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Abstract

Data envelopment analysis is widely applied approach for measuring
the relative efficiencies of a set of decision making units(DMUs) using
various inputs to produce various output are limited to crisp data.In
this paper, the focus will be on the nonradial model because the non-
radial model is best efficiency estimator for DEA model.However, in
real-world problems inputs and outputs are often imprecise.This paper
develops DEA models using imprecise data represented by fuzzy sets.By
use of a ranking function we introduce the approach to solving the fuzzy
nonradial model.

Mathematics Subject Classification: Operations Research, No. 90

Keywords: fuzzy linear programming problem, Data envelopment analy-
sis DEA, fuzzy ranking functions

1 Introduction

One approach for measuring the relative efficiencies of decision making units
(DMUs) which consume multiple inputs to produce multiple outputs is data
envelopment analysis (DEA) developed by Charnes et al.(1978,1979).This ap-
proach is essentially the counterpart of the pare to optimality in economics
which states that a DMU is said to reduce the consumption of one input, an-
other input will necessarily be raised in producing the same amount of output,
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or when it tries to raise the production of one output, another output will nec-
essarily be reduced in consuming the same amount of input (see, for example,
Ferguson and Gould,1975). To deal quantitatively with impression in decision
process, Bellman and Zadeh (1970) introduce the notion of fuzziness.In the
conventional DEA approach a set of weighs which satisfies a set of constraints
is selected to give the highest possible efficiency measure for each DMU. when
some observations are fuzzy the goal and constraints in the decision process
become fuzzy as well. since the DEA model is essentially a linear program, one
straightforward idea is to apply the existing fuzzy linear programming (FLP)
to the fuzzy DEA problems. In this paper we use a new method for fuzzy linear
programming to treat fuzzy nonradial models.

2 preliminaries

We review the fundamental notions of fuzzy set theory, initiated by Bellman
and Zadeh [1], to be used throughout this note. Below, we give definitions and
notations taken from Bezdek [2].

Definition 2.1. Let X be the universal set Ã is called a fuzzy set in X if Ã
is a set of ordered pairs

Ã = {(x, μÃ(x))|x ∈ X},
where μÃ(x) is the membership value of x in Ã.

Definition 2.2. A fuzzy set Ã is convex if

μÃ(λx + (1 − λ)y) ≥ min{μÃ(x), μÃ(y)}, ∀x, y ∈ X and λ ∈ [0, 1].

Definition 2.3. A convex fuzzy set Ã on � is a fuzzy number if the following
conditions hold:

(a) Its membership function is piecewise continuous.
(b) There exist only x0 that μA(x0) = 1.

Definition 2.4. (L-R fuzzy number) A fuzzy number Ã is of L-R type if
there exit reference function L (L for left), (R for right) and scalers α > 0,
β > 0 with

μÃ(x) =

{
L(m−x

α
) x ≤ m

R(x−m
β

) x > m

m, called the mien value of Ã, is real number, and α, β are called the left
and right of Ã, is real number, and α, β are called the left and right expanse
respectively, Ã is denoted by (m, α, β)LR.
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When L(x) = R(x) =

{
1 − x 0 ≤ x ≤ 1

0 otherwise
then we have triangular fuzzy

number.

Fig 1. Triangular fuzzy number.

compatibility

1

βα al = au

Definition 2.5. The extension principle: [13]. One of the most basic con-
cepts of fuzzy set theory that can be used generalize crisp mathematical con-
cepts to fuzzy set is the extension principle. In its elementary form, it was
already implied in Zadeh’s first contribution [14]. Zadeh and Dubois and
Prade [4], we define the extension principle as follows:

Let X be a cartesian product of universes X = X1×· · ·×Xr, and Ã1, . . . , Ãr

be r fuzzy sets in X1, . . . , Xr, respectively, f is mapping form X to universe
Y , Y = f(x1, . . . , xr). Then the extension principle allows us to define a fuzzy
set B̃ in Y by B̃ = {(Y, MB̃(Y ))|Y = f(x1, . . . , xr), (x1, . . . , xr) ∈ X} where

μB̃(y) =

{
sup(x1,...,xn)∈f−1(y) min{μÃ1

(x1), . . . , μÃr
(xr)iff−1(u) �= ∅}

0 otherwise
(2.1)

where f−1 is the inverse of f . for r = 1, the extension principle, of course,
reduces to

B̃ = f(Ã) = {(Y, μB̃(Y ))|Y = f(x), x ∈ X}

where

μB̃(Y ) =

{
supx∈f−1(Y ) μÃ(x), iff−1(Y ) �= θ

0 otherwise
(2.2)
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3 Ranking Functions and Its Application to

Fuzzy Number Linear Programming

3.1 Ranking Functions

Several methods for solving fuzzy linear programing problems can be Fang
(1999),Lai and Hwang (1992),Maleki et al (2000).one of the most convenient
of these methods is based on the concept of comparison of fuzzy numbers by
use of ranking functions.In fact,an efficient approach for ordering the elements
of F (�) is to define a ranking functionM : F (�) → � which maps each fuzzy
number into the line, where a natural order exists. We define orders on F (�)
by

ã 
 b̃ if and only if M(ã) ≥ M(b̃), (3.3)

ã � b̃ if and only if M(ã) > M(b̃), (3.4)

ã ∼= b̃ if and only if M(ã) = M(b̃), (3.5)

where ã and b̃ are in F (�). Also we write ã 
 b̃ if and only if b̃ 
 ã.

