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Abstract

Let p, be the n-th prime number. We prove if n > 4 the following
formula holds

pn = nlogn +log(nlogn)(n — Li(nlogn))

o _1\k og(nlogn
+ Z( Dk%lzll(foggk(—llng D - Linlogn))* + O(h(n)
k=2 ’

Where Li(z) is the well known classical function [y @ dt, h(n) =

nlog®n

exp(d+/logn)

Note that the mistake term O(h(n)) in this formula is better than the
mistake term in others previous known aproximate formulas for p,,. If
the Riemann’s hypothesis is true then h(n) = /nlog”?n.

and the Qg_1(x) are polynomials defined in this article.
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1 The function y = Li(x)

Let us consider the classical function

Li(x):/xi &t (x>1)

2 logt
Note that lim,_,; Li(z) = —oo. Its first derivative is
1
LiV(z) =
log

The following derivatives satisfy the following theorem
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Theorem 1.1 We have

i Pr—1(log )

Li**V(z) = (-1)* mr, (k21 (2)

¥ log

Where Py,_1(logx) is a polynomial in logz of degree k — 1 and positive integer
coefficients.

The polynomials Py(X) can be obtained from the following recursive for-
mulae

Py(X) =1
Po(X)=kXP (X)+ (k+ 1P (X) - XP,_(X) (k>1) (3)
Example.
P(X)=X+2 P(X)=2X’+6X+6  P(X)=6X"+22X"+36X+24
Proof. Mathematical induction

Remark 1. The function Li(x) is increasing and convex since its first deriva-
is positive and its second derivative — lolggx is negative.

tive 3
ogx

Theorem 1.2 Let a > 1, then

" Z —1)*Py_1(loga)

Ll(x) = LZ(U/) + lOgCL k + 1 'ak logk‘-i-l

(x—a)  (4)

where x € (1,2a — 1).

Proof. The function
1

log 2

9(2) =
where
log z = log p + i0 z = p(cosf + isin ) (—m<0<m)
is analitical in the semiplane z > 1. Hence ( theorem 1.1 ) we find that

1)*P,_1(loga)

1 i R, (z — @)k

logx loga = kla¥log

where x € (1,2a — 1). The theorem is proved.



A formula for prime numbers 1071

2 The inverse function of y = Li(z) : © = Li '(y).

The function y = Li(x) is increasing in the interval (1, 00), consequently it has
an inverse function z = Li~!(y) in the interval (—oo, 00). This inverse function
is positive, increasing and it has infinite derivatives. The first derivative is

log (L~ (y)) (5)
We have the following theorem.

Theorem 2.1 The k-th derivative of v = Li~*(y) is

_ ka_l(logx): B 1 Qr-1(log (Li~'(y)))
S Ty

Where Qx_1(logz) is a polynomial in logx of degree k — 1 and integer coeffi-
cients alternately positive and negative, the leading coefficient is positive and
the last coefficient is zero.

The polynomials Qr(X) can be obtained from the following recursive for-
mulae

(k> 2) (6)

Q1(X) =X
Qu(X) = X ((k = DQx1(X) = Qu1(X))  (k>2) (7)
Example.
Q(X)=X>-X  Q3(X)=2X®-4X?+X
Qu(X) =6X* —18X3 + 11X? - X
Proof. Mathematical Induction.

Theorem 2.2 Let us consider the function
y=f(z) = a1z + agx® +asr® + ... (=l<z<l) (8)

where ay = 1. Since its first derivative in x = 0 is 1 # 0, this function has
an inverse function x = g(y) in a neighborhood of y = 0 which has infinite
deriatives.

Let us consider the function

biy + bay® + bay® + ... (9)

where b, = gWTi!(o)' Being g™ (0) the n-th derivative of x = g(y) iny = 0.

Let py be a positive number less than [, and let My be a positive number
such that |a,| p} < My. Then (9) converges in the interval (—p, p1) where

pr = 2My + p1 — 24/ My (My+ p1)
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Let py be a positive number less than py, and let My be a positive number such
that |b,| piy < M. Then

= g(y) = by + by + b3y’ + ...
in the interval (—pug, t2), where

pal
[+ M,

Mo =

Proof. This theorem is an inmediate consequence of the Art. 55 (page 156)
and the Art. 36 ( page 95) of the reference [1].

We shall use theorem 2.2 as a fundamental lemma in the proof of the following
theorem.

