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Abstract

Making suitable interpretations to the index and the parameters of Jacobi polynomial
P“”(x)in order to derive the elements of Lie-algebra, we have considered five

parameters Lie-algebra for this polynomial which does not seen to appear before. By
means of this group the theoretic method some new generating functions for Jacobi
polynomials are obtained from which several special generating functions can be

easily derived .
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1. INTRODUCTION:

The Jacobi polynomials P*“*’(x), defined by

-nl+a+pf+n;1-
P () =0T Du PAmloX ) e (1.1)
n! l+a; 2

is the solution of ordinary differential equation:
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]%+n(1+a+ﬁ+n)V:0 ................... (12)

(1-x) L

Various generating functions for Jacobi polynomials were derived by E. Feldheim

(1943), W. A. Alsalam (1964), M. K. Das (1972) and others.

The object of the present paper is to derive some generating functions of Jacobi
polynomials by interpreting n, o, B simultaneously with the help of Weisner's group

theoretic method (Mcbride 1971).

Here the following generating functions are derived for P!*#(x)by finding a set of

infinitesimal operators A;j(i=1,2,3,4,5) constituting a Lie-algebra:

Pn(a,m[ B;X _ttl } Z%L (@+B+n+1), xPUSPPP O0) (1.3)
- P=0

(n +1), P 00(1,)"

[1-tzy(1+x)]'+“+“[1+t2y(1—X)] P(”’ﬂ)[x+t y(1-x)] :i
k=0

(1+yt3(1-x)))"

(1-t3(14x)) "™ (1+t3(1-x))® (1+

370

1

x P {(yt3 (1= yty (1+ %)X + yt, (1 — X2)+Wi(1 +yt,(1-x))

SIS (1) (=1/w)” s
Z: = o> @rfanaympEhe (1.5)

% p(a+ p—k,B+p-k) (X)(t3 )k*p

n

2. Group theoretic method

Replacing d/dx by 0/0x, a by yi, B by zg, n by tg and v by u(x, y, z, t)
oy 0z ot

we get the following partial differential equation

2 2 2 2 2 2
(1—x)a—+z(l x)au—y(1+x)au +tyau+tzau+t28l2J xau o
oyox oty otz ot o at
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Thus ui(x,y,z,t)= P“” (x)y“z”t" is a solution of the differential equation (2.1). We
now seek linearly independent differential operators A, B and C each of the form

A =A"0/0x+AP0/0y+AV0/0z+ AP0/t +A) (2.2)
Such that :

AP (x)y” 271" |= 8, PP (X)y“ 2%t oo 2.3)
B[P (x)y® 21" |= b, PP (x)y“ 2™ oo (2.4)
ClP“” (x)y® 2°1" |= ¢, PP (X)y 2 t™ oo (2.5)

Where a,, b, and c, are coefficients involving a,, and n[cf. SRivatstatava and
Manocha 1984]. This necessitates the bringing into use of the recurrence relations [cf.
Rainville (1960)]

L P (a4 PP (0 (2.6)

sl

And
Sl o) ﬁ)m ot () = 2B1R ~ 20+ DR (0)....2.7)

With the help of (2.6) and (2.7), it follows form (2.3),(2.4) and (2.5) that

A=y 0/dy )
A,=20/0z
A3 =t 8/8t > (28)

As=(x-Dzt"! 8/0x —z o/t
As=(1-x%) 2"t 8/ox — (x+1)z' ty 8oy — (x-D)t 6z — (1+x)z" t*o/ét —(1+x)z'1t)

which satisfy the following rules:
A [Pn(a,ﬂ)(x) y “z B tn]: apﬂ(a,ﬁ) (x) y* y
A, [Pn(“ﬁ) (x)y “z s t”]= ﬂpn(a,ﬁ) (x) y* s

AP Gy 2 =R oy 2 v b 29)

A4 [pn(a,ﬁ) x)y az Bgn ] =—(a+ n)pﬂ(ﬁ,ﬁﬂ) (x) ya LA o
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A5 [Pn(zx,ﬂ) (X) y aq B tn]: _(n + l)P(a,ﬂ—l) (X) ya Zﬂ—l tn+1

n+l1

3. Lie Algebra

Now we shall find the commutator relations by using commutator notation with
[A,BJu=(AB-BA)u

[A, A2]=0 [As, A3]=0 [As, Ay] =—Ay

[A1, As]=0 [A2, As]=0 [As, As] = As

[A1, Ag]=0

[A1, As]=0 [Az, As] =—As; [As4, As] = 2(A1+A2)

So we see from the above commutator relations that set of operators

{1, A, 1=1, 2, 3, 4, 5} generating a lie Algebra.

