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Abstract

Data envelopment analysis (DEA), is a technique to evaluate the
ability of the decision making units (DMUs) by using the mathematical
programming inspired by some input and output homogeneous indica-
tors. One of the topics of interest in DEA is the sensitivity and the
stability analysis of an efficient DMU, when the data variations of in-
puts and outputs are considered. Presence of the indicators with limited
sources effects the sensitivity of the DMUs. Same indicators exist as
fixed amount in a community and the DMUs can own them with their
ability and if a DMU loses the same amount of the indicator, the rest
of the DMUs find the ability to own some of them without even chang-
ing their capacity of other indicators. This paper develop a sensitivity
analysis for the efficient DMUs, when there is variation in an input or
output indicator with a limited source.
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1 Introduction

Since the pioneering work of Charnes et al. [1], data envelopment analysis
(DEA) has been extensively used for evaluating the performance of many ac-
tivities. DEA evaluates the relative efficiency of a set of homogeneous decision
making units (DMUs) by using a ratio of the weighted sum of outputs to the
weighted sum of inputs. It generalizes the usual efficiency measurement from
a single-input, single-output ratio to a multiple-input, multiple-output ratio.
Specifically, it determines a set of weights in a way that the efficiency of a
target DMU (DMUo) relative to the other DMUs is maximized.
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In some of the systems, availability of some of the input or output indi-
cators in a community may be limited, and the DMUs can own them with
their ability. For example, in a community there is limited investment to in-
vest in banks and banks by considering their ability to attract customers can
own some of this investment as an output indicator. In another example, the
amount of sick people in a community in need of hospitalization in a hospital
are limited. However, hospitals by considering their quality of care and their
healing expense can own some of these patients as output indicators. In exam-
ples above, if a DMU losses an amount of this output, the rest of the DMUs
find the ability to own some of them without even increasing thier inputs.

This indicator can exist as an input indicator of the DMUs. For example,
the amount of the buses in a bus-firm, that has different lines are limited and
each line can only take some of the buses as input indicator. Also about input
indicator with limited sources, it must be considered that if a DMU wants
more of the same input, this amount must be supported by decreasing the
input in the other DMUs.

The main contribution of this paper is to develop a sensitivity analysis for
evaluating the stability amount of an efficient DMU against variation in an
input or output indicator with a limited source.

The paper is structured as follows: the next section provides an intro-
duction to CCR model and the efficient DMUs in DEA. Section 3 presents a
sensitivity analysis for an efficient DMU relative to an output with alimited
source. Also the approach is illustrated by solving an example. The conclusion
is provided in section 4.

2 CCR-efficiency

DEA is a non-parametric multiple input/output efficiency technique that mea-
sures the relative efficiency of DMUs using a linear programming based model.
It is non-parametric because it requires no assumption on the shape or param-
eters of the underlying production function. Due to this property, DEA has
gained increasing popularity in the last two decades.

Consider n DMUs, each consuming varying amounts of m inputs in the
production of s outputs. The m× n matrix of inputs is denoted by X and the
s×n matrix of outputs by Y. Furthermore, xij denotes the amount consumed
of the i-th input by the j-th DMU and yrj denotes the amount produced of
its r-th output. Finally, Xj and Yj denote, respectively, the vector of inputs
and outputs for the j-th DMU. The input-oriented linear programming prob-
lem formulation for the Charnes, Cooper, and Rhodes (CCR) [1] model for
evaluation of DMUo, o ∈ {1, ..., n}, (the multiplier side) is as follows:
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θ∗o = Max

s∑

r=1

uryro

s.t.
m∑

i=1

vixio = 1

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ 0 j = 1, . . . , n

vi ≥ ε i = 1, ..., m
ur ≥ ε r = 1, ..., s

(1)

where ε is a non-Archimedean infinitesimal.
It can be proven that 0 < θ∗ ≤ 1 and DMUo is the efficient in the CCR

model if θ∗o = 1. Otherwise, the DMUo is inefficient[1]. Therefore, from (1),
DMUo is efficient, if there are vi ≥ ε, i = 1, ..., m and ur ≥ ε, r = 1, ..., s, such
that

s∑

r=1

uryro −
m∑

i=1

vixio = 0,

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ 0, j = 1, ..., n, j �= o. (2)

Without loss of generality it can be supposed that

s∑

r=1

ur +

m∑

i=1

vi = 1,

because if vi and ur satisfy in (2), then v̄i = tvi and ūr = tur also satisfy,
where

t =
1

s∑

r=1

ur +

m∑

i=1

vi

.