Here, we introduce a linear ranking function that is similar to the rank-
ing function adopted by Maleki(2000).For a triangular fuzzy number ã =
(m, α, β),we use ranking function as follows:

M(ã) =
1

2

∫ 1

0

(inf ãα + sup ãα)dα. (3.6)

This reduces to

M(ã) = m +
1

4
(β − α)) (3.7)

Then, for triangular fuzzy numbers ã = (m, α, β) and b̃ = (n, γ, δ),we have

[ã 
 b̃] ⇐⇒ [(m +
1

4
(β − α)) ≥ (n +

1

4
(δ − γ))]. (3.8)

Authors who use ranking function for comparison of fuzzy linear program-
ming problems usually define a crisp model which is equivalent to the Fuzzy
linear programing problem and then use optimal solution of this model as the
optimal solution of fuzzy linear programming problems. We now define fuzzy
linear programming problems and the corresponding crisp model.
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3.2 Fuzzy Number Linear Programming Problem

Definition 3.1. A fuzzy number linear programing problem (FNLP) is defined
as follows:

Min z̃ � c̃x

s.t. Ãx 
 b̃
x ≥ 0,

(3.9)

where ”�” and ”
” mean equality and inequality with respect to the ranking
function τ , Ã = [ãij ]m×n, c̃ = (c̃1, ..., c̃n),

b̃ = (b̃1, ..., b̃m)T ,x = (x1, ..., xn), and ãij , b̃i, c̃j ∈ F (�) and xj ∈ � for
i = 1, ..., m; j = 1, ..., n.

Definition 3.2 Any x which satisfies the set of constraints of FNLP is called
a feasible solution. Let S̃ be the set of all crisp feasible solutions of FNLP .
We say that x∗ ∈ S̃ is an optimal feasible solution for FNLP if c̃x∗ 
 c̃x for
all x ∈ S̃.

Definition 3.3 We say that the real number a corresponds to the fuzzy
number ã, with respect to a given linear ranking function M, if a = M(ã).

However The following theorem shows that any FNLP can be reduced to
a linear programming problem (see Maleki [13] and Maleki et al. [14]).

Theorem 3.1. The following linear programming problem ( LP ) and the
FNLP in (4.16) are equivalent:

min z = cx
s.t. Ax ≥ b

x ≥ 0,
(3.10)

where aij , bi, cj are real numbers corresponding to the fuzzy numbers ãij , b̃i, c̃j

with respect to a given linear ranking function M, respectively.

Remark 3.4 The above theorem shows that the set of all crisp feasible
solutions of FNLP and all feasible solutions of LP are the same. Also if x̄ is
an optimal feasible solution for FNLP, then x̄ is an optimal feasible solution
for LP.
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4 DEA and Fuzzy Non-radial DAE model

4.1 DEA

The most frequently used DEA model is the CCR model, name after Charnes,
Cooper and Rhodes (1978).In this paper we considered a Non-radial. Suppose
that there are n DMUs, each of which consumers the same type of inputs and
produces the same type of outputs. Let m be the number of inputs and let r be
the number of outputs.All inputs and outputs are assumed to be nonnegative,
but at least one input and one output are positive. The following notation will
be used throughout this paper.

Notation

• DMUj is the jth DMU.

• DMUo is the target DMU.

• Xj ∈ Rm×1 is the column vector of inputs consumed by DMUj .

• Xo ∈ Rm×1 is the column vector of inputs consumed by DMUo.

• X ∈ Rm×n is the matrix of inputs of all DMUs.

• Yj ∈ Rs×1 is the column vector of outputs consumed by DMUj .

• Yo ∈ Rs×1 is the column vector of outputs consumed by DMUo.

• Y ∈ Rs×n is the matrix of outputs of all DMUs.

• λ = (λj)n×1, λ ∈ Rn is the column vector of a linear combination of n
DMUs.

• θ is the objective value (efficiency) of the nonradial model.

• V ∈ Rm×1 is the column vector of input weights.

• U ∈ Rs×1 is the column vector of output weights.

• αi is the certian weights values based on inputs improve .
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4.2 A Non-radial DAE model

In this Non-radial model, the multiple input and multiple output of each DMU
are aggregated into a single virtual input and a single virtual output, respec-
tively. The Non-radial model and its dual are formulated as the following
linear programming models:
(Non − radial)

Min
1∑m

i=1 αi

m∑
i=1

αiθi

s.t.

n∑
j=1

λjxij ≤ θixio i = 1, . . . , m

n∑
j=1

λjyrj ≥ yro r = 1, . . . , s

λj ≤ 0 j = 1, . . . , n

0 ≤ θi ≤ 1 i = 1, . . . , m

Whereαi i = 1, . . . , m are input weights. In optimal solution there
isn‘t any nonzero input slacks.