Now the partial differential operator L, given by:

2 2 2 2 2 2
L:(l—xz)6 lj +2(1-X) gu —y(1+X) ou +ty ou +1z ou +t? 0 ?_2X8_u+2t6_u
OX 0Z0OX 0yoX oyot otoz ot OX ot
Which can be express as:
(X-DL=ASAL2A5(A1FA3) oo, (3.1)

The extended form of the group generated by A; (i=1, 2, 3, 4, 5) are given by
e*Mu(x, Y,z =u(x,e" y,z, t)
e=™u(x,y,z,t) =u(x, y, ez t)
e ™ u(x,y,z,t)=u(x,y,z, e“ t)

tx-a,z
e*Mu(x,y,z,t) = u( 4

,Y,2,t-a,z)

a,
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— - 2 —
easAﬁu(x,y,z,t):(Z t(1+x)a5J{xz+t(l X )as,yz yt(1+x)a5,z+t(1—x)a5,

tz —t*(1+X)a,
z z

where a;(i=1,2,3,4,5) are constants.
Thus we have

—t(l
phhpihgihighit gl (x v 5 1) = (M]u R TX) YT (3.3)
VA

Where
- (tz -t 1+ x)a )(xz +t(1- x*)a;) —a,z(z +t(1 - x)a;)
- tz> —t*(1+x)a;, —a,z(z +t(1-x)a,)

- y[z—t(1+x)a5j

z
p=e(z+t(1-x)a,)

0 eas[z ~t(1+x)a, J{t_ a,2% (2 +t(1-x)a;

z z—-t(1+x)a,
4. Generating Functions

From the (2,1), u(x,y,z,t)= P‘“”(x)y“z”t" is a solution of the systems.

Lu=0 Lu=0 Lu=0 Lu=0
Aj-o)u=0 ; (APu=0 ; (Asnu=0 ;0 (ATt A+ Asn-B-—a)u=0

From (3,2) we easily get
S(x—=DL)P“? (x)y“z”t" = (x-1L)SP“? (x)y“z”t" =0

Where
S = easAs ea4A4eazA3eazA2 ealA]

There fore the transformations S[Pn(“’ﬁ "(x)y*z” t”] is annulled by L.
By putting a; =a; =a3; = 01in (3.3) we get

z—-t(1+x)a,
z

_a,z (z+t(l-x)a,

easAsea4A4 p(a,ﬁ) X azﬂtn — y®
[" )y ] y z-t(1+x)a,

j (z+t(1- x)as){t

<P (-t (+xa)(xe+t(1-x")a,)-a,2° (z+td-xa;) 4.1)
tz? —t’z(1+x)a, —a,z* (z +t(1-x)a,)

asAsea4A4

If we change the order of e we shall get the relation different from (4.1)

But
eaSAS eaAA4 [Pn(asﬂ)(x)ya Zﬂtn]:

n+

(a)" (a,)"
k!

o (@+B+n+1), (=D " (n—p+1),

0 k
k=0 p=0
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(a+p-k,B+p—k) +p-k ﬁ+pk n—p+k
x P, ap+k (X)y*® t (4.2)

Equating the result (4.1) and (4.2) we get
y"[ z-t(1+ X)a, J 2+t x)as)ﬂ{t Caz (z+t- x)as}

z z—t(1+ Xx)a,
(z-t*(1+x)a,)(xz+t(1-x*)a;)—a,z° (z+t(1-x)a;,)

Xp(aﬁ)
" tz’ —t’z(1+x)a, —a,z>(z+t(1-x)a;)
o n+k ( k(a)
=3 (@+f+n+1), (=1 Q%P (n-p+1),
k=0 p=0 k' p'
X BB () y P P ) (4.3)

Now we shall consider the following cases:-

Casel:

Letting a;,=1 , as=0 and writing t;=z/t in (4.3) we get
X—t :

Pn(“’ﬁ’[ y : . } Z——(a +A+N+1), PSP O ) (4.4)
Y- P:o

Which is (1.3)

Case2:
Let as=1, a,=0 and writing t,=t/z in (4,3) we get

[1- 6y (L 01" [Tty - 01 PP x+t,y(1-x2)] =3O ) (01, R 00"

n+k

Which is (1.4)

Case 3:
Finally substituting as = 1, a;= -1/w; and writing t/yz = t3 in (4.3)

We get
(1-t3(14x)) "™ (1+t3(1-x))® (1+

(1+yt3(1-x)))"

37071

x P (i (1= yty (14 30X+ yt, (1= X2 )+ WL(l +yt;(1- X))}

1

oG (D CUw)P
ﬂzz(; = okp dlax fens (R e (4.6)

> I:)(Ol+ p—k,B+p—k) (X)(t3 )k*p
Which is (1.5)
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