Theorem 2.3 From a certain value of a we have

Li~'(y) = a +loga(y — Li(a Z ]gkk 15108; %) (y — Li(a))*  (10)

in the interval

(Li(a) O Lifa) + L) (c=3-2v2) (11

410g*? a 410g*? a

Proof. We shall suppose a sufficiently large.
Let us consider the function Li(z + a) — Li(a), that is (theorem 1.2 )

1 > (—=1)*P,_1(loga)
oga” + kz_:l (FF Dl logh 2 i —(a-1)<z<(a—-1) (12)

From the derivatives of the inverse function of (12) in y = 0 we obtain the
function ( see theorem 2.1)

= (=1)*Qp-1(loga)
loga y + kz::Q P Y (13)

If we multiply (12) by log a we obtain the function

)" Pi_1(loga) ;.4
—(a—1)<zx<(a—1 14
+Z kﬂ,aklogax (a-D<z<(@-1) (14

This function is the function (8) of theorem 2.2.
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The function (9) of theorem 2.2 will be ( see (13) )

Y+ i (—1)’“Qk,1(loga)yk (15)

= klab1lloga
Let choose us ( see theorem 2.2 )

0<p = fla) <a—1=1

B log'/?q

If we substituting x = p; = f(a) into (14) then we obtain a series where the
quotient of the absolute value of a term with the absolute value of the former
term will be (k > 1)

Py(loga) f(a)**?  (k+1)la"log"a f(a) Pr(loga)
(k + 2)la* 1 log"tt a Pe_1(log a) f(a)** — (k + 2)aloga Py (loga)
f(a) klogaPy_1(loga) + (k +1)Py_1(loga) —logal;_,(loga)

(k+2)aloga Pr_1(loga)

< f(a) klogaPy_1(loga) + (k+ 1)Py_1(log a)

~ (k+2)aloga Py_1(loga)
f(a) k k+1 f(a) 1+loga

= —1 1 )= ——7—<1
aloga \ k+2 oga+k+2 <a10ga(og&+ ) log®? q <

That is, less than 1 from a certain value of a. Consequently, the term of
greatest absolute value will be between the first term

a
pr=fla) = g2 q
and the second term
fla)  a

2aloga  2log*a

Now, from a certain value of a the first term is greater than the second term.
Then we shall take

a
Ml = pl = logl/Qa
Therefore
a

,ul:2M1+p1—2\/M1(M1+p1):(3—2\/§)plzcm (023—2\/5)
Now, let choose us

ca

0<ps=g(a)= < 1

B 210g'%a
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Let us consider the polynomials Hy(X) whose coefficients are the absolute
values of the coefficients of the polynomials Q(X). Clearly, these polynomials
can be obtained from the following recursive formulae

Hi(X)=X

Hi(X) = (k - DX Hoo(X) + XHL,(X) (k>2)

If we substituting y = ps = g(a) into (15) then we obtain a series where the
absolute value of each term from the second satisfies the inequality

(—1)"Qi—1(log a)

klak=1log" a

g(a)k < Hy_1(loga)

_— k k> 2
= klab—11og" &g(a) (k=22)

Let us consider the series

o Hy_1(loga)
gla) + Wg(a)k

k=2

The quotient of a term with the former term is (k > 2)

Hi(loga)g(a)**'  kla*tlogha g(a) Hy(loga)
(k + 1)lak log" o Hy_1(loga)g(a)k — (k + 1)aloga Hy_(loga)
gla)  (k—1)logaHy_i(loga) +logaH;_;(loga)
(k+ 1)aloga Hy_1(loga)
Hj,_, (loga) B
_ gl (k S =l O )<g<a> <1+ ! )

a \k+1 %ﬁg“)k—l—lloga a log a

c(1+loga)
210g*% a

That is, less than 1 from a certain value of a. Consequently, the greatest term
will be between the first term

(a) = ——+
g a = —
P2=9 2 logl/2 a
and the second term

g9(a)? ca

2aloga T8 log” a

Now, from a certain value of a the first term is greater than the second term.

Then we shall take
ca

Mz =po = 210g1/2a
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Therefore (15) is the inverse function of (14) in the interval (—psg, o), where
(see theorem 2.2)
pol ca

T My 21og"? a

2

On the other hand, from a certain value of a we have

ca

— <
4log1/2a 2

Therefore (15) is the inverse function of (14) in the interval

ca ca
41og"?a’ 41og"?a
Consequently (13) is the inverse function of (12) in the interval

ca ca

1 ca 1 ca
loga 4log'/?a’ loga 41og'/? a 410g*? 0" 410g** a

The theorem is thus proved.