3 Sensitivity analysis

In this section, we purpose to measure the stability amount of the efficient
DMU relative to decrease one of its outputs with a limited source against
increasing the output in other DMUs, such that the new outputs can be pro-
duced by the same inputs. It must be considered that increasing each output
in an efficient DMU does not effect its efficient status.
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Suppose that DMUo is an efficient DMU and the first output is a limited
source case. In sensitivity analysis during, the changing amount of y1j, j =
1, ..., n, is denoted by αj, such that o ≤ αo ≤ y1o and o ≤ αj ≤ pj, j �= o,
where pj is the almost increasing y1j such that DMUj is able to produce
Y ′

j = (y′
1j, y2j, ..., ysj) by the same inputs Xj, where

y′
1o = y1o − αo

y′
1j = y1j + αj, j �= o

and
∑

j �=o

αj = αo. pj ≥ y10 means that αj can be increased without any

limitation.

Suppose that the attraction contribution of αo by DMUj is specified and
is denoted by wj where

W = (w1, ..., wn), wo = 0, wj ≥ 0, j �= o,
∑

j �=o

wj = 1

therefore, we have αj = wjαo. The stability interval of DMUo is as [0, αo(W )],
where αo(W ) has the most amount αo such that DMUo with input-output
vector (Xo, Y

′
o) holds over as an efficient DMU among other DMUs with input-

output vector (Xj, Y
′
j ). From (2), we have

αo(W ) = Max αo

s.t.

s∑

r=1

uryro − u1αo −
m∑

i=1

vixio = 0,

s∑

r=1

uryrj + u1wjαo −
m∑

i=1

vixij ≤ 0, j �= o,

s∑

r=1

ur +
m∑

i=1

vi = 1,

0 ≤ αo ≤ y1o,
wjαo ≤ pj, j �= o,
vi ≥ ε, i = 1, ..., m,
ur ≥ ε, r = 1, ..., s.

(3)

The above model is a nonlinear programming problem which transform to
linear form by ᾱo = u1αo, as follows
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Max ᾱo

s.t.

s∑

r=1

uryro − ᾱo −
m∑

i=1

vixio = 0,

s∑

r=1

uryrj + wjᾱo −
m∑

i=1

vixij ≤ 0, j �= o,

s∑

r=1

ur +

m∑

i=1

vi = 1,

0 ≤ ᾱo ≤ y1ou1,
wjᾱo ≤ pju1, j �= o,
vi ≥ ε, i = 1, ..., m,
ur ≥ ε, r = 1, ..., s

(4)

therefore, for the optimum solution ᾱ∗
o and u∗

1 of (4), we have αo(W ) = ᾱ∗
o

u∗
1
.

Now, suppose that the contribution of each DMU of αo is unknown. Hence,
αo(W ) is a function of W . The upper bound of the stability interval, α∗

o, is
the most decreasing y1o which DMUo certainly holds over the efficient DMU
for each contribution W . That is

α∗
o = min{αo(W ) | W = (w1, ..., wn), wo = 0, wj ≥ 0, j �= o,

∑

j �=o

wj = 1.} (5)

The amount of α∗
o is obtained by solving above min max nonlinear pro-

gramming problem. In following, we provide a method for calculating α∗
o. The

dual problem of (4), to known W , is as follows
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αo(W ) = 1
u∗
1(W )

Min z − ε(

s∑

r=1

s+
r +

m∑

i=1

s−i )

s.t.
n∑

j=1

y1jλj + z − y1oβ −
∑

j �=o

pjμj − s+
1 = 0,

n∑

j=1

yrjλj + z − s+
r = 0, r = 2, ..., s,

n∑

j=1

xijλj − z + s−i = 0, i = 1, ..., m,

−λo + β +
∑

j �=o

wjλj +
∑

j �=o

wjμj ≥ 1,

λj ≥ 0, j �= o,
μj ≥ 0, j �= o,
β ≥ 0,
z, λo free

(6)

where, the vector W is known as W = (w1, ..., wn), wo = 0, wj ≥ 0, j �=
o,

∑

j �=o

wj = 1 and u∗
1(W ) is optimal solution of (4) corresponding to W . There-

fore, the problem (5) is formulated as follows
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α∗
o = 1

u∗
1(W )

Min z − ε(
s∑

r=1

s+
r +

m∑

i=1

s−i )

s.t.

n∑

j=1

y1jλj + z − y1oβ −
∑

j �=o

pjμj − s+
1 = 0,

n∑

j=1

yrjλj + z − s+
r = 0, r = 2, ..., s,

n∑

j=1

xijλj − z + s−i = 0, i = 1, ..., m,

−λo + β +
∑

j �=o

wjλj +
∑

j �=o

wjμj ≥ 1,

∑

j �=o

wj = 1,

wo = 0, wj ≥ 0, j �= o,
λj ≥ 0, j �= o,
μj ≥ 0, j �= o,
β ≥ 0,
z, λo free.

(7)

Using following theorem, the optimal solution of (7) is obtained by solving
n linear programming problems.

