideals,hence by Proposition 2.1,

GN@Q+ D Zps @Zk

finite

and by [10, Lemma 57.8] , Z,~ is contained in the annihilator of the ring R.
Hence

G = @QJF D7 kj .
@ B8 P
Conversely, if

G = @Q* & & O Z,
=1 j=1 a; Pi
pi a prime, m,n; non-negative integers. By Theorem 2.13, G is the addi-
tive group of an involution ring satisfying dcc for *-ideals and with trivial
annihilator.ll
Theorem 2.15. Let G be a group. The following are equivalent:
(1) G is the additive group of an involution ring possessing only finitely
many *-biideals.
(2) G = aQ* @ @ ® 7,

« i=1j=1 finite
«, o arbitrary cardinals, i =1,....,m,j =1,...,n;.

@ Zy,, p; a prime, m, n; non-negative integers,

pla
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Proof. (1)==(2). Let R be an involution ring possessing only finitely
many *-biideals, with RT = G. Then R = R/G, is a ring possessing only
finitely many *-biideals, with R™ torsion free. Therefore

R+ o~ @Q‘f"

where « is an arbitrary cardinal, by Theorem 2.3. Let I be a *-biideal in Gy,
0 # ay,a9 € I,z € R. Since G/Gy is divisible, there exists y € G,b € G, such
that = |a|y + b. Clearly

a1xas = arbas.

Hence I is a *-biideal in R and G is of the form of Condition (3) in Lemma
2.6. By [7, Proposition 1.1.2],

G == H @ Gt,
where H is torsion free. It is clear that

H=>=G/G, = @Q*

(2)=>(1). Let G be a group satisfying condition (2). Let F be a field such
that

F+ — @Q‘i’

and let R be the ring constructed in proving the implication (%)==-(1) for
Lemma 2.6. The ring direct sum S = F' & R with the identity involution
possesses only finitely many *-biideals, and ST = G. B

Corollary 2.16. Let G be a non-nil group. The following are equivalent
(1) Every involution ring R with RT™ = G, and R?* # 0 possesses only
finitely many * biideals

(2) G= 63 Q" @1 @1€9Z i, Pi @ prime, m,n; non-negative integers. o, «;
1 J (e}

finite cardmals, 1=1,. m,j=1,2,...,n;

Proof. (1)==(2). Suppose that G satisfies Condition (7). It may be as-
sumed that G is of the form (2) of Theorem 2.15. Suppose that «; is an infinite
cardinal for some index j. Then

G = @(az)@ Q*@@ ® Z,,

i=1 j=1 finite P

la;| = p, p a prime. Let R; be a ring isomorphic to the ring of integers modulo
p, with
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Let F' be a field with
Let T;; be the sum of 3; copies of the ring of integers modulo pg . Put

T-—8& & T,

i=1j=1

R = %Ri@F@T
i=1

with the identity involution is an involution ring satisfying Rt = G and R? # 0.
Moreover,

R, <R
forv=1,2,....., a contradiction. Now, suppose that ais an infinite cardinal.
Let

®Q=H

«

and let T;; be sum the of «; copies of the ring of integers modulo pf If Sis
the zeroring such that ST = H, then the ring direct sum

R=& éﬂj@s

i=1j=1

is an involution ring with the identity involution satisfying R™ = G, and
R? # 0. Choose 0 # a € H, < nla > is a *-biideals in R for every positive
integer n, a contradiction.

(2)=>(1). Let

G=aQt® & oL,

i=1j=1a; P

pi a prime, m, n; non-negative integers. «, o finite cardinals, 2 =1,....,m,j =
1,2,. U Let

H = @QJra
H is the maximal divisible subgroup of GG and let

K=& & oz

i=1j=1 a;

J
D;’
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K is the maximal torsion subgroup of G, hence H and K are ideals in every
ring R with R* = G. If R is an involution ring with Rt = G, R? # 0,

R=R,® Ry,
such that R, is a divisible *-ring and R; is a torsion *
cases.

(i) R? # 0, R? # 0. By the remark after Corollary 2.4 and Corollary 2.8,
R, and R; possess finitely many *-biideals. Hence R possesses finitely many
*_biideals.

(i) R? # 0, R? = 0. Then by the remark after Corollary 2.4, R, possesses
only finitely many *-biideals. By [7, Corollary 4.3.11], R possesses only finitely
many ideals. But R; is a zero ring, it possesses only finitely many *-biideals,
hence R possesses only finitely many *-biideals.

(iii) RZ2 =0, R? # 0. For this case, we use Corollary 2.8 and [7, Corollary
4.3.11] with the same technique as in (ii).H

Corollary 2.17.Let G be a non-nil group. The following are equivalent:

(1) Every ring R wz’th RT = G, and R* # 0 satisfies dec for *-biideals.

(2) G = 69 Qt B @ ©Z,; D Lye, p; aprime, m,n; non-negative integers,

i=1j=1a; lfzmte
a, oj finite cardmals 1=1,....m,5=1,....

Proof. (1)=(2). By Proposition 2.2,

-ring. Now we have three

n;.
G=aQt & & OLy © Zpe
«a i=1j=1 a; ¢ finite
pi a prime, m, n; non-negative integers, «, «; are arbitrary cardinals, ¢ =

L,....m,5=1,...n; Let

H = %é@zj B Ly

=1j=1aq; plfzmte Ps

and
K =oQ".

Suppose S and T are the rings constructed in the proof of (1)=-(2) of Corol-
laries 2.12 and 2.4, respectively, such that ST = H and TT = K. Hence
R=S¢T, with Rt =G, S% # 0 and T? # 0, does not satisfy dcc on *-
biideals, a contradiction, so «;, «; are finite cardinals.

Conversely, let

G=0oQt*®H
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and
m My
H=&® © ®L,; © 2Ly,
. . [ pP;
i=1j=1a; “* finite
pi a prime, m, n; non-negative integers, «, o; are finite cardinals, i = 1,....m, j =

1,...n;. Since H is a torsion subgroup of G, H is a *-ideal in R ,such that
Rt =G.

If H? # 0, by Corollary 2.12, H satisfies dcc for *-biideals. We have the
following two cases.

(i) (R/H)* # 0, then by the remark after Corollary 2.4, R/H satisfies dcc
for *-biideals, and by [1, Proposition 5|, every involution ring R with RT = G,
R? # 0, R satisfies dec for *-biideals.

(ii) If (R/H)* = 0, then by [7, Corollary 4.3.14], R/H satisfies dcc for
ideals, so R/H satisfies dcc for *-biideals,and hence by the above argument,
R satisfies dce for *-biideals.

If H*> = 0, by [7, Corollary 4.3.14], H satisfies dcc for *-biideals. Again
we have two cases: (i) (R/H)? # 0 and (ii) (R/H)? = 0. The proof follows by
similar arguments as above.
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