3 The sequence Li '(n)

It is well known that (prime number theorem)

m(z) = Li(z) + O(f(z)) (16)
where for example ( de la Vallee Poussin)

1@ = cpavisn 470

There exist in the literature better functions f(z). For sake of simplicity we
shall use the de la Vallee Poussin’s function.
On the other hand, if the Riemann’s hypothesis is true then ( Von Koch)

f(x) = Vxlogx

Theorem 3.1 If a =nlogn, then from a certain value of n we have

ca

0<n—Li(a) < ———
(a) 4log3/2a

(17)
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Proof. We shall suppose n sufficiently large.
Substituting « = p,, into (16) we obtain

In — Li(pn” < Kf(pn) (K > 0)

That is
Li(pn) — K f(pn) <n < Li(pn) + K f(py)

We shall chosse in (16) the de la Vallee Poussin’s function

1) = plavios D)

Therefore
nlogn

f(pn> = P ~
exp(dylogp,)  exp(dylogn)

It is well known the aproximate formula

pn = nlogn + nloglogn —n + o(n)

Hence, we have
nlogn < p,

(19) and (20) give

1 nloglogn

(pn —nlogn) — Kf(pn) ~

log p., logn

Therefore we have
1
log pn

(pn —nlogn) — K f(p,) >0

R. Jakimczuk

(18)

(19)

(20)

(21)

(22)

Consequently from (18), the Lagrange’s theorem and (22) we find that

n — Li(nlogn) > Li(p,) — Li(nlogn) — K f(p,) =

— Kf(pn) > (pn —nlogn) — Kf(pn) >0

~ logpn
Where nlogn < b < p,. That is

n — Li(nlogn) > 0
If a = nlogn we obtain

ca ¢ (nlogn) cn
41og**a  4log®*(nlogn)  4log"*n

— (p, —nl
og (pn — nlogn)

(23)
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Therefore we have
cn ca

<
8 logl/2 n 4 log3/2 a
From (23) and (18) we obtain

0 <n— Li(nlogn) < Li(p,) — Li(nlogn) + K f(p,)
From the Lagrange‘s theorem and (21) we find that

pn — nlogn

Li(pn) — Li(nlogn) = -—(p, —nlogn) <

logb ~ log(nlogn)
where nlogn < b < p,. Equations (25) and (26) give
_ pn —nlogn
0<n—Linl < —+ Kf(pn
n — Li(nlogn) < log (1 1oz 1) f(pn)
(19) and (20) give
pn — nlogn nloglogn
Pn 20 L K f(p,) ~ —220
log(nlogn) f(pn) logn
From (27) and (28) we find that
2 nlogl
0 <n— Li(nlogn) < £nososh
logn
Now
2 nloglogn cn
logn 8log'?n
Therefore
0 <n— Li(nlogn) < _cr
8 logl/2 n

Finally, (24) and (30) give (17). The theorem is thus proved.
Theorem 3.2 From a certain value of n we have

Li~'(n) = nlogn +log(nlogn)(n — Li(nlogn))

o 5 (C Qe log(nlog)
k=2

- k
K 1log" Tn (n — Li(nlogn))

Proof. It is an inmediate consequence of theorem 3.1 and theorem 2.3.

1077

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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4 The mistake term
Theorem 4.1 The following formula holds
po=Li" (n) + O(h(n))  (n>2)

where
nlog?n

h(n) = ————
(n) exp(dy/logn)
Proof. We shall suppose x and n sufficiently large.
We shall choose in (16) the de la Vallee Poussin’s function

X

1) = plavios )

R. Jakimczuk

From (18) we obtain that n belongs to the following interval of the y-axis

(Li(pn) - Kf(pn)a Li(pn) + Kf(pn))

Therefore, since y = Li(x) is increasing, Li~'(n) will belong to the following

interval of the x-axis

(Li™* (Li(pa) = Kf(pn)), Li~* (Li(pa) + K f(pn)))

Note that the point # = p,, belongs to this interval since Li~!(Li(p,)) = pn.