4.3 Non-radial measures model with fuzzy data

In recent years, fuzzy set theory has been proposed as a way to quantify
imprecise and vague data in DEA models. fuzzy DEA models take the form
of fuzzy number linear programming model. The Non-radial model with fuzzy
coefficients and its dual are formulated as the following linear programming
model:

Min
1∑m

i=1 αi

m∑
i=1

αiθi

s.t.
n∑

j=1

λjx̃ij ≤ θix̃io i = 1, . . . , m
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n∑
j=1

λj ỹrj ≥ ỹro r = 1, . . . , s

λj ≤ 0 j = 1, . . . , n

0 ≤ θi ≤ 1 i = 1, . . . , m

The fuzzy Non-radial models cannot be solved by a standard LP solver like a
crisp Non-radial model because coefficients in the fuzzy Non-radial model are
fuzzy sets. With the fuzzy inputs and fuzzy outputs, the optimality conditions
for the crisp DEA model need to be clarified and generalized. This approach
by using the concept FLP can be used to where xij , yrj are real numbers cor-
responding to the fuzzy numbers x̃ij , ỹrj with respect to a given linear ranking
function M, respectively.

5 Methodology and examples

We evaluate thirty branches of Tehran Social Security Insurance Organization
at this section.Each branch uses of four inputs in order to produce four outputs.
The labels of inputs and outputs are presented in under table.

Input Output
1 The number of personals The total number of insured persons
2 The total number of computers The number of insured persons’agreements
3 The area of the branch The total number of life-pension receivers
4 Administrative expenses The receipt total sum (Incom)

Table1.The labels of inputs and outputs.

In this example we consider α1 = α2 = α3 = α4 = 1. The total triangular
Fuzzy data has been viewed in tables (3), and (4).We have input 3 as crisp
data in table (3). It is considered that “M”as number middle, “α”left expanse.
“β”as right expanse. For example if ã = (m, α, β) denote a triangular fuzzy
number then we use ranking function as follows:

τ(ã) = m +
1

4
(β − α)

After using of ranking function τ , the dates are given as crisp and then with
applying explained method on the essay the results are presented in the table
(5).
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θ θ1 θ2 θ3 θ4

1 0.6571 0.7000 0.7669 0.4073 0.7542
2 0.6611 0.8128 0.7143 0.3668 0.7506
3 1.0000 1.0000 1.0000 1.0000 1.0000
4 0.5334 0.6826 0.7139 0.6543 0.0827
5 0.8014 0.7971 0.8614 0.6508 0.8964
6 1.0000 1.0000 1.0000 1.0000 1.0000
7 1.0000 1.0000 1.0000 1.0000 1.0000
8 1.0000 1.0000 1.0000 1.0000 1.0000
9 1.0000 1.0000 1.0000 1.0000 1.0000
10 0.6937 0.6210 0.6343 0.5515 0.9679
11 1.0000 1.0000 1.0000 1.0000 1.0000
12 0.5327 0.7212 0.6675 0.1876 0.5546
13 0.8049 0.7866 0.8021 0.6307 1.0000
14 1.0000 1.0000 1.0000 1.0000 1.0000
15 0.8509 0.9814 0.9284 0.7036 0.7902
16 0.7841 0.7197 0.7730 0.8261 0.8175
17 0.6791 0.8571 0.7406 0.5425 0.5764
18 1.0000 1.0000 1.0000 1.0000 1.0000
19 0.6538 0.7933 0.7573 0.4091 0.6554
20 1.0000 1.0000 1.0000 1.0000 1.0000
21 0.6304 0.6482 0.5027 0.5388 0.8317
22 1.0000 1.0000 1.0000 1.0000 1.0000
23 1.0000 1.0000 1.0000 1.0000 1.0000
24 1.0000 1.0000 1.0000 1.0000 1.0000
25 1.0000 1.0000 1.0000 1.0000 1.0000
26 0.7591 0.8804 0.8010 0.3550 1.0000
27 0.9000 0.9393 0.9351 0.7256 1.0000
28 1.0000 1.0000 1.0000 1.0000 1.0000
29 0.5210 0.6017 0.5605 0.4894 0.4326
30 1.0000 1.0000 1.0000 1.0000 1.0000

Table 5: The Non-radial Efficiency.

6 conclusion

The purpose of this study was to develop the DAE models to DMUs with
fuzzy data that since the level of inputs and outputs for DMUo are not know
exactly, we respect to a given linear ranking function then, in this cases, the
DAE models solve when inputs and outputs data are fuzzy ,we try to use a
ranking function to solve fuzzy nonradial models.
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