Theorem 1. α∗
o = zk, for some k, where

zk = 1
u∗
1
Min z − ε(

s∑

r=1

s+
r +

m∑

i=1

s−i ) k = 1, ..., n, k �= o

s.t.
n∑

j=1

y1jλj + z − y1oβ −
∑

j �=o

pjμj − s+
1 = 0,

n∑

j=1

yrjλj + z − s+
r = 0, r = 2, ..., s,

n∑

j=1

xijλj − z + s−i = 0, i = 1, ..., m,

−λo + β + λk + μk ≥ 1,
λj ≥ 0, j �= o,
μj ≥ 0, j �= o,
β ≥ 0,
z, λo free

(8)
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where u∗
1 is optimal solution αo(W

∗) in (3) such that W ∗ is optimal solution
of (5) corresponding to α∗

o.
Proof. Clearly, each solution of (8) is a solution for (7), for wj = 0, j �= k,

and wk = 1. Therefore, for all k, zk ≤ α∗
o.

Suppose (z∗, λ∗
1, ..., λ

∗
n, μ

∗
1, μ

∗
n, w

∗
1, ..., w

∗
n, β

∗, s+∗
1 , s+∗

s , s−∗
1 , ..., s−∗

m ) is an opti-
mal solution of (7), we show that it satisfies in (8), for some k. It is sufficient
to show it satisfies in the constraint −λo + β + λk + μk ≥ 1 for some k. By
contradiction, suppose

−λ∗
o + β∗ + λ∗

j + μ∗
j < 1

for any j (j �= o). Since, 0 ≤ wj ≤ 1, we have

−λ∗
o + β∗ + w∗

jλ
∗
j + w∗

jμ
∗
j < 1

therefore

−λ∗
o + β∗ +

∑

j �=o

w∗
jλ

∗
j +

∑

j �=o

w∗
jμ

∗
j < 1.

Which contracts the feasible solution assumption of this solution in (7). Then,
there exists a k which this solution satisfies in (6) and therefore zk ≤ α∗

o and
the proof is completed.�

Example. Table 1 shows the summary input and output data of 7 DMUs
that DMUj use a single input x1j , whose value is normalized to 1, to produce
two outputs (y1j , y2j). The Production Possibility Set(PPS) in outputs space
(see [1]) is portrayed in Fig. 1.

DMU1 DMU2 DMU3 DMU4 DMU5 DMU6 DMU7

x1j 1 1 1 1 1 1 1
y1j 9 3 6 8 6 4 3
y2j 1 2 3 3 4 4 5

Table 1. Data of seven DMUs.
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1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

�DMU1

�

DMU2

�

DMU3

�

DMU4

�

DMU5
�DMU6

�

DMU7
������������
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Fig. 1. The Production Possibility Set(PPS) in outputs space
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If a DMU is efficient, it locates on the boundary of PPS (see [1]). Therefore
DMUs 1,4,5 and 7 are efficient.

Suppose the source of the first output is limited and pj ≥ 9, for all j. Table
2 shows the summary result of the stability interval [0, α∗

o] and their optimal
vector W ∗ corresponding to four efficient DMUs.

If the source of first output is not limited, the stability interval of DMUo is
as [0, δ∗o ], where δ∗o has the most amount αo in (9) such that DMUo with input-
output vector (Xo, Y

′
o) holds over as an efficient DMU among other DMUs with

input-output vector (Xj, Yj).

δ∗o = Max αo

s.t.

s∑

r=1

uryro − u1αo −
m∑

i=1

vixio = 0,

s∑

r=1

uryrj −
m∑

i=1

vixij ≤ 0, j �= o,

s∑

r=1

ur +
m∑

i=1

vi = 1,

0 ≤ αo ≤ y1o,
vi ≥ ε, i = 1, ..., m,
ur ≥ ε, r = 1, ..., s.

(9)

Similarly, (9) is transformed to a linear programming as (4). The third row
of Table 2 shows the stability interval of the efficient DMUs when the source
of first output is not limited.

DMU1 DMU4 DMU5 DMU7

[0, α∗
o] [0,0.4996] [0,0.5998] [0,0.3340] [0,2.9945]

W ∗ (0,0,0,1,0,0,0) (0,0,0,0,1,0,0) (0,0,0,1,0,0,0) (0,0,0,0,1,0,0)
[0, δo] [0,1.000] [0,1.0000] [0,0.5000] [0,3.0037]

Table 3. The stability intervals of the efficient DMUs.

4 Conclusion

The main contribution of this paper is to provide a sensitivity analysis ap-
proach when one of the input or the output indicators are with limited sources.
the approach is presented for single output with a limited source case and it is
similarly extendable for single input with a limited source case. Finally, this
approach is explained with an example.
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