If n < Li(p,) then Li~'(n) < Li~*(Li(p,)) = pn. Hence

Pn — Liil(n) <DPn— Liil (Ll(pn) - Kf(pn))

(31)

From the Lagrange’s theorem applied to Li~'(y) we have (see (5))

Pn — Li7'(Li(pn) — K f(pn)) = Li~ " (Li(pn)) — Li~" (Li(pn) — K f(pn))

= loga(K f(p,)) <logp,K f(pn)

where x = a satisfies

Li~' (Li(p,) — Kf(py)) < a < py,
(31) and (32) give
pn— Li'(n) < K logp,f(pn)

On the other hand, if
n > Li(p,)

then Li~'(n) > Li~*(Li(p,)) = p,. Hence

LimH(n) — pn < Li~t (Li(pn) + K f(Pn)) = Pn

(32)
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From the Lagrange’s theorem applied to Li~!(y) we have

Li™" (Li(pn) + Kf(pn)) —pn = Li~" (Li(pn) + K f(pn)) — Li~"(Li(p,))
= loga(K f(pn)) (36)

where x = a satisfies

Pn <a< Li™! (Li(pn) + K f(pn)) (37)

Let us consider the function g(z) = Li(z) — K f(z) < Li(z). We have g(z) ~
Li(x) ~ (z/logx). Therefore g(x) — oo. Its derivative is ¢'(z) ~ (1/logz) >
0. This imply that g(z) is increasing from a certain value of . Consequently,
there exists © = b such that ¢g(b) = Li(p,) + K f(pn)-

Now, since

g (Li™ (Li(pa) + Kf(pn))) = Li(pa) + K f(pn)
— Kf (L (Lilpa) + K f(p)))
< Li(py) + Kf(pn) = g(b)

We have
Li! (Li(pn) + Kf(pn)) <b (38)

(37) and (38) give
p<a<b (39)

Since g(z) is increasing, in the interval (p,, b) of the x-axis we have

g(z) = g(b) <0 (40)
On the other hand in the interval (b, co) we have
g(z) = g(b) >0 (41)
Now, we have (see (19))
Fpan) = Don 2nlogn
Do) = cap(dy/Tog pan)  exp(dy/Togn)
Fpn) = Dn nlogn
Pl = exp(d/logp,)  exp(dy/logn)

Therefore
(2n — 2K f(pan)) — (n+ K f(pn)) ~ 1

and consequently

(2n = 2K f(pan)) — (n + K f(pn)) > 0 (42)
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Now (see (34))
Li(pn) + K f(pa) < n+ K f(pn)

On the other hand (see (18))

Li(pza) + K f (p2n) > 2n

That is
9(p2n) = Li(pan) — K f(p2n) > 2n — 2K f(p2n)

(42), (43) and (44) give
9(p2n) = (Li(pn) + K f(pn)) = g(p2a) — g(b) > 0
(39), (40), (41) and (45) give
a<b< pa,

That is
log a < log poy,

(35), (36) and (46) give
Li'(n) — pn < K1og panf(pn)
Now (see (19))

nlog®n

tog ponf (pn) ~ log pnf(pn) ~ 0 ey

(33), (47) and (48) give

. log?n
— i1 - n
‘pn ' (n)‘ © (exp(d\/log n))

The theorem is thus proved.

R. Jakimczuk

(43)

(44)

(45)

Remark 2. If the Riemann’s hypothesis is true we obtain in the same way

h(n) = v/nlog®*n

Since in this case f(z) = y/zlogz and consequently we have

log pn f(pn) ~ v/nlog™?n

If we use a function f(z) better than the de la Vallee Poussin’s function, in

the same way we shall obtain a better function h(n).
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5 The aproximate formula for p,
Theorem 5.1 From a certain value of n the following formula holds

pn = nlogn+ log(nlogn)(n — Li(nlogn))

o (_1\k og(n logn
+ Z( 1)14;%_11(110:15_115 ))(H—Li(”log”))k+0(h(”))

where
nlog?n

( - o

exp(dy/logn)
Proof. It is an inmediate consequence of theorem 3.2 and theorem 4.1.
Theorem 5.2 The series
nlogn + log(nlogn)(n — Li(nlogn))

© (—1V* O, (loo(n]
¢ 3 L) (1 Lifn oz (19)
k=2 :

converges absolutely if n > 4.
Proof. We have ( see theorem 2.3)

(=1)*Qk-1(log(nlogn))| _ Hi-1(log(nlogn))
klnk=1log" ' n = klnk1llogh'n

(k>2)

Let us consider the series

nlogn + log(nlogn) |n — Li(nlogn)|

oo

5 Hy_1(log(nlogn))
= klnk-llog"'n

In — Li(nlogn)|" (50)

We shall prove that the series (50) converges if n > 4. Therefore the series
(49) will be absolutely convergent if n > 4.

Let us consider the quotient of a term with the former term in the series
(50). Then if k£ > 2 we have

H,(log(nlogn)) |n — Li(nlogn)[*™ k'nF~1log" ' n
(k 4+ 1)In*log" n Hy,_1(log(nlogn)) |n — Li(nlogn)|*
1 Hy(log(nlogn)) 1

= — Li(nl R
(k+ 1)nlogn Hy_1(log(nlogn)) In = Li(nlogn)| (k+ 1)nlogn

(k — 1) log(nlogn)Hy_1(log(nlogn)) + log(nlogn)Hj_,(log(nlogn))
Hy—1(log(nlogn))
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log(nlogn) (k—l k—1 1

— Lilnl —
n i(nlogn)| k+1 k4 1log(nlogn)

nlogn
HI’C_1 (log(nlogmn))

E—1 ) In — Li(nlogn)| < |n — Li(nlogn)|log(nlogn)

Ha_1(og(nlogn)
log(nlogn)

1 — Li(nl log1 1
14 _ |n — Li(nlogn)| | 4 loglogn
log(nlogn) n logn logn

From the ratio test the series (50) will be convergent for all n such that

nlogn

— Li(nl logl 1
|n — Li(nlogn)| | 4 loglogn <1 (51)
n logn logn
Note that
. In — Li(nlogn)| <1+loglogn+ 1 ) 0
n—oo n logn logn

Since Li(z) ~ 2= Therefore (51) is true from a certain value of n. Here we

shall prove (51) is true if n > 4.
First case. Suppose that for a certain n we have

n > Li(nlogn)

If we apply the Lagrange’s theorem to the function Li(z) in the interval
[2,nlogn] then we find that

nlogn — 2 _
—— < Li(nl >3 52
ooy < Linlogn) (02 3) (52)

(51) and (52) give (n > 3)

|n — Li(nlogn)| L+ loglogn N 1
n logn logn

_ mnlogn—2
< n log(nlogn) <1 + log logn n 1 )
n logn logn
nlognloglogn + n(loglogn)? + nloglogn + 2logn + 2loglogn + 2

nlog?n + nlog nloglogn
= f(n)

Let us consider the function f(z). We have




A formula for prime numbers 1083

where )
B(z) = (3: log? « + x log x log log x)

and

A(x) = (1 —loglogz)xlog® x + (1 — 2(loglog x)*)x log x
— 6logzloglogz — 4log® xloglogx — 2log® x — 41log® x — 4log
— 2logz(loglogz)?* — 2loglog x — x(loglog x)* — 2(loglog z)? — 2

Therefore if z > 20 we have A(z) < 0 and consequently f'(z) < 0.

On the other hand, if 4 < n < 20 we find ( using a computer and the
software Microsoft Excell ) that f(n) < 1. Consequently if n > 4 we have
f(n) < 1.

If we apply the Lagrange’s theorem to the function Li(z) in the intervals
2,3], [3,4], [4,5] and [5, 6] we find that

3-2 4-3 5-4 6-5
Li(4log4) =

= <4
log 2 + log 3 + log 4 + log 5

That is, if n = 4 we are in this case. Therefore the series (49) converges if
n =4.
Second case. Suppose that for a certain n we have

n < Li(nlogn)

If we apply the Lagrange’s theorem to the function Li(z) in the intervals
[2,n/2], [n/2,n] and [n,nlogn], we find that

1 n 1 n 1
(2 ) (n=)—(nlogn—n) > Li(nl >5
oz 2 (2 >+10g (%) (n 2)+10gn (nlogn —n) > Li(nlogn)  (n>5)

That is

n 2 n

o - > Li(nl >5) (53
g2 1ogd | 2ogn—Tog2d) 1" logn > Hlnloem) - (n=3) (53)

(51) and (53) give (n > 5)

|n — Li(nlogn)| m loglogn N 1
n logn logn

1 2 n 1 1 1_i_loglogn_i_ 1
2log2 nlog2 = 2(logn —log2) logn logn logn
= f(n)
Let us consider the function f(z). We have

Afz)
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where
B(z) = (2log2)z? log® z(log x — log 2)*
and
A(x) = —xlog’rloglogz + (log2)rlog® x + (4log2)x log® x loglog ©

log 2(4log2 — 1)z log® x + 2(log 2)*z — 8(log 2)*x log  log log x
4(log 2)3xloglog z + 4log* zloglog  — 2(log 2)*(2 — log 2)z log =
+ 4log’x — 4(21og2 — 1)log* z + 4(log 2)* log? =

— 4(2log2 — 1)log® xloglog x + 4(log 2)* log x log log x

+

— 4log2(2 —log2)log® x — 41og 2(2 — log 2) log® z log log =

We shall prove that A(xz) < 0 if 2 > 50.000 and consequently that f'(z) < 0 if
x > 50.000.
It is sufficient to prove that (see A(x)):

—zlog® zloglog x + (log 2)x log® x 4 (4log 2)x log® xloglogz < 0

—log2(4log?2 — 1)z log® z + 2(log 2)%z < 0
—8(log 2)%x log x loglog = + 4(log 2)3x loglog z + 4 log* z loglog z < 0

—2(log 2)*(2 — log 2)z logz + 4log’ z < 0

—4(2log2 — 1)log* z + 4(log 2)*log® z < 0

—4(21og 2 — 1) log® zloglog z + 4(log 2)? log x loglog 2 < 0
if x > 50.000. That is

—logzloglogz + (log2)logx + (41log2) loglog z < 0 (54)
—(41og?2 — 1) log® x + 2(log 2)? < 0 (55)
—2(log 2)*xlog x + (log 2)%z + log*z < 0 (56)
—(log2)*(2 — log 2)x + 2log* 2 < 0 (57)
—(2log?2 — 1) log?x + (log2)* < 0 (58)

if x > 50.000.
Clearly, the inequalities (55) and (58) are true if x > 50.000.
Consider the inequality (54) and let us write

j(x) = —logzloglogz + (log2) logx + (41og2) loglog =

Then

4log2>

1
., I o _ _
j'(x) = - < loglogx — (1 —log2) + og 2
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Now, the inequality

4log?2
—(1—log2) + log <0

og x
is true if

Alog 2
x250.000>emp< o8 )

1 —log?2

Therefore j'(z) < 0 if 2 > 50.000.

On the other hand j(50.000) < 0, consequently j(z) < 0 if > 50.000.
That is, the inequality (54) is true if > 50.000.

Clearly, if z > 50.000 the following inequality holds

vz >logz (59)
Consider the inequality (57) and let us write
h(z) = —(log2)*(2 — log 2)x 4 2log* =

Then .
1
B (2) = —(log 2)2(2 — log 2) + 108"

Let us consider the inequality

8log®
~(10g2)(2 —~ log2) + —>— < 0 (60)
Substituting log x by /= we obtain the inequality
8
—(log2)*(2 —log2) + — < 0 (61)

Vr

This inequality is true if

4
8
> .
z 2 50.000 > <log 2)2(2 —log 2))

Therefore (59) imply that the inequality (60) is also true if x > 50.000.
That is, '(z) < 0 if = > 50.000.
On the other hand h(50.000) < 0, consequently h(z) < 0 if z > 50.000.
That is, the inequality (57) is true if z > 50.000.
Consider the inequality (56) and let us write

g(x) = —2(log 2)*zlog z + (log 2)*x + log* =

Then
4log® x

g (z) = —2(log 2)?logz — (2 — log 2)(log 2)* + .
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Let us consider the inequality

4log® x

—(2 —log 2)(log 2)* + <0 (62)
x
Substituting log x by /= we obtain the inequality
4
2
—(2 —log2)(log2)* + R <0 (63)

This inequality is true if z > 50.000 (see (61)). Therefore (59) imply that the
inequality (62) is also true if > 50.000.

That is, ¢'(z) < 0 if > 50.000.

On the other hand ¢(50.000) < 0, consequently g(z) < 0 if = > 50.000.

That is, the inequality (56) is true if z > 50.000.

Therefore f'(x) < 0 if > 50.000.

On the other hand, if 5 < n < 50.000 we find ( using a computer) that
f(n) < 1.

Consequently f(n) < 1if n > 5.

The theorem is proved.

We now can establish the main theorem of this article.
Theorem 5.3 Ifn > 4 the following formula holds

pn = nlogn+log(nlogn)(n — Li(nlogn))

0o (_1\k og(n logn
+ Z( 1)14;%_11(110515_115 ))(H—Li(”log”))k+0(h(”))

where )
1
h(n) = _nleg n

exp(dy/logn)

Proof. It is an inmediate consequence of theorem 5.1 and theorem 5.2.
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